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Abstract

A triangular array of independent non-identically distributed random
variables is considered. The distribution functions of centered and rescaled
sums of the random variables are estimated by resampling from the lists of
their observed values. The estimators of distributions are called consistent
(in probability) if they are weakly approaching the estimated distributions
in probability, as the number of observations increases to infinity. Under
some additional assumptions this type of consistency implies convergence
in several metrics, e.g. in the uniform metric. A necessary and sufficient
condition for consistency is given. In addition a new formulation of the
Central Limit Theorem for triangular arrays, related to the notion of weakly
approaching distribution functions, is stated. These results can be applied
to justify the possibility of using resampling (bootstrap) techniques in many
statistical applications, e.g. to justify the method of resampling from the list
of weighted residuals in the case of a linear heteroscedastic regression.
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1 Introduction

The following statistical problem will be considered. There is a process of
collecting statistical data {x1n, ..., Tnn}, n — 0o. The components {xp,, } are
values of independent non-identically distributed random variables (r.v.s).
One can consider p% Y b1 (Zhn — upy) as the observed value of the sum of
the r.v.s, centered by {up,} and rescaled by p,. In many applications, it is
useful to find estimators of the distributions of the centered and rescaled
sums of r.v.s. The estimators have to be in some sense consistent. We will
say that the estimators of distributions are (weakly) consistent if they are
weakly approaching in probability to the estimated distributions. This type
of consistency has been used in a paper by Belyaev (1995). An exact defini-
tion of this notion is given in the Appendix. Here, we say only that the notion
of weakly approaching distributions is a convenient extension of weak con-
vergence and that under some additional assumptions it implies convergence
in the uniform metric and some other metrics, see Belyaev and Sjostedt-de
Luna (2000). We will find appropriate estimators by using resampling from
the data {z1p, ..., Tpn }- In this paper, we restrict ourselves to the case where
the centered and rescaled sums of r.v.s are weakly approaching to the family
of normal distributions. Our assumptions sufficient for consistency of consid-
ered estimators, are rather general, e.g. we avoid stating direct assumptions
on existence of moments of random variables.

Theorems 1, 2 and 3 are the main results of this paper. Assumptions
A1, Ay(7) and A3(7) related to behavior of individual r.v.s, their sums,
and expectations, respectively, are stated in the next section. Theorem 1 is
an upgraded version of the well-known Central Limit Theorem where we use
rather general assumptions A; and Ag(7), which imply that the distributions
of centered and rescaled sums of r.v.s are weakly approaching the family of
normal distributions. Theorem 2 states that if assumptions A; and Ay (7)
hold, then Aj3(7) is a necessary and sufficient condition that distributions
of resampled, rescaled and centered sums based on the data {x1n, ..., Tnn },
are weakly approaching in probability the distributions of related, centered
and rescaled sums of r.v.s. In short, Theorem 2 says that resampling is valid
for consistent estimation of the distribution of interest if and only if the
assumption As(7) holds. Theorem 3 contains rather general assumptions
which are sufficient for the usage of resampling in linear heteroscedastic
regression.

The validity of resampling in the case of independent and identically dis-
tributed (i.i.d.) r.v.s has been carefully and exhaustively considered in a
series of papers and books, for references see Hall (1992). In the case of i.i.d.



r.v.s the necessary condition for consistency of resampling has been obtained
in Giné and Zinn (1989). The case of i.i.d. r.v.s with the infinite variance is
quite different. It has been considered in the pioneer paper Athreya (1987).
In the case of non-identically distributed independent r.v.s the situation is
more complex. The most interesting results have been obtained in a paper
by Mammen (1992) where the necessary and sufficient condition for validity
of resampling has been found, in the case of a triangular array of independent
real-valued r.v.s, and where the uniform distance between distributions has
been used. The proofs in Mammen (1992) are rather long and many special
results are used there. In our paper, quite different methods are used in the
proofs related to the necessary and sufficient assumption Ag(7), which is
close to that obtained by Mammen (1992). Instead of distributions conver-
gent in the uniform metric we consider distributions weakly approaching in
probability. Convergence in the uniform metric is obtained as a special case
in Corollary 1 and Corollary 2. The methods suggested in this paper can
easily be extended to the case of vector-valued r.v.s. One can encounter sim-
ilar problems related to resampling if statistical data contain realisations of
random processes, see e.g. Belyaev and Seleznjev (2000). The methods are
rather simple because the notion used of weakly approaching distributions is
directly connected with the pointwise convergence of the corresponding char-
acteristic functions. Proofs of Theorems 1 and 2 are based on the analysis
of characteristics functions.

The paper is organised as follows: In the next section we introduce most
of the notation used and state the basic results. An application to het-
eroscedastic linear regression is given in Section 3. After that we present
proofs of the stated results. The proofs are split into a series of lemmas. Sev-
eral necessary definitions and propositions are presented in the Appendix.

They are referred to the text as Definition 1, Proposition 1 etc. The notations

P
& and 1<Ua—(>) are also explained in the Appendix.

2 Basic results

We use the following notation: Capital letters denote r.v.s, E and P are sym-

bols of expectation and probability, respectively, L means convergence in
probability, £(X) is the distribution law (d.l.) of an r.v. X. I(A) is the indi-
cator of an event A. By {p,, }»n>1 we denote a sequence of positive non-random
values which will be used to norm (rescale) r.v.s. Let X = {Xp,, : {h,n} € T}
be a triangular array of real r.v.s {Xp,} which are independent for each
n=23 ... T={{hn}:n=12 ., h=12 .0} Xp=1{Xin, .., Xn}.



