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Abstract

The objective of this paper is to consider a class of singular nonsym-
metric matrices with integer spectrum. The class comprises generalized
triangular matrices with diagonal elements obtained by summing the
elements of the corresponding column. If the size of a matrix belonging
to the class equals n x n, the spectrum of the matrix is given by the
sequence of distinct non-negative integers up to n— 1, irrespective of the
elements of the matrix. Right and left eigenvectors are obtained. More-
over, several interesting relations are presented, including factorizations
via triangular matrices.
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1 Introduction

In this paper we consider a new class of singular matrices with remarkable alge-
braic properties. For example, the spectrum of a matrix belonging to this class
depends only on the size of the matrix and not on the specific elements of this
matrix. Moreover, the spectrum entirely consists of successive non-negative inte-
ger values 0,1,...,n — 1. A special case of this class of matrices originates from
statistical sampling theory (Bondesson & Traat, 2005, 2007).

In their papers, via sampling theory (the Poisson sampling design) as well
as some analytic proofs, eigenvalues and eigenvectors of these matrices were pre-
sented. Their proofs remind on the use of Lagrangian polynomials which for
example are used when finding the inverse of a Vandermonde matrix (see e.g.
Macon & Spitzbart, 1958; El-Mikkawy, 2003). We have not found any other work
related to the matrix class which we are going to consider. The main purpose of
this paper is to introduce the class, show some basic algebraic properties, show
how to factor the class and demonstrate how to find eigenvalues and eigenvectors
of matrices belonging to the class. For the derivation of the right eigenvectors a
special Vandermonde matrix plays an important role.

Consider a strictly upper triangular matrix of ones, i.e

011 11
0 01 11
0 00 1 1
oo 1 1 ’
0 0 0 0 1
0 00 0 0

and put the sum of each column on the main diagonal. This yields matrices of
the form

0 1 1 1 1
0 1 1 1 1
L1 0 0 2 1 1
(1) Do " 1 1
0O 00 ... n—2 1
0 00 ... 0 n—1

One straightforward result is that the eigenvalues of the matrix in (1.1) are given
by 0,1,2,...,n—1.

We are going to study the following generalized version of the matrix presented
in (1.1).



Definition 1.1 A square nonsymmetric matric B = (b;j) of order n belongs to
the B, -class if its elements satisfy the following conditions:

(12) b“ = Z b]’i, izl,...,n,

j=Lii
(1.3) bij +b;; = 1, j#Ei ,j=1,...,n,
bijbr; . . o
(1.4) by — by = gk,bkj#oa J#Fk i #£k g i,5,k=1,...,n.
kj

Instead of (1.4) one may use by; = b??f’g?k or bijbr; = birbr; + bijbri. Relation

(1.3) defines a generalized triangular structure and it can be shown that (1.4) is
a necessary and sufficient condition for the class to have the non-negative integer
spectra consisting of the distinct integers {0, 1,...,7 —1}. Due to (1.2), the sum
of the elements in each row equals n — 1.

It may be noted that another matrix with integer eigenvalues and row element
sum equal to n — 1, with many applications in various fields, is the well known
tridiagonal Kac-matrix (Clement matrix); see Taussky & Todd (1991). Moreover,
for any B € B,, with positive elements we may consider (n—1)"!B as a transition
matrix with interesting symmetric properties reflected by the equidistant integer

spectra.
When B € Bg,
bor + b31 b1 bi3
B = bo1 bia + b32 a3
b31 b32 b1z + ba3
ba1 +b31 1 —0b2y 1—0b31
(1.5) = bo1 1 —ba1 +b3z2 1—0b32
b31 b32 2 — b31 — b3o

A general B € B,, can be written as

> bin b1z ... bin
i=2
b21 Z big A bgn
i=1,
B = i#2 ;
n—1
bn1 bpa ... Y. bin
i=1



with elements satisfying (1.3)—(1.4).

It is worth observing that any B € B, is a sum of three matrices: an upper
triangular matrix, a diagonal matrix and a skew-symmetric matrix. For (1.5) we
have

01 1 bo1 +b31 0O 0 0 —bs1  —b3
B = 01 1]+ 0 —b21 + b32 0 + b21 0 —b32
0 0 2 0 0 —b31 — b3o b1 b3o 0

Note that the eigenvalues {0, 1,2} of B are found on the diagonal of the upper
triangular matrix, irrespective of the values of (b;;) as long as they satisfy (1.2)—
(1.4).

In the Conditional Poisson sampling design (e.g., see Aires, 1999),

b — pi(1 —pj)
1] T
Pi—Dpj
are used to calculate conditional inclusion probabilities, where the p;’s are in-

clusion probabilities under the Poisson design. Bondesson & Traat (2005, 2007)
generalized this expression somewhat and considered

ri

(1.6) bij = ——
where the r;’s are arbitrary distinct values. In this paper, instead of (1.6), we
assume (1.4) to hold. Note that any b;; satisfying (1.6) also satisfies (1.4). For
the matrix defined via the elements in (1.6) Bondesson & Traat (2005, 2007) pre-
sented eigenvalues, and right and left eigenvectors. They expressed their results
as functions of r; in (1.6) whereas in this paper we will express the results in
terms of b;;, i.e. the elements of B € B,. Moreover, the proof of all results in
this paper are pure algebraic whereas Bondesson & Traat (2005, 2007) indicated
proofs based on series expansions and identification of coefficients. It is however
not clear how to apply their results to the B,-class of matrices, given in Defi-
nition 1.1. Moreover, the algebraic approach of this paper opens up a world of
interesting relations. In particular, the triangular factorization of matrices in the
B,-class, presented in Section 4.
As noted before it follows from (1.4) that
bijbri _ bij(1 — bix)

1.7 b — =
(1) 7 by — bu bij — bik

Hence, any row in B, B € B,,, generates all other elements and thus, there are at
most n —1 functionally independent elements in B. For example, we may use b1,



j=2,3,...,n, to generate all other elements in B. Furthermore, if we choose for
rj in (1.6), without loss of generality, 1 = 1 and

b.
rj=—-2L =23 n,
it follows that
1
b1 =
L 1-— Tj
and
1 1
bii — 1—r; (1 B 1—r1) [}
(Y 1 1 r r
I—Tj 1—7‘1 3 J

Thus, all b;;’s can be generated by the above choice of r;. This means that a
matrix defined by (1.6), as considered in Bondesson & Traat (2005, 2007), is a
canonical version of any matrix defined through (1.4), assuming that (1.2) and
(1.3) hold.

In the next we generalize the class B,,.

Definition 1.2 The matriz B,y : (n —k+2) x (n —k+2), k = 2,...,n,
is obtained from the matrix B, B € B,, by elimination of (k — 2) consecutive
rows and columns starting from the second row and column, with corresponding
adjustments in the main diagonal.

Note that B, 2 = B. Two examples of B, j, given in Definition 1.2, are

5
> bit bis b14 bis
=3 5
b31 > biz bz b3s
1;1213 bg1 +bs1 b1 bis
Bs3 = bit b473 i bis bis |’ Bsa=|by bia +bs2  bas
= bs1 bs2 bis + bas
i#2,4 A
bs1 bs3 bsa > bis
~
iz

Moreover, in this paper we consider only real-valued matrices, although the
generalization to matrices with complex-valued entries could be performed fairly
easy.



The paper consists of five sections. In Section 2 some basic and fundamental
relations for any B € B,,, which will be used in the subsequent, are given. Section
3 consists of a straightforward proof concerning the spectrum of any B € B,,. In
Section 4 we consider a factorization of B € B,, into a product of three triangular
matrices. Finally, in Section 5 expressions of left and right eigenvectors are
presented. The most general expressions hold for any size of the matrix B. At
some few places where calculations become too lengthy only brief descriptions of
the proofs are indicated. Instead, in these cases a number of detailed calculations
are shown for matrices of smaller size.

2 Preparations

In this section some relations between the elements in B € B,, are shown to hold
which all are of utmost importance for the subsequent presentation.