The r.v.s Xp,, h =1,...,n, can be non-identically distributed. We consider
the normed and shifted or centered r.v.s Yy, = Xp,/pn-

Let Yhn(’r) = YhnI(‘ Yhn ‘S 7’), Yhen(’i') = Yhn — E[Yhn(T)]7

YaAr) = 301 Vi (1), Yy (7) = Y (1) —E[Yin (7)), Yoo (1) = 3251 Yy (7),
o2(r) = Var[Yo(r)] = Y r_ E[(Y,0,(7))?]. We will use notation Y,>, =
Yim — EYanl, Y5 = Y0, 3, and of, = S5 E[(YS)?) if EY2] <
00, {h,n} € T. We will also consider two lists of r.v.s

YS = {Yln - Ym ceey Ynn - Yn}7

and
Y (1) = {(Yin(1) — Yn(T)a ey You(T) — Y/n(T)}a

where

Yn = ZYhny Yn = Yn/n’ Yn(T) = ZYhn(T)v YR(T) = YH(T)/n’ 7> 0.
h=1 h=1

Let Jx ={J3,, ..., Jx, ), be n iid. r.v.s uniformly distributed on
{1,2,...,n}, i.e. P*[J* =h] =1/n, h =1,...,n. We use the mark “*” to
show that r.v.s, probabilities and expectations are related to J3. Values of

r.v.s Jj;, can be obtained by simulation. Resampling copies of lists Y} and
Y9 (1), obtained via simulation of the r.v.s J¥, will be denoted as follows

Yoo = (Vi Vadh Y0 (n) = (Vi (), Vi (7))

n o Inn ey I

where Y0 = Y — Yo, Y =Y o, YiO(r) = Y7 (1) — Yiu(7),
Yy (r) = YJ;n’n(T).

Let Ny, = > I(J#, = h). Then, we can write the sums of components
in Y and Y;®(7) as follows

n n

Y30 =3 (N = DYha,  Y2(r) =Y (Niy = 1)Yin(7). (1)
h=1 h=1

We introduce the following assumptions:
There exists a sequence {pn}n>1, where every p, > 0 and, a T > 0 such that

P
A maxi<p<n | Yan |[— 0, n — 00;

As(T):  the sequence of d.l.s {L(Y.S (7)) }n>1 is tight;
2
Aa(r) s S B ()~ 3 (Shes B ) =0, .
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A1 holds if and only if for every ¢ > 0

n

ZPH Yin |[> €] —0, n— oo.
h=1

Theorem 1. (The Central Limit Theorem (CLT) for triangular array) Sup-
pose that A1 holds. Then

L(Y5(m) S Ni(0,07), 0 — o0, (2)
where {02 }n>1 is a sequence of positive numbers, o3 = sup,, 02 < oo, if and

only if Aa(T) holds.

Theorem 1 says that if A; holds , then the d.l.s of the sums Y.(7) are
weakly approaching (see Definition 3) the family of normal d.1.s My(c%) =
{N1(0,0%): 0<0? <02 < oo} if and only if Aa(7) holds, N1(0,0) = £(0).

Theorem 2. (The Central Limit Resampling Theorem (CLRT) for triangu-
lar array). If Ay and Ax(7) hold, then As(T) is necessary and sufficient to
give an asymptotically consistent estimation of L(Y.S (7)), as n — oo, based
on resampling, i.e.

LY | X,) YY) gver), n— . (3)

Theorem 2 states that the conditional d.l.s of the sums Y;® of r.v.s in
Y, obtained by resampling from the list Y, are weakly approaching in
probability (see Definition 4) to the conditional d.l.s of the sums Y5 (7) given
{X,}n>1 as n — oo.

Remark. We will prove Theorem 1 and Theorem 2 with 02 = o2 (7). It
will be shown that o2,(7) does not essentially depend on 7, as n — oo, if Aj
holds. If both Ay(71) and Ay(7s) hold, 0 < 71 < 7o < oo, then L(Y.2 (7)) &
L(YS(12)), n — oo. If Aj holds and for a 79 > 0, Y.7_,(E[Yan(70)])? —
0, n — oo, then Ag(7) holds for any 7 > 0.

Let F,,(x) = P[YS(7) < z] and Fi(x | X,,) = P[Y® < z | X,,] be the
distribution functions (d.f.s) of the r.v.s Y.J(7), and the conditional d.f.s of

Yr© given X,,, respectively, and ®(z) = \/%e_ﬁ/?
Corollary 1. If Ay and Ay(7) hold and lim,, . o2 > 0, then

sup

T On

Fn(x)—<1><x>‘—>0, n — oo.



Corollary 2. If Ay, As(7) and As(7) hold and lim 02 >0, then

—n—0o0"n

P
— 0, n— oo,

Fr(z | X,) — @ <“’”)

On

sup
xX

and correspondingly

sup | F (x| Xp) — Fu(2) |0, 1 — oo
X

The case, where all r.v.s have the finite second moments is interesting in
many applications.

Corollary 3. Suppose that all second order moments E[Y}2] < oo,
supy, 2221 E[YhQn] = Cy < o0, {h,n} €T, ZZ=1(E[Yhn])2 — 0, n — oo,
and for every T >0

n
ZE[(Yhn)QI(l Yo |>7)] — 0, n— oo, (4)
h=1
Then
L(Y.) € Ni(0,02), n— oo, (5)
and .
LV X)) P L(vD), ool (©)

Here, the Lindeberg assumption (4) is used in order to have o2, in (5),
instead of a o2 as it stated in Theorem 1. In the general case, o2 can
essentially differ from o2, because, then we do not assume that the second

moments are finite.