Theorem 2.1 Let B €B,,. Foralln >1
(i) The sum of the products of the off-diagonal row elements equals 1:
n n
IO
i=1 j=1
J#i

(ii) The sum of the products of the off-diagonal column elements equals 1:

> Ilm=1

j=1li=1
i]

Proof. Because of symmetry only (i) is proven. For n = 2 we obtain the trivial
relation bio 4+ bo; = 1. Moreover, for n = 3

bij = b12b13 + ba1baz + b31bsas = bia — b12b31 + b1 — ba1b32 + b31b32

I:w

;ﬁz
1 — (b12 — b13)b3a — b21b3a + b31b32
= 1 — (big + ba1)bsa + (b3 + bs1)bs2 = 1,



where in the second equality (1.4) is utilized. Now it is assumed that the theorem
is true for n — 1, i.e.

n—1ln—1

(2.1) S IIbi=1

i=1 j=1
J#i

which by symmetry yields

(22) zn:ﬁ[bwzl, k:1,2,,n

i=1 j=1
i#k g
J#k
From here on a chain of calculations is started:
n—1n—1

ZHbU = ZHbz]bzn+ anj

i=1 j=1 =1 j=1
J#i J#i
n—2n—2

= ZHbszn 1b’m‘|‘an 1] n— 1n+an]bnn 1

i=1 j=1
JFi
n—2n—2

n—2
(23) = Z H bijbinfl(l - bnz) + H bnflj(l - nn 1 H bnjbnn 1-
j=1

zljl

Since by the induction assumption

n—2n—2

Zwabzn 1+an 13—1

=2 j=1
J#i

the last expression in (2.3) equals

n—2n—2

(24) 1-— Z H bij(bin—l zn nn 1 — H bn 1] nn—1 1 H bnjbnn 1

i=1 j=1
J#i

where (1.4) has been used: bin—1bni = (bin—1 — bin)bnn—1. Reshaping (2.4) we
obtain

n—1ln—1
(25) 1_ZHbUbnn 1+ Z H szbnn 1
1 1
. jﬁéz ’7’5” 1 J#Z

J#n—1



and using the induction assumption, i.e. (2.1) as well as (2.2), we see that (2.5)
is indeed equal to

1- bnn—l + bnn—l = 17

and the theorem is proved. O

Corollary 2.1 Let B € B,,. For alln > 1,

n—1 n n—1
S b =1-]] bws-
i=1 j=1 j=1

j#i

Corollary 2.2 Let B € B,,. For every integer a such that a < n,

n o n
S IJvi=1
i=a j=a

JF

The next theorem presents some basic and easily proven relations which will
be applied in several proofs of subsequent theorems.

Theorem 2.2 Let B € B,, and put ¢;; = bi_jlbji. Then,

(i) ¢ =cjin i #7,

(i) chicjk = —cji, k#1, j#k, i# 7, (cancellation)
(ili) cxicij = crjer, kK #4,5; L#14, 7. (exchangeability)

Proof: (i) follows immediately from the definition of ¢;;. For (ii) we observe that

(see (1.4))
bijbri _ bjibik

bij bj
and hence,
—p 1y p=ly  _p—lp op—ly o =1 -l a-1p =1 L
ChiCjk = by bikbjy by = by bikbjy, brjbijb; = —by bribly bjkbisby;” = —cji
Concerning (iii) we note that
CkiClj = CkiCljCilCli = —CkiCijCli = CljCli-



Throughout the paper we will use the following abbreviations for two types
of multiple sums which both frequently will be applied in the subsequent:

[m,n]
— n n n .
Z - Zh:m Zigiil e Zik:ik—l’ 0 =1,
i1 <<
[m,n]
2 : o n—k+1 n—k+2 n .
- Zilzm Zi2:i1+1 e Zik:ik—l‘i‘l’ o =m— L
11 <o <ig

This section is concluded by an ancillary result which because of lengthy calcu-
lations will not be proven in detail, besides two special cases.

Theorem 2.3 Let B € B,,. Then,

n—1 [k+1,n] k
(2.6)  bit11+ Y > T bl ebmin_ibimbeinn = H bm1,
k=i+141<-<ip_1 m=i+1 m=i+1

i=1,2,...,n—2.

Proof: We start the proof by studying the proposed theorem when ¢ = n — 2 or
t=n—3. Fori=n—2,ie n =1+ 2, we have that j =n — 1 and

11+ b, 1bn—1nb1n—1bn1 = bp—11 + bt 1 bn—1nbin—1b7, D1nbn1

= bn—ll - bn—lnbln = bn—lnbnl-
Fori=n—3,ie. n=1+4 3,

[7+1,n]

n 21 + § E H Zm im mzm Zblmb]+11

j=n—211<-<ij_pi3zm=n—2
=bpo1 + b1 obu_onbin—2b 1 by 1nbin_1bn1

- -1

+bn71n72bn—2n—lbln—an—ll +bnn an 2nb1n an 11
~1
= by—21 — byt obn—20bin—2bp—11b1n — bn—21b1n—1 + b7 obn—2nb1n—2bn_11
~1

=bp—21bn—11 + b, _obn—2nb1n—2br_11bn1

= bp—21bn—11 — bp—21bp—11b1n, = bp—21bp—11bp1.



Suppose that (2.6) holds for n — 1, and a series of calculations will be started
from the left hand side of (2.6) which can be written

boit1 + Z Z H b ! by bimbr11

k=i+141<-<ip_1 m=i+1

n—1 n—2 k
+  II bambmnbimber + > T rmbmnbimba

m=i+1 k=i+1m=i+1
n—2 n—1 k
—1 —1
+ Z Z b;,2b2i, b12bg+11 H by bmnbim
k=i+1i1=k+1 m=i+2
n—2 [k+1n—1] k-2
-1 -1
(2.7) + o D> Y T vk mbmin, o brmbe11b,y Dbk
k=it1i1<-<ip_1 m=2
Moreover,
n—1 n—1 n—1
-1
(28) T brmbmnbamben = H bt — H bbbt [ Ouat,
m=i+1 m=i+1 k=i+1 m=i+1 m=k

which is inserted in (2.6).
Now we sum up. By assumption

[k+1,n—1] k n—1
(29) sz+1 + Z H _1im mzm 1b1mbk+11 - H bmlv
11 < <ip_1 m=1+1 m=i+1

which vanishes in (2.7) when taking into account the expression in (2.8) Which
corresponds to k = i + 1, and by rather lengthy calculations, except []" _, i1 b

in (2.8) one may show that all other expression sum to zero. This estabhshes
(2.6). O

3 Preliminaries

The aim of this section is to derive, in a very elementary algebraic way, the
eigenvalues of the matrix B € B,,. Moreover, the section serves as an introduction
to Section 4, i.e. a similar technique for proving the next theorem will also be
used in Section 4.

Throughout the paper we denote by e;, ¢+ = 1,...,n, a standard unit vector
of size n, i.e. the ¢th column of the identity matrix I,,. Define the following lower



triangular matrix

n

(3.1) U = ere] +bia(ese] — eaehy) + Z bio(eie; — e;eh)
=3
1 0 0O 0 O 0
big —bi2 0 0 O 0
0 —bs2 b32 0 O 0
- 0 —bge 0 Dby O 0
0 —=bs2 0 0 by 0
: 0
0 —bpe 0 0 O bn2
with inverse
n n n
(3.2) vt = Z eie) — biy Z eiey + Z by e
=1 =2 =3
1 0 0 0 0 0
1 —b 0 0 0 0
1 —by by 0 0 0
B R T 0
1 by 0 0 by 0
R : 0
1 ~by 0 0 0 ... by

The expression in (3.2) is true because

n n n n
/ —1 ! —1 ! ! / /
U{ g eie; — by g €€y + E by €ie;} = ereq + eaey + E eie; = In.
i1 i=2 i=3

i=3
Theorem 3.1 Let B = B, 2 € B,,. Then there exists a nonsingular lower trian-
gular matriz U, given in (3.1), such that UBy, 2U™! has the following structure

Bpo = (n—=1| =30 byby i sbubyd,
Lo B

where dj, is a standard unit vector of size n —2 and By 3: (n —1) x (n — 1) is
defined in Definition 1.2.

Proof: First notice that By, 2 can be written

n2 _Zzbjlele +Zzbmez i

j=11i=1 i=1 j=1
i#] 1#]

10



Thus

n n n n n n
BnQU_l = Z Z bjieiell + Z Z bijeiell — Z Z bjkbf216k6,2

7j=11i=1 =1 j=1 Jj=1k=2

i#j i#j k#j
n n n n n n
(3.3) 3D Tbigbenes + > 0> binbener + Y Y bibiyejek
k=1 j=2 j=1 k=3 j=1 k=3
J#k k#j

Premultiplying (3.3) by eje} yields

n n
(3.4) (n - 1)616,1 - Z bljbl_21€1€/2 + Z bugb,;;ele;C
=2 k=3

and premultiplying (3.3) by bia(eae] — ea€h) results in

n n n n n
2 : ! 2 : / 2 : / 2 : —1 / } : -1 !

bj26262 — b1j€262 + b2j6262 + blkbkg blgegek — bgkbk2 blgegek
=1 7=2 =3 k=3 k=3

J
J#2
n

n
2 : / 2 : /
= bj16262 + blkegek,

Jj=3

k=3

where in the last equality properties (1.3)—(1.4) have been used. It remains to
premultiply (3.3) with Y 7" 4 bia(e;€; — e;e5) which gives

n n n n n

OUITERS 5D SRS 3) DTS

i=3 i=3 j=3 i=3 k=3

J#i ki

Hence, by summarizing the above calculations we obtain
-1 -1
UB, U ! = < n—1 ‘ - Z?:l bi5b15 22:3 birbys d;€ >
’ 0 | B3

)

which is the statement of the theorem. O

Thus, a useful recursive relation between B,, 2 and B,, 3 has been established.
An important consequence of Theorem 3.1 is the following result which indeed
was our starting point of interest for studying B € B,,.

Theorem 3.2 Let B € B,. Then B has the nonnegative integer eigenvalues
{0,1,...,n—1}.

11



Let us now introduce the following auxiliary matrices: a lower unit triangular
matrix L,: n X n, with all non-zero elements equal to one, and a lower bidiagonal
matrix K, with 1 in the main diagonal and —1 in the the first subdiagonal which
actually is the inverse of L,, i.e. K, = L;l.

Theorem 3.3 The lower triangular matriz U given in (3.1) may be decomposed

, bng)Diag(Ig, Ln_Q)Kn

as
U = Diag(l,blg,bgg,...
1.0 0 O
0 b2 0 O
|0 0 b32 O
{0 0 0 by -
00 0 O

Its inverse has a similar decomposition

vt =

= L,Diag(l, K,—2)Diag(1,b75, b3y .- -

— = = O

0
0
1
1

= o O O

1
1
1
1

1111

0

o O O

1

. bn2

1

o O O O

K, 'Diag(I, L, *,)Diag(1, b1y, by, . - .

0 1000 0
0 010 0 0
0 0010 0
010 0/1 1 0
0011 1
)

boz)
10/ 0 0 0 O
01, 0 0 0 O
001 0 0 O
0 0j—-11 0 0
000 0 —-11

oo O oo

= o O O

Next we define the matrix Uy, : (n—k+2) x (n—k+2), k=2,...

(3.5)

The inverse of U, j, is given by

(3.6) n

=

1

n

=2

12

n

—1 / —1 /
Un,k = E eie; — by E €€y +

n

—1 /
§ :bi+k—2,kz€iei'

=3

/ / / / /
Un,k =e1€e] + b1k(€2€1 — 6262) + E bi_Hf_Q,k(eiei — 62‘62).
1=3

o O O O

o O O O




Note, that U, 2 =U, and thus U, ; is a direct generalization of U. For example,

1 0 0 0 1 0 0
Ussz = bz —biz 00 , Usa= | biyu —buy O ;
0 —bss 0 bss 54 054
1 0 0 0
. 1 —bg 0 0 . ! 0,1 0
U 73 — 1 _b_l b_l 0 5 U 74 - 1 —b14 0
13 Y43 1 —p=l ot
1 —bg 0 by 14 754

It has been shown that in order to triangularize B = B,, » the matrices U and U -1
could be used. Furthermore, the matrix Uy ) and its inverse U, ,i, given in (3.5)
and (3.6), respectively, triangularize B,, ;. Hence, we may state the following
interesting result.

Theorem 3.4 Let Dy, = Diag(lj—24m,Uni+m), and Uy is defined in (3.5).
For By, 1, given in Definition 1.2, the following relations hold (x indicates an
unspecified element):

] _ —k+1 ‘ *
D) UppBosU t = (2 )
() UnkBn iUy ( 0 | Bur
n—k+1] x * *
.. h h -1 0
(ii) Hi:O Dih—iBn Hi:O Dk,i - 0 0 |n— Z —1 : ’
0 0 0 B k+ht1

n—1| % | %] %

(i) TI7=5 Dam—2-iBn2[1jg Dy} =

[l

0 K
0 0 -1
0 0100

In particular, Theorem 3.4 is important since it shows a way of how to trian-
gularize any B € B,,. This will be further exploited in the next section.

Theorem 3.5 Let By, be given in Definition 1.2. Then By}, has the nonnega-
tive integer eigenvalues {0,1,...,n—k+1}.

13



4 'Triangular Factorization

In this section Theorem 3.4 is explored and we are going to factorize B € B,, into a

product of three triangular matrices, which will be called a VT U-decomposition.

For notational convenience it is assumed that [, a; =1, > " , a; =0, if n < h,

and H%g a; = 1. This convention will be applied throughout the rest of the
(2

paper. Indeed, it implies that Theorem 2.1 is true for n = 1. The next matrix
will later appear as one of the matrices in the triangular VTU-decomposition of
B eB,:

n 7 n n 7
(4.1) U, = 616/1 — b12626/2 + Z H blmeiell — Z Z blj H bjmeie]’-

i=2 m=2 j=2i=j  m=2

j#2  m#Ej
non n n %
E : / 2 :E : /
= H blmeiel — blj H bjme@-ej,
i=1 m=2 j=2 i=j m=2
m#j

where as before e; is a standard unit vector of size n.

Theorem 4.1 Let U, be given by (4.1), and let V,, = U, '. Then,

n n
/ —1 / —1;-—1 /
(4.2) Vo = Z ere] — big eaey + Z barbi, by €ED
k=1 k=3
n k—1 n k—1 -1
—1 —1 / —1 -1 /
>0 T dench 3 S wubid T bikene
k=3 m=2 k=4 = m=1
n n k -1
! -1 -1 /
S TR S ST | ]
k=1 k=2 1=2 m=1

14



Proof: We prove the theorem via induction. Taking into account the structure of
the matrix U, the following notation is used:

U — U,.1 0 n—1xn—-1 n—-1x1
nT\ U U2 I1xn—1 1x1 '

n n—1 n

0 O
(4.3) < U21 0 > = H blmene'l — Zblj H bjmene;,

n m=2 j=2 m=2

m#j
n—1
0 0

(44) < 0 U22 ) = _bln H bnmene;@a

m=2

Vo Vet O n—1xn—-1 n—-1x1
A N VS VAo Ixn—1 1x1 ’

n

n

0 0 ST pte o
(46) 0 V22 = _bln H bnmenen'
m=2

-1 -1
0 0 1, S _ _
(45) ( V2l o > = 6716/1 +b?”b1n1bn216"6/2 - § :bllbll1 H bn"}lene;’
=3 m=1

n

Thus,

UV, = Unfl 0 anl 0 _ Unflvnfl 0
me=\pz gz )\ v oz U,y + U2V y2y22 )

For n = 2 the theorem is obviously true. As induction assumption U,_1V,_1 =
I,,_1 will be used and therefore we have to show that Uﬁan_l + UTQLQVH21 =0 as
well as U22V,22 = 1, where the last statement immediately follows from (4.4) and
(4.6). Now we show that U2'V,,_1 +U22V;2! = 0 and the proof will be decomposed
into three parts, i.e. we consider when the first element in U2'V,,_; + U22V2!
equals 0, the second equals 0 and elements 3 to n-1 equal 0. The first element in
UAV,_1 + U22V?2! equals

n n—1

n n—1
(4.7) H blm - Zbu H bjm - bln H bnm‘
m=2 j=2 m=2 m=2

By induction assumption it follows from (4.7) that

n—1 n—1 n—1
(4.8) I b =D bus I bjm-
m=2 j=2

m=2
m#£j

15



Inserting (4.8) in (4.7) gives

n—1 n—1 n—1 n—1
Zblg H bjm bln - bln H bnm - bln(z bn] H bjm - H bnm) = 0’
m;é] = TTZ;? m=

where (4.3) has been applied to by, — bj,. The last equality holds, because of
symmetry by; can be replaced by by;.

Turning to the second element in U2'V,, 1 + U??V?! we have

n—1
H bom — Zbu H bjmb2;by 055" — bin [ | brmbanbi, bpa
m=2
m#J
(4.9) = [T—s bom — 32775 by Hﬁm;a bjm — ban [ nets brm
m#j

However, this expression is of the same form as (4.7) and by coping the proof of
showing that (4.7) equals 0, we may claim that (4.9) is also identical to 0. Finally
we will consider the elements from 3 to n-1 in U2V, + U22V,2%:

n—1 n 7j—1 -1
Zbu H bimbi; H b€+ > b1y [ bim 3 bnby" [T bjmel
j 3 =3 m=1

i a m#]’
-1
(4.10) +b1n H bm Zbllb 1T brmel
m=2 m=1

Observe that (4.10) is a vector of size n but this is immaterial. We are only in-
terested in the elements 3 to n-1 and the others are authomatically 0. Expression
(4.10) can be simplified and after some manipulations, we have

n—2 n—1
Z H bime] + Z Z bibiby, bj1 H bjme;
=3 m=Il+1 =3 j=Il+1
msﬁj
n—1 n—1
(4.11) +bin > bbbt [ brmel.
=3 m=l

However, by Theorem 2.2 (ii), bljbllblllbﬂl = bljbj_ll and thus (4.11) is identical
to

n—2 n—1
(4.12) Z H bime; = Y by H bjme) — Zbln H bum€) — bu_1n€l 1.
=3 m=Il+1 =3 j=I+1 m=Il+1 =3 m=Il+1

m#j
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For elements 3,4,...,n — 2 expression (4.12) is of the same form as (4.7) and
hence equals 0. For element n — 1 expression (4.12) is trivially 0. Thus we have
established that U2'V,,_1 + U22V,2! = 0 and hereby the theorem is verified. O

It is interesting to observe how Theorem 2.2 was used in the proof because it

shows that the structure of the elements in B € B,, is necessary for the result to
hold.