3 Application to heteroscedastic linear regression

Suppose that statistical data are the list of pairs {{Y1,{Z11,..., Zr1}}, ---,
{Yo,{Z1n, ..., Trn} } } with components satisfying the following relations of a
linear heteroscedastic regression:

Yh :Zi‘shﬂs(]"i'wha h = 17"'7”7 (7)
s=1

where errors {W},} are independent r.v.s, {Z4,} are explanatory variables
(regressors), {fso} are components of a parameter, and {Y}} are responses.



The errors can be non-identically distributed. We can rewrite (7) by using
vector-matrix form

Yn - Xnﬁo + Wna

where Y,, = {Y1,...Yu}", X, = [zps], Ths = Tsp, XL = [Ten], s =
1, e Ty h = 1, ey 1, ,30 = {510, ...,ﬁro}T, Wn = {Wl, ...,Wn}T, “I7 denotes
transposition. The columns of the matrix X! = [Xy, ..., X,,], can be considered
as column-vectors X;, = {Z1p, ..., & }7- Let (X2X,,)* be the Moor-Penrose
inverse matrix of X2X,, and tr(X2X,)*t be its trace. If rank(XZX,) = r,
then (X2X,)* = (X'X,)~". Let M(XZ) C R" be the linear space generated

by vectors X1, ...,Xp, and || a |?= a’a, a € R".
Suppose that ¢’ is the parameter of interest and ¢ € M(XZ). Note,

that o o
|l (KT, *as <] & ] 2 || 6(XIK)F, anap e RN (8)

We introduce the following assumptions:

HR, : All values of explanatory variables are uniformly bounded,
Ty =8upgy | Tsn |< 00, and for every e > 0 and a given ¢ € M(XT) it holds:

~ I‘ ~T S +
(i) te,%y) = —Ean)
(XX, )te

— 0, n— oo,
(i) DB [#(e, KW e, Xa) | Wi [> )] =0, n— oo
h=1

HR5 : There are two constants 0 < o2 < Ui < 00 such that

o < oj(%p) =E[W7] <o?, and E[W,] =0, h=1,2,...,n;

HR3 :

If cT(Xzfgn)’Lc — 0, n — oo, and HR5 holds, then the ordinary least-
squares (OLS-)estimator (¢”B,)" = ¢”(X2X,,)TX"Y,, is unbiased and con-
sistent. It is essential to know how accurate this estimator is. The prob-
lem has been thoroughly discussed in a paper by Wu (1986). It is in-
teresting to estimate the d.l. of the OLS-estimator’s deviations, e.g. the
dL L <(CTﬂo)QCTﬂ0

N Vel (XIXn)te

> . Here, the theory of linear regression with i.i.d
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W, h =1,2,... can not be used. However, the consistent estimation of the
d.l. can be realised by using the resampling (bootstrap) from weighted resid-
uals. Let Vj, = X7 (X7X,,)*X2Y,, be the predicted value of Y, h = 1,...,n.
We can consider a resampling copy {{Y} — Y}, X1}, ..., {Y; = V5, %5} } of the
list of residuals paired with vectors of explanatory variables
{1 = Y1, %1}, Y0 — Yo, %o }} where YV =Y. V¥ =Y. , and
)NCZ = i(];n, h=1,...,n. Let
* % . * CT(XZXTL)—F}NQL
Un((:?Yn:Xn) ;(Nhn 1) (CT(XZXR)-FC)I/Q

Yy, — Ya). (9)

Ther.v. Us(c,Y,,X,) is the centered sum of resampled and weighted residu-
als. Here, we justify usage of L(U}(c, Yn,X,) | Y,,) as a consistent estimator
of the d.1. of normed deviations (c”By)n — ¢ By.

Theorem 3. Suppose that errors {Wp}p>1 are independent, and that as-
sumptions HR1 and HRqy hold. Then the normed d.l.s of deviations of the

unbiased estimators (c”By)s are weakly approaching a tight family of normal
d.l.s
TG \A _ T -
L (c ﬁO)jl = = IBO = N1(07 JEL(C7X11))7 n — oo, (10)
c(XIrX,)tc
where )
B T AN _ T
0',21(07Xn) —F (C ﬂO)n c BO

c”(X7X, ) e
If in addition HR3 holds then

(HL(J%M—J%

¢’ (XX, ) e

L(U;(CvYnaXn) ‘ Yn) s 5 n — o0. (11)

Relation (11) means that under the stated assumptions, the resampling
of weighted residuals gives consistency in asymptotic approximation of the
d.l. of normed deviations of the OLS-estimator (¢”3)} in the case of linear
heteroscedastic regression. The assumptions stated in Theorem 3 also imply
convergence in uniform metric.

Corollary 4. If errors {W,},>1 are independent, and assumptions HRy,
HRs and HR3 hold then

sup [Fy:(z|Yy) —@ <Z~>’ L 0, n— oo.
zeR1! Un(C,Xn)



4 Proofs

Lemma 1. If Ay holds, then for any 7 > 0

(i) max | Vi (r) |20, (i) max |E[Yhe(r)] |— 0,

1<h<n 1<h<n
o P . o 2
(i) max 1 2,7) 170, (iv) s BIOE, ()] = 0, m — oc.(12)

Proof. Relation (12)(i) is fulfilled because for any 7 > 0
| Yo (7) |<| Yan | - For 7 > 0 and any e < 7

E[Yhn(T)] = E[Y}m(é‘)] + E[Yhnl({:‘ <| Yin |§ 7‘)]

['herefore,
max E[Y; <e+7P[m Y; .
‘ 1§i?§n [ hn(T)] |_ erT [1§}?§n | hn |> 8]