Let

7 L ity >k
U>ky = 0, otherwise.

In the next we spell out the elements of U,, and V,, from the previous theorem.

Theorem 4.2 Let Uy, = (u;;) and V,, = (v;;) be given by (4.1) and (4.2), respec-
tively. Then

i
(4.13) wig = (=biy)'o0 [T b, i 2
k=2
[y
and
bip \ o> . I
(4.14) v = <_b> Hbik , 1> 7
L k=1

ExXAMPLE 4.1. For n = 4 the matrices Uy and Vy are given by

1 0 0 0
Uy = b12 —b12 0 0
b12b13 —b12b23 —b13b32 0 ’
b12b13b14  —b12b23boy  —b13b32b34  —b14D42b43
1 0 0 0
vio | ! ~bry 0 0
1 bog/(b13bs2) —1/(b13bs2) 0
1 bos/(b14bsz) —b31/(b13barbsa) —1/(b1abaobs3)

We may also relate U, and V,, to Theorem 3.4.
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Theorem 4.3 Let U, and V,, be given by (4.1) and (4.2), respectively. Then,

n—2

(415) Un - H Dia’g(]nfi72a Un,n*i)a
=0
n—2

(4.16) v, = HDiag(Ii,Un,ngi),
1=0

where Uy, s defined in (3.5).

Before considering the VT'U-decomposition, i.e. the factorization U, BV, =
T,, where T, is a triangular matrix specified in Theorem 4.4, we show a technical
lemma which presents another basic property of B € B,,.

Lemma 4.1 Let B € B,, and (U?' : U??) be the last row in U,, given in (4.1).
Then

(U2 . U*)B =0.

Proof: Note that U2! and U2? were used in the proof of Theorem 4.1. Moreover,
as in the proof of that theorem we will divide the present proof into three parts,
i.e. here we will consider the first element in (U2 : U2%)B, the elements 2 to n— 1
and the nth element. For the first element in (U2! : U2%)B we have

n n n—1 n n—1
(4.17) H blm Z bjl — Z blj H bjmbjl - bln H bnmbnl
m=2 j=2 Jj=2 ;77117:&3 m=2

Pure calculations yield that (4.17) equals 0, for n = 3,4. Now assume that (4.17)
is 0 for n — 1. Expression (4.17) equals

n—1 n—1 n n n
H bim ijlbm + H bimbn1 — Z b1, H bjmbj1,
m=2 j=2 m=2 j=2 %7:&?

which via the induction assumption can be written
n—1 n—1 n n—1 n—1 n—1
> bin [ bjmbirbin + [ bumber = > b1y [ bjmbinbjt = bin [ ] brmbm
j=2 m=2 m=2 j=2 m=2 m=2
m##j m##j

n—1 n n—1
H bjmbjl(bln - b]n) + H blmbnl - bln H bnmbnl-
= m=2 m=2

m=2
m#j

n—1
(4.18) => bin
j=2
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If we use that by, — bj, = bnjblnbl_jl and (bj1 — bjn)bn1 = bj1by;, it can be shown
that (4.18) implies

n—1n—1 n—1n—1 n—1
Z Z b]mbjlbnlbln + H blmbln nl — Z bjmbjnbnlbln H bnmbnlbln
Jj=2m=2 j=2 m=2
m#j
n—1n—1 n n—1
= ]m bn1bin — Z H bkmbn1bin = 0,
j=1m=1 Jj=2m=2
m#j m#j

where the last equality follows from Theorem 2.1 and Corollary 2.2.
We shall show that element | € {2,...,n — 1} in (U2 : U??)B equals 0, i.e.

(4.19) H bimbi — b H blmZbﬂ - Hblj H bjmbji = 0.

m;él ];él j;ﬁl m?éj

It follows after some manipulations that (4.19) equals 0 for n = 3,4. Now, assume
that

(4.20) H bimbu — by H bim Z b1 — Z by, H bimbji = 0.

msél j;ﬁl Hsz ms«éy

By symmetry it follows from (4.20) that by replacing 1 by n

n—1
(4.21) [ brmbni — b H bim Zbﬂ - me H bjmbji = 0,
m=2

m;ﬁl H&z ];éz ms«éy

which will be used later. Applying (4.20) in (4.19) gives

b H blmZb 1bin + Zblj H bjmbjibin — by H Bim Zbﬂ - Zbu H bjmbii

mﬂ J#l J#l e J#l J#l i
—Zbquzm i1(b1n—bin) +Zb1]Hbgmbﬂ (bin—bjn) bqulm i — blngnmbnl
];ﬁl Tnsﬁj #J msél T;Zl

(4.22)
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Using that (b1, — byp) = bnlblnbl_ll, (b1 — bjn) = bnjbmbl_j1 and performing some
more calculations leads to that (4.22) is identical to

n n—1 n—1 n—1

bln{z H blm ]lbnl + Z H bkmbklbnk - H bnmbnl}
J];ﬁ mi iy i mi

which by (4.21) equals 0. Thus, the 1th element in (U2 : U2?)B, where [ €
{2,...,n — 1}, equals 0 and it remains to show that the last element in (U2! :
U22)B is 0. This means that we have to show that

(4.23) H bimbin — bin H brm Zb]n Zblj H bimbin = 0.

m#]

By straightforward manipulations it follows that (4.23) holds for n = 3,4. Now,
assume that (4.23) is true for n — 1, i.e.

n—1 n—2 n—1 n—2 n—1
1T brmbin—1 = brn1 I bnrm D bjn1 = > [ bimbjn-1 =0,
m=2 m=2 j=1 j=2m=2
m#j
which implies
n—2n—1 n—2 n—1
4 24 bln 1{Hblm + Z Hb]mbjl an 1m Z b]n 1 Z Hbjmbjn—l} =0.
Jj=2m=2 j=2m=2
m#j m7J
By changing indices, 1 — 2,2 — 3,...,n— 1 — n,n — 1 we obtain from (4.24)
n—1 n n—1 n—1 n—1 n
(4.25) H bam + Y [ bimbjz = [] bum Y bjn = Y [ bimbjn = 0.
j=3 m7£3 m=3 j=2 j=3 m=3
m##j

Returning to (4.23) we have that the left hand side equals

bln{ | | blm | | bnm g b]n E b]n | | b]m+ E b]l | | b]m}
m=2
75

m#] mzj
n—1
(4.26) =bi, {1l — H bnm — H brm ijn ijn H bjm },
m=1
m#a
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where Corollary 2.1 has been applied. Reorganizing terms in (4.26), where in
particular it is used that b,1 + b1, = 1 and bj, = 1 — by,j, we obtain that (4.26)
is identical to

n—1
bln{l - H bnm - H bnmzb]n Zb]n H bjm}
m=2

m#J
n—1
=binfl = ] bum — H banbjn ijn H bjm + Zb]n H bjmbns}
m= Tnsﬁa 7= msé]
- -1
(427) = bln{z b]n H bjmbn] H bnm Z bjn}>
m#ﬂ m =2
where for the last equality Corollary 2.2 has been applied to
n—1 n n
H ZJngﬂm ZHbjm'
m=2 Jj= m;é] Jj=2 m=2

Since bjoby; = bpa(bja — bjp) it follows that the right hand side in (4.27) can be
written

n—1 n n—1 n—1 n—1n—1
(428) bln HQ{Z H b]meQ + H b2m - H bnmzbjn Z H bjmbjn}
j=3m=3 m=3 j=2 j=3m=3
m#j m#]
and finally from (4.25) it follows that (4.28) equals 0. Thus the proof of the
lemma is completed. |

Now one of the main theorems of the paper is formulated.

Theorem 4.4 (VTU-decomposition) Let B € B, U, and V,, = U;l be the
triangular matrices given by (4.1) and (4.2), respectively. Then U,BV, = T,,
where the upper triangular T, equals

n n r—2 r—1 n r—2r—1
S0 b 325 57 T bt 33 11 bkt -3 ac
k=1 r=3 k=1 l=k+1m=k+1 r=3 k=1lm=k+1

Proof: It can be shown, via direct calculations, that the theorem is true for,
say n < 5. After the proof we show some of them for n = 3. Suppose now
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that U,—1Bn—1Vn—1 = T,—1 holds, where B,,_1 € B,_1. Using the notation of
Theorem 4.1 we have

and in the subsequent B is partitioned as
B:<B11 312> <n—1><n—1 n—1><1>.
B* pB% Ixn—1 Ix1
From Lemma 4.1 it follows that (U2! : U??)B = 0 and thus

11 127,21 127,22
(4.29) UnBVn:(Un—lB Vot + Un 1 BR2V2 U, B2V >

0 0

The partition in (4.29) will be studied in some detail. First U,_1B2V,?? is
considered, i.e. we are going to show that U,_1B'2V2?? equals the first n — 1
elements in the nth column of T;,. Let T = (t;;), where t;; = 0, if ¢ > j. Now for
U,_1, V, and B we have

(430) VnQQ = _bl1 H bnmv
] n—1n—1
(431) Un—1312 = biper — bi2bane +Z Hblmbln i _Z Z bng]ngjmdu
=2 m=2 Jj=2 i=j
J#2 m;éj

where d; is the unit vector of size n — 1.

The first element in U,_;B' equals by,. Thus, the first element in
U,_1B2V?2 equals b1,,V,;?2. However, from (4.30) and the statement about T},
we may conclude that bann22 = tin.

For the second element, i.e. ta,, it follows from (4.31):

—(—byabay, + biabin )by} H by = —Dnabinby 1t H b H -

which equals to,.
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For elements 3 to n — 1 in U,,_1 B2V,?2 we apply Corollary 2.2, and obtain

i n—1n—1
{Z H blmbln P Zzblj in H b]md }V22
=3 m=2 Jj=2 i=j
m#]
n—1 14
= {Z bin H bimdi} = > Y bijbjn H bjmdi }V,22
1=3 j=2 m#]
= Zbln{l - ijn H bim }di) V22 = me H bumdi Vi,
m#]

which equals Z?:_; tind;. Thus, t;,, 3 <i <n —1 has been obtained.
Now U,_1B"V,_1 + U,_1B2V?2! given in (4.29), will be studied. This ex-
pression equals

n—1 n—1
(4.32) Un1Bn Va1 + 1= binUn 1didiVo 1+ Y Up 1bindi V2!
=1 =1

and the two last terms in (4.32) will be exploited. It will be shown that the sum
forms an upper triangular matrix and then via (4.31) we obtain a fairly useful
recursive relation between U,,BV,, and U,_1B,,_1V,_1. By performing a number
of calculations we obtain that

n—1 n—1 k

Z Uvnflbindi‘/n21 — (blndl + bn2b1nd2 + Z H bnmblndk)
=1 k=3 m=2
n— -1
(4.33) x (dy + banbi g dy = > by [ brmd))
= =1

which should be compared to

n—1

(4.34) = binUn-1didiVy-1.
i=1

For the first column out of the n — 1 columns in (4.34) we note that it equals

n—1 k n—1 k
_{blndl + anblndZ + Z Z H bjmbjndk: Z Z H bjmbjndk}
k=3 j=1 myé k=3 j=2 Z}b;é?
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which by Theorem 2.1 can be written

n—1 k
—{bindy + buabinda + Y bin [ brmdi}-
k=3 m=2

Thus the sum of the first columns in (4.33) and (4.34) equals 0. Moreover, for
the second column in (4.34) we have that below the diagonal it stands

n—1 k n—1 k
7{2 H bamband — Z ijnb%b]gl H bjmdi },
k=3 m=3 k=3 j=3

msﬁj

which equals

n—1 k

k=3 m=3

This can be verified by applying the same calculations as will be used now when
obtaining a convenient expression for the elements below the diagonal in the rth
column, 3 <r <n—1, in (4.34).

We have
brn Z by, H brmby,! H byhdy, — Z bjanlj H bjmbriby,! H b
k=r+1 m¢% j=r+1 m;éz
n—1 k n—1 k
= - Z H brmbrndk + Z Z H bjmbrjbjndk:
k=r+1m=r+1 j=r+1j=r+1m=r+1
m#]
- Z Z H bimbjndi + Z Z H bjmbindi-
k=r+1 j= rm 7’ k=r+1j=r+1m ;—]}—1

However, Theorem 2.1 simplifies this expression and we obtain that it can be
written

n—1

- Z{(l_bnrbnrJrl XX bnk)_(l_bnr+1bnr+2 XX bnk’)}dk
k=r+1

n—1 k
(4.35) == brn [ [Onmds-

k=r+1 m=r+1
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Hence, if we add the elements below the diagonal in (4.33) and (4.34) the sum
equals 0.

In the next the diagonal elements in (4.34) are considered. For the first
element we have already shown that it equals —by,. For the second element we
have —by,, and if we consider the rth diagonal element, 3 <r < n — 1, we get

r—1
(4.36) ~bynbry [] brmbi,! H b
m=2

Therefore, by utilizing (4.36) it follows that the sum of the diagonal elements in
(4.33) and (4.34) is 0. Thus, we have shown that if summing (4.33) and (4.34) in
the first and second column all elements on the diagonal and below are 0.

Furthermore, if we in (4.33) for given [ and any k& > [ multiply the terms we
obtain

n—1 k
- Z H Bmbinbin by} H bt =— > [ bambinbiby b1 di

k=l+1m=2 k=l-+1m=l
- n—1 k
(4.37) =-— Z H brumbinbinby byt bmde = > [ bambinds,
k=l4+1m=Il+1 k=l4+1m=Il+1

since by Theorem 2.2
b1nbi1by; by bt = binbinby, binby, by b = —bip-

Now we may conclude that (4.32) can be written

Un—1Bn1Va1 + I + banbyy ddh — Zblnbubu H b d

n—2 n—1

(4.38) meblnbllbu anmdgdl > anmblnbllbu Hb Jdyd.

k=3 l=k+1m=2

Using Theorem 2.2 (i) binbiiby'b,) = —bwby}!, and it follows that (4.38) is
identical to

n—2 n—1

Un 1Bn 1Vn 1+I+Z Z H b blndkdla

k=11l=k+1m=k+1

where ZZ;% ?:_klﬂ fn:k +1 brmbindyd; is strictly upper triangular. Therefore,

it follows that if summing (4.33) and (4.34) a strictly upper triangular matrix is
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obtained, i.e. its diagonal elements equal all 0. Finally by observing the recur-
siveness of U, B, V,, i.e.

n—2 n—1

U,B,V, = (In—150) Up—1Bp—1Vy— 1 Z H b e _671—16%
k=1 m=k+1

n—2 n—1

+ Ze;&%—i—Z Z H bnmblnekel,

k=11l=k+1m=k+1

we obtain T;, given in the statement of the theorem. O

Corollary 4.1 Let T, = (t;;) be the upper triangular matriz defined in Theorem
4.4. Then the elements of T, are given by

n i n
ty= II o thk— Z H b — Ly ) H b
k=j+11=it1 k=j+11=it1 k—j =it 1

Observe that the expression implies that t;; = n —i. Moreover, T,,1 = 0. The
structure of the matrix 7,, is the following

n 1 n 1 n 1 n—1 1

n-1 3 b5 e(n-1) 3 I1 b, -3 b, e = I 0%

i'=3 dZaj=e T4 iy 12 jl=2 ™

n 1 n 4 1 n 1 L

0 n—2 S obpa—(n=2) % I -y br . = b
Tn — i/ =4 i/ =57=3 i/ =4 j=3
. - 7:1

0 0 0 2 bnn 1—2 b1
0 0 0 0 1 —1
0 0 0 0 0 0

This section is ended by showing some detailed calculations for n = 3.

ExXaMPLE 4.2. Forn =3

2 by —2 —byy

T3 = 0 1 —1
0 0 0
and n =4
4 3 4 3
3 Ybp =3 Ilby - Xt — 110y
1=3 7j=2 =3 7=2
Th=10 2 by — 2 ~bys
0 0 1 -1
0 0 0 0
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From

Us =

(4.13) and (4.14) in Theorem 4.2 we have
1 0 0 1 0 0
bi2 —b12 0 ; Va={1 by 0
bizbiz  —bi2b2s  —bi3bs2 1 bosbigbsy  —big by

We are going to show that V37T3U3 = B € B3. Now

2+ bgy bio — 2b12 — by biobiz  +2b12 + by bagbia — biobsy  bis

T3U3= b12 — b12b13 —b12 + b12bo3 b13b32
0 0 0
2 — 2b12 + (bia — b13)  Diobgy (1 —baz) +2b12 b3
= b12b31 —b12b32 b13032
0 0 0
ba1 + b31 bi2 b3
=|  bi2bz1  —Dbi2b3a b13b32
0 0 0
and
V3T3Us3
ba1 + b31 b12 b13
= bo1 b1 + b32 —b13b]5 b3 + bi3
b1 + b31 + bagby3 bay biabsr  Dia — biabsabasbigbsy i3 + bi3bsabosbis bay
ba1 + b31 bi2 b13
= b2y b2 + b3z —(b3a — b31) + bi3
b31 big — (bag — ba21) b13 + ba3
ba1 + b31 b12 b13
= ba1 bi2 + b32 ba3 = B,
b31 b32 b13 + b23
where in the above calculations we have used (1.4) and Theorem 2.2 (ii).