By A, for all sufficiently large n > n(e, 7), we obtain | maxj<p<p E[Yn(7)] |<
2¢. We can take an arbitrary small ¢ > 0. Hence, (12)(ii) is valid. Relations
(12) (iii) and (iv) can be proved similarly. O

Lemma 2. If Ay and Ay(7) hold, then the sequence of d.1.s {L(Y.0 (7)) }n>1
18 tight and
LYR(r) & L(Y5 (7)), n— oo

Proof. We have

Ye(r) = Ya(m) =Y Vinl(] Yin [> 7),
h=1

and for the following events it holds that

{ max | Yp, |[< 7} C {Zy,mm Yin |>T):o}. (13)

1<h<n
h=1

Therefore, we have

P> Yinl(] Yin |[> 1) =0
h=1

>Plmax |V, |<7]—1, n— oo
1<h<n

It implies that Y (7) = Y.5(7) + 0p(1), n — oo. The desired result follows
from Propositions 6 and 9. 0



Lemma 3. If Ay and A(7) hold, then

sup o2, (1) < oo. (14)

n

Proof. Suppose on the contrary that lim, ...02%(7) = oo, i.e. there
exists a subsequence {n}x>1 such that o.,, (7) — oo. For each {h,n} and
02,(1) # 0, we consider the normed r.v.s Zp (1) = Y0 (7)/05,(1). We
have from Lemma 1 that for all sufficiently large ng

o) P
max | 28,(7) 1< max 9,015 0, koo

It follows that
(i) Yt Pl Zp,, (1) |> €] =0, n— oo, forevery &> 0;
In addition, we have
(i) Yoty ElZy,, (M) =0;  (idd) 33k El(Zg,, (1) =1, k=12,....
Hence, by the Normal Convergence Criterion (Proposition 2) we have
L(Zl?nk (T)) = Nl(oa 1)a k — oo,
and for any k such that 0,2% (1) > 0, it follows that
o ¢} —x2/2
P Y2, () [ o ()] = Pl 200, 0) 1) 1=~ [ e > ]

k — oo.

For any large m there exists k(m) such that for all k > k(m), 0., (1) > m.
Therefore, we have P[| Y,7 (1) [> m] > 1/4 for all sufficiently large k and
thus {L(Y,Slk (T)}k>1 is not tight. This contradicts the result of Lemma 2.
Hence, (14) holds. O

Lemma 4. Suppose that Ay and Ay (o) hold, for some 79 > 0. Then Ay(T)
holds for any T > 0.

Proof. We have

n

Yo(r) = V() + 3 (Emnm Vi 1< 70)] — E[VinI(| Yi | < ﬂ]). (15)
h=1
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From A; it follows that if 7 < 7p, then

n n
ZE[YhnI(T <| Y |< 10)]] < T()ZPH Yin |> 7] —0 n—oo. (16)
h=1 h=1

If 7 > 79, then we need only to write 7 instead of 79 and 7y instead of 7 in
(16). Therefore, Y.2(7) = Y.5(79) + o(1), n — oo, which implies Ay(7). O
Lemma 5. If Ay holds, then for any 0 < 7 < T2 < oo it follows that

| 05.(11) = 0% (72) |2 0, 11— oo, (17)

Proof. We can write

o2 (1) — 0%,(12)
n n

-y (E[(Ymn))ﬂ - E[(Yh%m))z]) =SBV I <] Yin |< 7))
h=1 h=1

+ ZE[YhnI(Tl <[ Yin | ) |E[Y3n (I(| Yan [< 1) +1(] Yin < 72))]
h=1

Here, we have

n
<72y P[| Y, |>m]—0,
h=1

n
2:13D22K71<|}%n‘§)mﬂ
h=1

> EYinl(11 <] Yin |< )|EYan(I(] Yan |< 71) + (] Yin |< 72))]
h=1

n
< 72(71+T2)ZPH Yin |[> 7] — 0, n— oo.
h=1

Hence, (17) holds. O
Proof of Theorem 1. (Sufficiency of Aa(7)). As follows from Lemma 2,
it is sufficient to prove that

L(YZ(7)) 5 N1(0,0%,(7)), n— oo (18)

Let f2,(t) = E[eityg(f)]. From Lemma 2 we know that {L(Y.)(7)}n>1 is
tight. Then, the Continuity Theorem (Proposition 7) states that it is suffi-
cient to check that for each t € R}

Fou(t) — e D2 S0, n - oo (19)

11



We need the following elementary inequality

, 1
e”—l—iz—i—iz2 <|z]’, zeRL (20)

Note that (12) (iii) implies that for arbitrary small € > 0
n
Y P V(1) [>e] =0, n— oo (21)
h=1

From (21) it follows that there is a sequence £(n) — 0 such that
Y b1 Pl| Yin(7) |> €(n)] — 0, n — co. By applying the inequality
| Y, (1) |< 27, we obtain

E[| Y (7) IP] < E[(Y(7))?e(n) + (27)°E[L(] Yy, () [> €(n))]
< apn(m)e(n) + (27)°P[| Vi () [> £(n)]. (22)
Therefore, from (14), (21) and (22) we have

Y EIYn(m) P=o(1), n— oo (23)
h=1
Then inequalities (20) and (23) imply that

O 2
[ ) = B0 =1 = TRV + o), (24

T

where | 7pn(t) |[< 3E[] Y2, (7) |?]. From (23), (24) and (14) for any ¢t € R!
we have

Fon®) = T o) = o2 £ 0(1), n— oo (25)
h=1

We do not exclude the case when o2,(7) — 0, because then both £2,(t) — 1
and =00 (/2 _, 1 n — oco. Relation (19) follows from (25). Hence, (2)
holds. Sufficiency of A (i) is proved.