5 Eigenvectors of the matrix B

We already know from Theorem 3.2 that the matrix B € B, has eigenvalues

{0,1,..

given

.,n — 1}. This can also be seen from the structure of the matrix T,
in Corollary 4.1 and the fact that the matrices B and 7,, are similar,

i.e. U,BU, ' = T,. The right eigenvectors of the matrix B are of special interest
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in sampling theory when B is a function of the inclusion probabilities, outlined
in the Introduction.

We are going to present the eigenvectors of the matrix B € B,, in a general
form.

From Section 2 we know that U, BU,’ ' = T,,, where the matrix T}, is an
upper-triangular matrix given by Theorem 4.4. Since B and T;, are similar, they
have the same eigenvalues and then the eigenvectors of B are rather easy to
obtain using the eigenvectors of T),. In the next theorem we shall obtain explicit
expressions for the eigenvectors of the matrix T5,.

Theorem 5.1 LetT;, be given by Theorem 4.4. Then there exist upper triangular
matrices Vi and Ut such that

T, = UrAVr,
A = diag(n—1,n—2,...,1,0),
(5.1) Ur = Vi

The matriz Up = (u;5) s given by
[j+1,,m] [i+1,5]

DICII D3| - e

1< <ig J1 < <Jg iy

The matriz Vp = (vy;) satisfies

(5.2) vy = 1,1=1,...,n,
L

(5.3) vy = -1+ AL

oo Dt

Jj—i [i+h+1,n] i+h by
L= __1\j—i—h URitg—i .
(5.4) Vij = Z ( 1) ' Z H bZ _.k’ j i>1.
h=j—i-1 i1 <o <ip, k=i+1 k=D

Proof: We are firstly going to show that Vr = Up ! Let as in Theorem 2.2
Cij = b;jlbjl- and in the present proof we are often going to refer to this theorem.
Since many calculations are rather lengthy, some of them will be omitted. There
is certainly place for improvements but this is left for the future.

The basic idea of the proof is to note that

(5.5) Ur = R+27Y,
(5.6) Vi = R'42Y,
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where R is a unit upper triangular matrix, i.e. an upper triangular of ones, ZV =
(zg ) is a strictly upper triangular matrix given by

[j+1,n] [i+14] ¢

(5.7) Zg = z;( Z Z Hclkjk’
g=

11 < <ig J1<<Jjg k=1

and z¥ in the strictly upper triangular matrix Z" = (zz‘; ) are given by

n

(58) Zi‘;—l-l = Z Cipit+1,

11=1+2
j—i li+h+1,n] ith
(5.9) 2= > Y T e d—i> 1
h=j—i—1 i1 <-<ip k=i+1

It follows immediately that
ViUr =(RY+ZVYR+2Y)=I+R 2V + ZVR+ 2V 2V
and the aim is to show that VpUp = I. Therefore, it will be shown that
zVzV = -R12zV - ZVR,
which is equivalent to the interesting equation
(5.10) ZVRR™'ZV = —R7'ZV — ZVR.
Some calculations yield

SR D)W B

=1 j=i+1
n—2n—1j—i [j+1,n] [i+24] g

511 SVSY Y Y ewenned

i=1 j>ig=1 i1<<ig Jo<l--<ip k=2
and

n—2 n—1 j+1n]  j—i

(5.12) ZVR = Z Z Z Hciki+keie;~.

=1 j=i+1 1<--<ij_; k=1
When proceeding we will instead of (5.10) verify that
(5.13) R'ZV =1+ 2Z"R)™ — 1.
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The reason is that the right hand side of (5.13) is easy to interpret, since Z" R is
strictly upper triangular. The next lemma provides a useful result. The proof is
omitted since it follows by straightforward calculations (e.g. see Harville, 1997,
for related material).

Lemma 5.1 Let T' = (t;j) : n x n be any strictly upper triangular matric. Then

{(T+T) By =1, i=1,2,...,n,

ji [i+1-1]  g-1
{U+T) Yy = =ty +> (=17 >ty [ i vintiy s
g9=2 i<<ig_1 k=2

It is interesting to observe that the elements in {(I + T)"'};; and {(I +
T)_l}i+1j+1 are of the same form. For example the second expression is obtained
from the first if reindexing: ¢ — ¢+ 1,97 — i1 + 1,40 — o+ 1,...,5 — 7+ 1.
Therefore it follows that the most difficult part to verify in (5.13) is to verify that
the last elements in the first row in both sides are equal which is the same as
showing

n—2
> (R ZY(ZV R)kn1 —(ZY R)in-1 + (2 R)12(ZY R)2n 1
k=3
(5.14) = (R1'ZY)1, 1.

To verify the equality of the other elements in (5.13) follows by symmetry. To
prove (5.14) is a fairly straightforward exercise where the key trick is to use
Theorem 2.2. We will only show (5.14) when n = 7. The general case follows
from some rather tedious calculations which are not of any interest.

From (5.11) and (5.12) it follows that

5 5 k—1 [k+1,7] (3,7] g
NCSEENEENED ) SEID DD ol | I | e
k=3 k=3 g=1 11 < <lg Jo<-<jg 1=2

(5.15)

This expression will now be exploited for k = 3,4,5 and ¢ = 1,2,...,k — 1. For
k =3 and g = 1 it follows from (5.15) that

7 3
- E 6112 H C73+ma

n m=1
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has to be considered, which by Theorem 2.2 equals

—C42C74CT5C76 — C52C74CT5CT6 — C62CT74CT5CT6 — CT2CT4CT5CT6
(5.16) = €72C75C76 + C72C74C76 + C72CT5CT5 — CT2CT4CT5CT6.

For k=3 and g =2

[§ 7
g E Ci33Ci12C74C75C76

i1=4 ip=i1+1
= C42C53C74CT5CT76 + C42C63CT74CT5CT6 T C42C73C74CT5CT6
+C52€63C74C75C76 1+ C52C73C74C75C76 1 C62C73CT74CT5CT76
= C72C73C76 + C72C73C75 — CT2C73CT75C76 + C72C73CT4

(5.17) —C72€73C74C76 — C72C73CT74CT5.
Moreover, for k =4 and g = 1,

7
(5.18) - E Ci12C75C76 = C72C76 + C72C75 — C72C75CT6,

5

for k=4 and g = 2,

6 7 4
E g E Cisj2Ci12C75C76

4 4 4
= E C6j,C52C75CT76 + E C745,C52C75C76 + § C745C62CT75CT6
Go=3 jo=3 jo=3
4 4 4

(5.19) = C7j5C72 — E C7j5CT72CT76 — § C7j5CT2CT5,

J2=3 j2=3 Jj2=3
and when k£ =4 and g = 3,
(5.20) —C52€63CT4CT5CT6 = —C72C73CT4.
For k=5and g =1,

7
(5.21) - E Ci;2€76 = C72 — C72C76,
11=6
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and finally for £ =5 and g = 2,

5 5
(5.22) D cripcarcrs = — Y crpera.

Jj2=3 J2=3
By summing (5.16) - (5.22) we obtain
5
Z le 1k‘ ZVR)

=3
(5.23) = C72 — C72C74C75C76 — C72C73CT75CT76 — C72C73CT4CT5 — CT2CT3CT4CT6.

Now we return to (5.14) when n = 7 and calculate

(5.24) (Z" R)16 = cracracracrscrs,
7
(5.25) (Z2VR)12(ZY R)2s = > _ ciyacrscracrscrs
i1=3

= C72C73C74C75CT6 — C72C74C75C76 — C72C73CT75CT6 — C72C73CT4CT76 — C72CT3CT4CT5,
and
—1 U
(5.26) (R Z )16 = —C79.

Thus, by using (5.23) - (5.26) we see that (5.14) is true when n = 7. The general
case follows by copying the above approach.
In the next we will verify that T,, = UpAVy which is the same as showing

(5.27) (I+ZVR)R'TR=A(I+ Z"R).
Direct calculations via Corollary 4.1 give
n l
(5.28) (R_ITR)“ =(n— i)I{i:l} + Z Crmit1 H b;nil{id}
m=Il+1 s=i+2
and from (5.12) it follows that

[i+1,n] i—k
(529) (I+Z"R)p = Tip—iy + Z chk+rl{k<zk<n 2,i<n—1}-

1< <gj_p r=1
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Thus (5.27) is true if

n—1
» (I +Z"R)ii(R™'TR)y = (n— k)(I + Z" R)y
=1

which by (5.28) and (5.29) can be written

l n n i—k
S {lu—y+ Y. - Y. Tl ek Tthciozn—2i<n-13}
i=k

11:Z+1 ii—k:ii—k—l r=1

n l
x{(n—i)I{i:l}—l- Z Cmi+1 H b;mlsI{Kl}}

m=I[+1 s=i+2
(5.30) = (n—k) I+ Z"R).

Note that (5.30) immediately holds if & = [. For the off-diagonal elements in
(5.30) one has to perform rather lengthy calculations and frequently use Theorem
2.2 (ii) and (iii). We indicate a proof based on induction and therefore define
the following four n x n matrices, G = (gn), H = (hw), (I + ZVR)"1 =
(I +2VR)y ") and (RT'TR)"' = (RT'TR));

[

N
go= Y

Ln]  1—k-1
Ci,k+rCnl,
1< <g_g-1 =1

!
b = Iig=1y + Cokt1 H b
s=k+2
(+1n-1] [—k
T+2VRy" = Iney+ Y. Tl
1< <i_ g1 r=1
n—1 l
(R'TR) = (n—k—DIgey+ > cowrr || bmeLipeny-
m=I[+1 s=k+2

In the above relations we assume £ < n — 1 and [ < n — 1, and additionally it
will be assumed that if K = n or [ = n then the above four mentioned matrices
will all equal 0.
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Assuming that (5.30) holds for n — 1 we obtain

l
> I+ Z"R)u(R'TR)y

i—k
l !
=> I+ ZVRNRITR) +) (I + 2V R)  ha
i—k i=k
l
+ Z gei(RT'TR);T 4+ griha
i=k i=k
I
— (= BT+ 2R+ (0 - Ry (6~ Dgw + S (T+ 2V R g
i=k+1
-1
(5.31) + Z gk(RT' TR + Y griha + hi.
i=k+1 i=k+1

Since

(n=k{(I +Z"R)j " +gut = (n— k) (I + Z" R)y

it has to be shown that

l l

I
(5.32) (I —k)gm = Z(I + ZVR)  hy + ng SITR) 4 ngihil + hi,
i=k i=k i=k

which is fairly straightforward. The main idea is to use Theorem 2.2 (ii) and
(iii). We omit these calculations for the general case and only focus on n = 5.
In particular we will show that (5.32) is true for element (k,l) when k£ = 1 and
1=2,3,4.

For element (1,2) equation (5.32) is trivially true. When considering element
(1, 3) equation (5.32) reduces to

5 4
(5.33) 2 Z Ciy 2053 = Z Ciy 2053 + CsaCa3 + C5aCs3 + Caabsy -
i—4 =3

Now, applying Theorem 2.2 (ii) and (iii) the right hand side of (5.33) equals

1
—c52 + 42053 + C52€43 + 52053 + Cr2bsg = 2c42053 + 2¢52053
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and thus (5.33) holds. Continuing with element (1,4) in (5.32) we get that (5.32)
is equivalent to

4

-1 —1

3C50C53C54 = g Ciy2¢53b5, + C42c43C54 + C52C53b5,
i=3
5

(5.34) + Z Ciy2C53C5a + Cx2b53 bs
i—a

Utilizing Theorem 2.2 (ii) and (iii) implies that the following calculations for the
right hand side of (5.34) can be carried through;

—caobs, + Cancazbs, — Cx2€a3 + Csacszbsi — Cacss + CracsaCsa

= csacs3bs) + Caacsacss + 2052¢53C54

= CaCs3bs) — CaCs3 + 2C52C53C50 = 3C52C53C54-

Similarly we may show that (5.32) is true for k =2,/ =3,4and k =3, =4. O

Now we are ready to present eigenvectors of the matrix B.

Theorem 5.2 Let B € B,, and the matrices Uy, V,, and T,, be given by (4.1),
(4.2) and Theorem 4.4, respectively. Then the matrix of left eigenvectors Wy =
(w{}) for B is given by

i n
(535) wlLl = Hblk H blla Z':]-a"wna
k=2 l=i+1
i—1 n
(5.36) wii = (=by)H>n H bik H bii,
k=2 l=i+1
i n
(5.37) wj = (=1)1 by Hbjk: H bij J>1
k=2 l=i+1
k#j I#5

Proof: Let Wi be W, where n indicates the size of the matrix. Thus, from
(5.35)—(5.37), it follows that

Z H blk H bllezel + Z bl Hi>1y H bzk H blzel

i=1k=2  Il=i+1 k=2 =i+l
n i—1
(5.38) —ZZbUHka H bijeic) +ZZb1]Hbjk H bijeic)
=3 j=2 k=2 1=i+1 j=21i=1 k=2 1=i+1
k#j 12 k#j 12
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From Theorem 4.1 it follows that
B=V,T,U,,
and from Theorem 5.1
T, = UrAVp.
Hence, VU, satisfies
VrU,B = AVrU,,

which means that VU, is a matrix consisting of left eigenvectors. We are going
to show that

Wi = VpU,.
From (5.38) it follows that
n_ (W' Dy 0 0 H.,
s e (D 0) (0 ),
where
D, = }:mﬂd c(n—1)x1,

n—1
(5.40) Hep = (hin) :meﬂbnk I bwds.

=1 k=2 l*i-i—l
Hno = H blkdl Z bl] H bjkd]’
A =
hnn = *bln H bnk

For small n, say n < 6, it is fairly easy to show that W' = VrU,. Because
of (5.39), we will indicate a proof for a general n, which is based on induction.
Suppose that

Wp = (RM + Zy)_)Un-1,
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where it has been used that Vy = R, ' 4+ ZV | (see 5.5), and it will be shown
that

Wi = (R,' + Z) Uy,
which for small n directly can be verified. First observe that
(Hpe : hpp) = €U, = W),

where ey, : n x 1 and W} is the last row in W}'. Let W} = (w”

Jj) and U,,, stands
for the last column in U,. Then

(5.41) wy_1, = (0,0,...,0,=1)Uep, = hp—1n.

It remains to show that for the first n — 2 elements of H,,

(5.42) hin = (R, + Z) VUi, i=1,...,n—2,

and

(543) ((R,1y + Zy_1)Un-1Dn-1)ij = (By' + 2 )Un)ijs  i,5=1,...,n— 1.

First consider (5.43). As in the proof of Theorem 5.1 we will use the products
ZY R, and R;'U,, and thus work with

(5.44) (I +ZYR,)R;U,,

which is an algebraic relation simpler than (R,;! + ZY)U,. The expression for
ZY R, was given in (5.12), and thus

n—2 n—1 [j+1n]  j—i

(5.45) T+ ZRy=T+>_ > > ] biliimbitmineic].

i=1 j=i+141<--<i; 1 m=1
Moreover, (4.1) gives that

i

n _

{z<n} . /
> [Tl s T bnesrd
1=1 m=2 m=2

=2
(546) _Zzblj H b]mbll_{:f]n} €;€
Jj=2 i=j m=2
m#j

We indicate now how to prove (5.43). However, a few details will just be
presented. For example, it will be shown that the first column of the left hand
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side of (5.43) equals the first column of the right hand side. It is, besides lengthy
calculations, fairly easy to verify (5.43) for the other columns too.
From (5.45) and (5.46) it follows that the first column in (5.43) can be written

n—3 n—2 [j+1n-1] j—i

n—1 k
{Z Z Z H by i bitmiy, i€ + eie;}{z H bimbry11bnier}

i=1 j=i+14;<---<ij_; m=1 k=1 m=2

n—3 n—1 [j+1n] j—i

n k
GAT) =0 > > T biiembiemineid; +ere 3D I brmbrenient.