(Necessity of Aa(7)). The family of normal d.l.s. {N1(0,02)},>1 is tight
because 02 < co. Hence, Proposition 6 and (2) imply that As(7) holds. O

Lemma 6. If A and Ax(7) hold then

S Y (DEYin(1)] 20, 1 — oo, (26)
h=1

12



Proof. The 1.v.8 Zy, (1) = Y, (T)E[Vi (7)) satisfy the following assump-
tions of the Degenerate Convergence Criterion (Proposition 1):

. 5 P
(1) maxi<pen | Zpn(7) |< Tmaxicngn | Yy, (1) [= 0, 0 — oo

(i) Yoy BlZun(r)) = 0
(i) Var |5 Zun(7)] = Shy BIY ()] (EYan(7)))?

< maxi<p<n(E[Yin(7)])%02,(7) = 0, n — oo,
by Lemmas 1 and 3. Hence, (26) holds. O

Lemma 7. If Ay and Ay(7) hold, then as n — oo

S Winlr) = Tal®)? = Y + D (En(n)])?
h=1 h=1 h=1
n 2
- ;(zE[wn) fop(D).  (20)
h=1

n

D Vi (1) = You(m)? = Y (Vi (1)* + D (EYan(7)])?

h=1 h=1 h=1
n 2
- }1<E > Yia(r) ) ~ VR~ ZYRTEA(r)]
h=1
+ 2> Yo (NE[Yin(7)]. (28)
h=1

From the tightness of {L(Y.5(7)}n>1 proved in Lemma 2, it follows that
Lyo(r))? L0, n — oco. From (12) (ii) we have that

1

1 P
~Y°(r)E[Y., Yo E[Yin — 0.
SYROENR(n]] <~ [ YR(r) | max | EYin(7)] [5 0, - o0

<

The last term in (28) also converges to zero as was shown in Lemma 6. [

Lemma 8. If Ay and A(1) hold, then

n n

S e ) = STEV(m)) 50, n— . (29)

h=1 h=1

13



Proof. We can consider {02,(7)}n>1 as a union of converging subse-
quences {02, (7)}r>1. We consider case 1 with a subsequence {nj}x>1 such
that limy o 02, (1) — 0, k — 00, and case 2 with a subsequence {n}r>1
such that limy_. 0%, (7) > 0. Recall that the set of all limit points {02 (7) :
3 {nk b1, 03 (1) = hmkHooU .(7)} is bounded, o2 (1) < 07.

Case 1. We have E[}_,*, (Yhnk( 7)) = 0%, (1) — 0, n — oo. Hence,

et YV, (1))? .0, nj, — oo, and (29) holds with n = ny, k — oo.
Case 2. Here, from Proposition 2 we have L(Y, (7)/0.n,) 2 N1 (0,1).

2
Therefore, by the Raikov theorem (Proposition 4) we have > % | <Y’S% (T)> —

ong (7)

15 0, n — oo. Here, for a § > 0 and all sufficiently large k, ¢ < a?nk (1) <
o?. Therefore this relation is equivalent to (29). Hence, (29) holds for every
limit point o2 (7). O

Lemma 9. If Ay and A(7) hold, then
wa(P)

LY | X,) & L(Y2O(r) | Xp), n— oo (30)
Proof. From (1) we have
Y= Y32(r) = 3 (N = DY = Yin(7) = S (N~ D¥anl(] Vi > 7).
h=1 h=1
(31)

We can evaluate (31) as follows:

n
| Y32 =Yoo () IS (n=1) Y | Yo | 1(] Yo [> 7).
h=1

From (13) we obtain that

Pl(n—1) Z|Yhn|1(|Yhn\>7—)—0]>P[max | Vi [< 7] — 1, n— .
h=1

Hence, P[Y:® = Y °(7)] — 1, n — oo. It implies that for every ¢ > 0 and
each continuous and bounded f(-), i.e. f() € C,(R!),

| B [f(YS0) | Xal =E*[f(Y2" (1) | X |< 2 sup | f(2) | PYL® # Y57(7)] — 0,

zER

n — oo. Therefore, (30) holds as corresponding to Definition 4 of conditional
d.l.s weakly approaching in probability. O
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Proof of Theorem 2. (Sufficiency of As(7)). Suppose that Aj, Aa(7)
and A3(7) hold. From Theorem 1 and Lemma 2 we have that L(Y.S(7)) €%
N1(0,02,(7)), n — co. The main idea of the proof is to show that

LYo | X)) B Ny (0,02 (1), n— oo (32)

‘n

Then, due to the transitivity of d.l.s weakly approaching in probability, it
follows that

LY | Xa) (V2T n— o, (33)
and then (3) follows by Lemma 9. The sequences of d.l.s {L(Y.5(7)}n>1
and {N1(0,02,(7))}n>1 are tight. Therefore, we can apply the Continuity
Theorem for sequences of random d.l.s weakly approaching in probability
(Proposition 8). We need to use the ch.f.s 70 (t | X,,) = E[e“Y;@(T) | X,
Each resampling copy of Y (7) is obtained by n independent samplings from
the components of the list Y (7), where each of the n components is selected
with probability 1/n. Therefore, we have

1N . "
*@ X — - E i(Ynn (1) =Yon (7))
f'r-n(t | n) (TL — € )

2 n "
= (1 - ;7” (Yin(T) — Y-n(T))2 + Rn(t T)) » (34)
h=1
where
1 & _
Faltr) = 57 (00T 1)~ V)
h=1
2
S () - T, (35)

We evaluate R,,(t,7) with the help of inequality (20)

Rtr)| < 3 ) =Vl
h=1

3 n
N Vi (7) = Vo (7))22 max | Yin(7) | (36)

n 1<h<n
h=1

IN
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Therefore, by Lemma 1 | Ra(t,7) |= o, (;7 S (Vi (1) — Yn(f)ﬁ) , and
additionally from Lemmas 7 and 8 it follows that

(Yhn(T) - Yn(T))2 = 0-211(7—)

WE

T
L

NE

- EMMﬂW—i<Zﬁmmw0 +oy(1), n— o0 (37)
h=1

>
Il

1
Recall that 02,(17) < 02 < oo and assume that As(7) holds. Hence, from
(34) - (37) we obtain

Talt | Xp) —e PO L0, 0 oo

Proposition 8 implies (32). Then (33) holds. Therefore, A3(7) is sufficient
for (3).

(Necessity of As(7)). Suppose that resampling gives us a consistent es-
timator of L(Y.5 (7)), i.e. (3) holds. Then, from Lemmas 2 and 9 we have

L) | X)) “E) £(v2(r), n — oo (38)

From (38), Theorem 1 and Lemma 2 we obtain

LV2E(7) | Xn) Ny (0,0%(7)), n— . (39)

n

We know that 02,(7) < 0% < cco. Hence, the sequence of d.Ls
{N1(0,02,(1)}n>1 is tight. Then from (39), and by the Continuity Theorem
for d.l.s weakly approaching in probability (Proposition 8), it follows that
for every t € R?

FEt | Xy) = 79502 20, 0 — oo, (40)
From Lemma 8 for every ¢t € R!, we have
et (/2 _ o= X (V022 B 0, n— oo. (41)

From (27), (34), and (35), which hold under assumptions A; and Aa(7), it
follows that for every ¢ € R!

2 n
FE(t | Xn) = exp {—t (Z(Yhon(T))Z + Wn(T)) } +0p(1), n— o0,

2
h=1

16



where
n 2
= (EYm()])* -~ <ZE Yin(7 ) > 0. (42)
h=1

From (29), (40), (41) and (42) we obtain

FE(E] X) — e BT 2 = TR0 D2 (=P Wa(D/2 _ 1) 4 o,(1) B,

n — oo. Hence, W,,(7) — 0, n — oo, i.e. Asz(7) holds. O
Proofs of Corollary 1 and Corollary 2. Proofs follow directly from Propo-
sition 10, because lim, . 0% (7) > 0, together with uniform boundness

02,(1) < 0% < oo, imply that all N1(0, 02 (7)) have uniformly bounded den-

ities ——1 —2?/(20%,(7)) i i i
sities Voo . Hence, the family of normal d.f.s is uniformly
continuous and we can apply Proposition 10. Il

Proof of Corollary 3. From the Chebyshev inequality and (4) it follows
that for every 7 > 0

n n

1
E P[] Yin |> 7] < = E E[Y 2 I(| Yin [> 7)) =0, n — oc.
h=1

Hence, A; holds. We will use the following inequalities
TI(| Yhn |> T) §| Yhn ‘7 (43)

| EYhnI(| Yin |< DIEYnl(| Yin |> )] IS E[YZI(| Yin [> 7)) (44)

From (4) and (43) we obtain

1 n
S T;E[anm Yim |>7)] =0, n—oo. (45)

> EVanl(| Yan [> 7))
h=1

We have

0~ (r) = Z( Y21 Yin [> 7)] — (EYan(] Vi [> 7))

h=1
— 2B i 1< B Vi 2 1)) (49
The Jensen inequality, (4), (44) and (46) imply that
| 0% — 02 (T) < 3> BV I(| Yan |[>7)] = 0, n— oo, (47)
h=1

17



From (45) we have

n n
Yo = YE(r) = Y Bl Yan [> 1) = Y2(7) + D YiaI(] Yin [> 7)
h=1 h=1

— ) E[Yinl(| Yan [> 7)) = Y5 (1) +0p(1), n — oo (48)
h=1

From assumption Y ,_; E[Y;2] < C and (48) we have that the sequences
of dls {L(Y.))}n>1, {L(YE (7)) b1, and {L(Y.0 (7)) }n>1, are tight. Hence,
As(7) holds. From (48), Proposition 9, (18) and (47) we obtain (5).

For every 7 > 0 we have

n n

Y (EN () = D (ElYin] = EYil(| Yan [> 7)])°

h=1 h=1

n n
2 2
23 (B + 23 B IP ma | in [> 7

IN

n
< 2};(E[Yhn])2 + 202P[1r§n]?%(n | Yo |[> 7] — 0, n — occ.