1=1 j=i+141<--<i;_; m=1 k=1m=2

Furthermore, (5.47) is equivalent to

n—2 [j+ln—1] j—i

J
H bimbiviibnr + > Y ] bitmribmeriin [ bimbisiibm
m=2

J=i+141 < <zJ im=1

n—1 J+1n]  j—i

J
(5.48) H bimbit11 + Z Z H blmmﬂ m-Fiim H bimbjt11-
m=2

j=i+1i1<--<ij_; m=1

The validity of (5.48) will be exploited and first the left hand side is considered.
Some manipulations give that it equals

n—2 [j+1n-1]

H blm z+11 + Z Z H bz_m im mzm Zblmb]—s—ll)bnl

J=t+141 < <idj s m=i+1

which by applying Theorem 2.3 can be written

H blm H bmlbnl H blm H bml

141 i+1

When performing the same calculations to the right hand side of (5.48) we see
that (5.48) is true.
Finally, (5.42) is briefly considered. From (5.45) and (5.46) it follows that

{(RY 4+ Z U }in = {(I+ZVR YR 1U, }m ={Z'R, R*lU Yin

n—1—1

H bnz+m l+mnb1n H bnm - bln H bnmbmnbln H nm H bnm
m=i+1 m=i+1
- bln H mn H bnm:

m=1+1
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which implies that (5.40) as well as (5.42) hold. O

Theorem 5.3 Let B € B, and ¢;; = bj_ilbij, i # j. Then the matriz of left
etgenvectors, Wy, defined in Theorem 5.2 can be decomposed as Wi, = DV Dg,
where Dy, and Dg are diagonal matrices, and V' is a Vandermonde matriz given
by

n 7
(5.49) Dy = Z H Ccr1€ic;

i=1 k=2
(5.50) Dp = Hb116161+2b11thele _Zbl{””thez
=2 l;éz l;éz
(5.51) V= Zelel—i-zz ) 1c’ljlele _ZZ —c15) )it I{J>1}e eJ
i=1 j=2 i=1 j=1

Proof: The matrix Wy, defined in Theorem 5.2, can be written

n 1—1

n
Wy = DLD l{z H Cklezel Z H Clmeze 4 Z I{i>j} H ijez‘e;}DR.

i=1 k=2 i=2 k=2 k=2
k#j

Thus, it has to be shown that

n 1—1

n
1{2 H Cklezel Z H Ckzeze + Z I{i>j} H ijeieg'} =V,

i=1 k=2 i=2 k=2 k=2
k#j

where

n i
— 2 : | I /
== C1k€i€;-

i=1 k=2

However, from Theorem 2.2 (ii) it follows that

1, 2 i—1
HclkHCll A

k=2 =2

which verifies the theorem. O
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When obtaining the right eigenvectors for B € B,, Theorem 5.3 will be uti-
lized. Therefore a general expression for the inverse of a Vandermonde matrix
is required, which is well-known (e.g. see El-Mikkaway, 2003). Indeed the tech-
nique applied by Bondesson & Traat (2007) when finding their results is similar
to the one which usually is applied when finding for example the inverse of the
Vandermonde matrix. In the next lemma we present, without a proof, the result
for the inverse Vandermonde matrix.

Lemma 5.2 Let V be given in Theorem 5.3. Then W = (wj;), where W = V=1
s given by

(1,n]
Wij = Z ch {11>1} H Clzm —j
<<
1%
n
x [ (Cew + (—er) =) (—ers — i)~ j<n—1
k=2
ki
n
Win = H((Clk‘+(_Cli)l{bl})(_cli_1)I{i>1})_1
k=2
ki

Remark 5.1 If Q = (qi;) is a Vandermomde matriz, where ¢;; = (cj)I“>1},
cr # ¢, its inverse may immediately be obtained by noting that

[1,n] n
DY H e (D" = ][ (e = e,
7=1 1< <ip—j j}:l‘

1170yl — j?ﬁl J#i

[1,n]

n—j ‘
S Y ledicu—=on ik
J=1 i1<<in—j m=1
1170y — 7

Before stating the last theorem it is noted that by applying Theorem 2.2

H((Clk + (—Ch‘)l{1>i})(_cli _ 1)1{1>2‘})71
k=2
(552) = ((_Cil)nﬂ(—bu))l{bl} H blk
k=2
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Note that the left hand side of this expression appears in Lemma 5.2. Using (5.52)
a theorem concerning the right eigenvectors will be formulated and proved.

Theorem 5.4 Let B € B,,. Then the matriz of right eigenvectors Wgr = (wf;)
for B is the following:

[2,11] nfj

n
wip = J[en > J]ein d=12...n-1

I=j4+1 1< <in_j m=1

R R .
wy, = 1, w;, = —C1i, 1=2,3,...,n,
n I [1,71] 7’L—j
R _ {i<i} Iy
Wi = H €16y E (=) 1> H Clip
I=j+1 <<l m=2
I#i 117 e sin— j 70

1=2,3,...,n, j=12,....,n—1.

Proof. First the inverse of Dpg, given by (5.50), will be multiplied with (5.52)
which yields

(5.53) (D0 Y ] eneie)

i=11=2
12
Moreover, multiplying
n
[ (e + (=er) 0=2) (=eri = =0V,
k=2
ki

where V' is the Vandermonde matrix presented in Theorem 5.3, with (5.53) from
the left and with the inverse of Dy, given by (5.49), from the right we obtain
after some manipulations

n n—1 n [2,n] n—j
Y (cewtvee, + 3 [T en D ] cinere

n n—-1 n B [1,n] n—j
i<j Iy, /
—'I_Z Z H Cllcl,{i =k Z (_Clil) {i1>1} H Cl’imeiej'

i=2 j=11=j+1 <<l m=2

I#i i1 yin i
This relation establishes the statement of the theorem. O
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The theorem can be further simplified but this will be omitted because there is
no really use of it and it burdens the presentation. However, in the next example
one can see how the matrix given in (5.56) reduces to the matrix in (5.55).

EXAMPLE 5.1. In this example Theorem 2.2 will frequently be utilized. Accord-
ing to Theorem 5.2 the matrix of left eigenvectors, in the case n = 4, equals

ba1b31ba1  b32baobi2  bi3bagbyz  bi4bogbzg
b12b31b41  —b12b32bs2  b13b32D43  b14b42b34
b12b13ba1  —b12bagbaz  —b13b32baz  b14bsobys
b12b13b14  —b12b23boy  —b13b32b34  —b14b42bas3

which can be decomposed as

1 0 0 0 1 1 1 1
0 co91 0 0 1 —ci2 —ci13 —cus
0 0 care31 0 1 ¢y, sy ¢y
0 0 0 €21€31C41 1 —cty —ciy —ciy
b21b31b41 0 0 0
0 b12b32b42 0 0
(5-54) % 0 0 b13b23b43 0
0 0 0 b14b24b34

The inverse of the Vandermonde matrix in this expression equals

0 —C%lblgbggb24 0 0
0 0 —C§1b13b32b34 0
0 0 0 —C%lbl4b4gb43
€12€13C14  €12€13 + C12C14 + C13C14  C12 +c13+cia 1
o« | Tescia —C13 — C14 + C13C14 ci3tca—1 1
—C12C14 —C12 — C14 + C12C14 crigt+cg—1 1
—C12013 —C12 — €13 + ¢c12¢13 ci2t+cz—1 1
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Therefore, when taking the inverse of (5.54), the right eigenvectors are given by

C21C31C41 0 0 0
0 —031032042 0 0
0 0 —631023043 0
0 0 0 —64211624634
€12€13C14  €12€13 + €12€14 +c13C14 C12 +c13+c1a 1
o | Tescia —C13 — C14 + C13C14 cigtceu—1 1
—C12C14 —C12 — C14 + C12C14 cigtecg—1 1
—C12C13 —c12 — €13 + c12€13 cigt+cz3—1 1
1 0 0 0
« 0 c19 0 0
0 0 C12C13 0
0 0 0 €12€13C14
C21C31C41 0 0 0
o 0 —C31C41 0 0
o 0 0 —c91C31 0
0 0 0 —C21C31
C12C13C14 6%2613 + c12¢14 + C13C14 6%2613 + 0120%3 + c12c13€14  C12C13C14
o« | TC1scus —6136%2 — C14C12 + 652613614 0526%3 + C12€13C14 — C12€13  C12C13C14
—C12C14 —C{9 — C12C14 + C{9C14 CioC13 + C12€13C14 — C12C13  C12C13C14
—C12C13 —6%2 —c12C13 + 0%2013 0%2013 + 6126%3 — C12€13  C12C13C14
1 —Cyq9 — C32 + 1 1— C43 — C492 1
(5.55) _ 1 —c4p —c32 —c12 croc43 —C12 — a2 —C12
1 —cpp+1—ci2 crocs43 —cC13 — a3 —C13
I —en+l-c2 —c2—caz+l —cu

The last relation will now be compared to what is obtained from Theorem
5.4. Tt follows from the theorem that

(5.56)
1 csican(ciacis + ciacia + cizcia)  car(ciz + ci3 + cia) 1
W = 1 csicaciz(cis + cia — ci3cia) carcie(l —ci3 —cua)  —c2
1 ca1(c12 + c14 — ci2c14) carc13(—ci2 —cuu +1) —ci3
1 c31(c12 + c13 — cizc13) 1—ci2—c13 —C14

which by some manipulations can be shown to be identical to (5.55). For example,
by using Theorem 2.2 the element wﬁ = c31¢41(C12C13 + C12C14 + C13C14) = —Ch2 —
c32 + 1.
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