Therefore, we have that Ag(7) and Asz(7) hold for every 7.
Then (33) and (48) imply

LV (m) N, 0%), - oo (49)
We can write the following identity
Y32 = Y30 + Y (Vi = DYanl(| Y |> 7). (50)

h=1

We can evaluate the second moment of the sum in (50) as follows

n 2
E |E* (Z(N;n—myhnl(\ Yin >T)> | X,

h=1

n
1
- E[ (1= 2) YA Yi 1)
1

h=

18



_ %Z Z H YhmI(’ Yhm |> T)]

hi=1ho=1p,, sp, i=1,2

2
n 1 n
= E > Y2I(| Yin |>7) - - (Z YiI(| Yin |> ﬂ)

| h=1 h=1

< E|) Y21 Y,m\>7)] —0, n— oo
Lh=1

Therefore, we have
Vi = V2 (1) +op(1), n— oc. (51)

The desired result (6) follow from (51), Proposition 9, (49) and (50). O
Proof of Theorem 3. We can consider the triangular array of r.v.s Xp, =
c"(XTX,) %, Wy, € € M(XZ), where Wy, h = 1,...,n, are (unobserved)
errors in (7). Let p, = (c¢"(X?X,)*tc)/? and Y}, = pinX;m, {h,n} € 7.
Then the normed deviations of OLS-estimators can be written as follows

Sn(C, Wn7 Xn) P (( TBO - CTﬂO Z Yhn (52)
From HRy it follows that E[Y},]

=0, Le. Y2 = Yj,. Relation (4) follows
from HR;. Assumption HR» and (8)

imply that
o2(c,X,) = E[(Sn(c,W,,X,) Z E[Y?)]

i o? (%p)e" (XIX,)+ thh(XZXn) c

<o2. (53
¢’ (XX, ) e - (53)

h=1
Therefore, all assumptions, stated in Corollary 3, are fulfilled for the r.v.s

{Yhn}. Hence, (5) is valid and it is equivalent to (10).

In order to prove (11) we consider
B "(RTR, )

Sile, W %) = Y (N, — 1) S En X

h=1 cT(XTX,)te

Wi (54)

Relations (5) and (6) in Corollary 3 imply

L(S* (¢, W, K0) | W) 2B N1 (0,02 (¢, %), n— o0 (55)
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We are not able to use (54) and (55) because the errors W1, ..., W,, are not
observable.

We can realize resamplings from the list of residuals as written in (9).
We have

Y, =V, =W, — x5 (XIX,) P XIW,,. (56)
From (9) and (56) we obtain the following relation:
Ur(e, Y, Xp) = Si(e, Wy, Xp) — Vi (e, Wi, Xo), (57)

where

Vn*(c,Wn,Xn):Z(N}tn_l)c (XaXn) XhXNh(~n )P XIWn
h=t " (X2X,)te

We will prove that V;*(c, W,,,X,,) converges in probability to zero.

Note, that E*[(Ny, —1)?] = 1 —1/n, E*[(N} ,, — 1)(N},, —1)] = —1/n
and X7 (X7 X,,) P XTE[W, WX, (X7X,) "%, < 03 %] (X]X,) T %

We can evaluate the second moment of V*(c, W,,X,,) in two steps. We
start evaluating the conditional expectation given W, and after that we take

the expectation related to W, and then we use (8). We have
E*[(V;(vamxn)y | Wh

2
! (XIX) Tx, %7 (XX, TXI W,

¢’ (XX, ) e

= > E (N, —1)7
h=1

- > Y B, - DV, - D)

h1=1  ha=1,h1#ho

2
[ T (XEX) PR xE (XIX,)TRIW,,
c”(X7X, ) e

2
’ (ngn)+ihiz (XZXnVX?JWn

a

h=1 c”(XTX, ) e

20



From (8) and HRj3 it follows that

E[E*[(VJ(C?WnaXn))Z | W]

UL T (XTX,) TR, X (XEX,) TXIE[W, WEX,, (XIX,) %, %] (X2X,) Te
CT(XZXTL)

IN

"~ (€ (XX %)% (X7 K)o
¢’ (XX, ) e

IN
Q

— 0, n — oo.

2 o |l el® 2 (tr(XFX,) +)*
)Fe

< r oin =
c”(XTX,,
From Proposition 9 and (57) it follows

LU (e, Y, %)) ) £(5% (e, Wi, K0)), 1 — oo (58)

Relations (55) and (58) imply (11). O
Proof of Corollary 4. From HRjy we obtain the result that o2 (c,X,,) >
02 > 0. The desired statement follows from Corollary 2. U

5 Appendix

Here, for reader’s convenience we bring together definitions and theoretical
results related to weak convergence and weakly approaching sequences of
d.ls.

Let X' = {X} : {h,n} € T} be a triangular array of independent r.v.s
for each n. The r.v.s can be non-identically distributed. Together with the
list of independent r.v.s X! = {X1,,,..., X},,,}, we consider a real-valued r.v.
T,. Both X! and T,, are defined on the same probability space. Let L(T},)
and L(T,, | X!,) be the d.l. of T}, and the conditional d.l. of T}, given X/,. By
L£(0), we define the degenerate d.l. concentrated at 0. We consider regular
conditional d.l.s, Dudley (1998). The diversity of conditional d.l.s {L(T, |
X’)} is rather rich. For example, if T = X% where X% = X, with
probability 1/n, h = 1,...,n, then L(T} | X])) is the empirical distribution
of X! . By Cp(R!) we denote the set of all continuous and bounded functions
f(): Rt = RL
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Definition 1. A sequence of d.l.s {L(T,,) }n>1 is called tight if for any € > 0
there exists a constant C. > 0 such that

supP[| Tp, |> Cc] < e.
n

Definition 2. Let Ty be an r.v. such that for each f(-) € Cy(RY)
BIf(T.)] — B/ ()], n— oo.

Then, the sequence of d.l.s {L(T),) tn>1 is called weakly converging to L(Tp).
In short we write
L(T,) 5 L(Ty), n — oo.
Below we let X; (1) =X, I(| X}, |< 7).
Remark. The relations >, P[| X}, [>¢] — 0, and
maxi<p<n | Xp,, ]i 0, n — oo, are equivalent for the independent r.v.s

/ /
XX

Proposition 1. (The Degenerate Convergence Criterion). For every ¢ > 0
maxi<p<, P[| X}, |>¢€] = 0, n — oo, and L(X')) = L£(0), n — oo, if and
only if for everye >0 and a 7 > 0

() Sy Pl Xy |5 €] =0, (i) Sy BIX, (1)] 0,
(i11) Sy (BIX2 (7)) = (B[X}, (1)])?) = 0, a5 n— oo,

Proposition 2. (The Normal Convergence Criterion). For every e > 0
maxi<p<n P[| X}, |> €] = 0, n — oo, and L(X",) = Ni(u,02), n — oo, if
and only if for every e >0 and a T

(1) 2h=1 Pl Xpp [> €] = 0, (@) D25y B[XG, (7)) — 1,
(i) Yop—1 (E[X, (7)) = (E[X7,(7)])?) — 0® a5 n— oo,

Proposition 3. Suppose that there is a limit d.l. L(X]) of an r.v. X{,
such that L(X",) % L(X}), n — oo. Then L(X}) = N1(u,0?) and for every
e >0 maxi<p<, P[| X}, |> €] = 0, n — oo, if and only if

maxi<p<n | X}, \5 0, n — oo.
Proofs of Propositions 1, 2 and 3 are given in Loeve (1977), pp. 328-329.

Proposition 4. (The Raikov theorem). Let X' = {X; : {h,n} € T} be
a triangular array. If for every e > 0 maxi<p<n, P[] X, |> €] — 0 as
n — oo, then the following two statements are equivalent:
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(i) there exists a sequence {up}n>1 such that
L(X-/n_un) E>:]\f1(07 1)7 n — 0Q;

(i) Sp_(X,2(1)2 21, n— oo,
where X5 = X}, — E[X} I(| X}, |< 7)].

Proof. See Theorem 5 on p. 143 in Gnedenko and Kolmogorov (1968).

Proposition 5. (The Prokhorov theorem). If a sequence of d.l.s {L(T},) }n>1
is tight, then there exists a subsequence {L (T, ) }i>1 and an r.v. Ty such that

L(T,,) % L(Ty), n — oo.

k

Proof is given in Shiryaev (1996).
The following definition eliminates the necessity to assume the existence
of a limit d.l.

Definition 3. Let {L(T))}n>1 and {L(T))}n>1 be two sequences of d.l.s.
They are said to be weakly approaching (each other) if for every f(-) € Cp(R1Y)
E[f(T})] — E[f(T;)] = 0, n — oc.

In short we write L(T") & L(T"), n — oo.

Note that if 7)) = Tp then Definition 3 is reduced to weak convergence.

Proposition 6. If L(T)) <5 L(TY), n — oo, and {L(T!)}n>1 is tight, then
{L(T))}n>1 is also tight.

Proof. See Lemma 5, pp. 817 - 818 in Belyaev and Sjostedt-de Luna
(2000).

Definition 4. Let {7}, T },>1 be r.v.s defined for each n on the same prob-

n’ n
ability space as X.,. Then, the sequences {L(T), | X! )}n>1 and {L(T) |
X! VIn>1 of conditional d.l.s, given X!, are said to be weakly approaching
(each other) in probability along X!, if for every function f(-) € Cy(R1)

E[f(T) | X,] = BIA(T) | X}] =0, n— oo
In short we write

o(T 1 X0) B LX), 0 oo, (59)
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In the case when, instead of L(T) | X!) and E[f(T)) | X!], we have
L(T)) and E[f(T)))], respectively, then instead of (59), we write

L(T) | X)) uﬂ) L(T)), n— oo.

Let fn(t) = E[e?Tn], fo(t | X)) = E[e'Tn | X"], and g, (t) := E[e'T%] be the

characteristic functions of 7)), T given X/ , and T}/

Proposition 7. (The Continuity Theorem for weakly approaching sequences
of d.l.s). Let {L(T))}n>1 and {L(T)))}n>1 be two sequences of d.l.s where
{L(T))) }n>1 is tight. Then

L(T,) & L(T), n— o
if and only if for each t € R}
fu) —gn(t) — 0, n — oo.

Proposition 8. (The Continuity theorem for weakly approaching random
d.ls). Let {L(T), | X))} n>1 and {L(T)))}n>1 be two sequences of d.l.s and
{L(T)))}n>1 be tight. Then

o, | X)) 8 nrny, e,

if and only if for every t € R}
Falt | X)) = gu(t) =0, 1 — oco.
Proof. See Theorems 1 and 2 in Belyaev and Sjostedt-de Luna (2000).

Proposition 9. (The Stability Theorem for weakly approaching d.l.s). Let
{T}, U} be a sequence of pairs of r.v.s defined on the same probability space

as X!, and let Uy, 20, n— oo If {T)}n>1 is a tight sequence of r.v.s and

wa wa(P)

L(T3) = L(T) (L(T5, | X3,) — L(T}))), n— oo, then also

L(T. +U) Y L(T) (BT, + Un | X)) S (1) a5 n— oo

Proof. See Lemmas 7 and 8 in Belyaev and Sjostedt-de Luna (2000).

Proposition 10. Let {T)}n>1 be a sequence of real-valued r.v.s defined on
the same probability space as X, {T)/}n>1 be a tight sequence of r.v.s and
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L(T) | X)) welB) L(T!), n — oo. Suppose that the sequence of distribution

functions (d.f.s) {Gn(-)}n>1 of mv.s T} is uniformly continuous. Then

sup | Fo(z | X)) — Gp(2) |£> 0 as n— oo,
zeR!

where Fy,(- | X)) is the conditional d.f. of T, given XJ,.

Proof. See Lemma 9 and Corollary 1 in Belyaev and Sjdstedt-de Luna
(2000).
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