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Abstract

The classical condition on the existence of uniformly exponentially con-
sistent tests for testing the true density against the complement of its
arbitrary neighborhood has been widely adopted in study of asymptotics
of Bayesian nonparametric procedures. Because we follow a Bayesian
approach, it seems to be more natural to explore alternative and appro-
priate conditions which incorporate the prior distribution. In this paper
we supply a new prior-dependent integration condition to establish gen-
eral posterior convergence rate theorems for observations which may not
be independent and identically distributed. The posterior convergence
rates for such observations have recently studied by Ghosal and van der
Vaart [5]. We moreover adopt the Hausdorff a-entropy given by Xing
and Ranneby [18][16], which is also prior-dependent and smaller than
the widely used metric entropies. These lead to extensions of several ex-
isting theorems. In particular, we establish a posterior convergence rate
theorem for general Markov processes and as its application we improve
on the currently known posterior rate of convergence for a nonlinear
autoregressive model.
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1 Introduction

The aim of this article is to study the asymptotic behavior of posterior distri-
butions based on observations which are not assumed to be independent and
identically distributed. Suppose that (%(”),A("),Pe(n) NS @), n=12...,
are statistical experiments with observations X (") where the parameter set

© does not depend on the index n, and suppose that the distributions Pe(n)

for all 6 € © admit densities pén) relative to a o-finite measure p(™ on X,
Denote by 6 the true parameter generating the observations X (). Assume
that Py° is the infinite product measure PQ(I)PQ(Q) . -Pg(n) --- on the product
space @, X, In the sense that each B € X(™ is identified with the sub-
set (XM, %@ . x(=1D B 20+ ) of the product space, we have that
Py = Pg(n) holds on X(™ for all n. In other words, Pge is the distribu-
tion of the sequence (X1, Xo,...) which makes the observations X,, indepen-
dent from Pe(n). Let d,, be a semimetric on ©. Note that any semimetric
dn(PH(ZI),PO(:)) on the space of densities defined on X(™ induces naturally a
semimetric d,(01,62) = dn(Pe(:l),Pe(:)) on © when the mapping 6 — Pe(n) is
one-to-one which is assumed in the paper. Given a prior II,, on O, the posterior
distribution Hn(- ‘ X (”)) is a random probability measure given by

Jp Py (XU IL(d9) _ [y RY(X™) 1L, (d6)

I,(B|x™) = o = o
Jo Py (X ()11, (d6) Jo Ry (X (M) 11, (d6)

for each measurable subset B in ©, where Rén) (X)) = pé") (X)) / péz) (X ™)
stands for the likelihood ratio. Recall that the posterior distribution
IT,(-|X™) is said to be convergent almost surely at a rate at least e, if
there exists » > 0 such that Hn(H € 0O : dy(0,0)) > rey }X(")) — 0 al-
most surely as n — oo. Similarly, IL,(-| X)) is said to be convergent in
probability at a rate at least &, if for any sequence r, tending to infinity,
11, (9 €0 : d,(0,00) > rnen ’X(”)) — 0 in probability as n — oo. Through-
out this paper, almost sure convergence and convergence in probability are
understood as to be defined with respect to Py’

Asymptotics of Bayesian nonparametric procedures has been the focus of a
considerable amount of research during past three decades. Much works were
concerned with the asymptotic behavior of posterior distributions for i.i.d.
observations, see, for instance, Barron, Schervish and Wasserman [1], Ghosal,
Ghosh and van der Vaart [4], Shen and Wasserman [9] and Walker, Lijoi and
Prunster [14]. Recently, Ghosal and van der Vaart [5] proved several types of



posterior convergence rate theorems for non-i.i.d. observations. Their results
reply upon the existence of uniformly exponentially consistent tests, combined
with the metric entropy condition and the prior concentration rate. Both the
existence of uniformly exponentially consistent tests and the metric entropy
condition depend on models, but not on priors. Since the posterior depends on
the complexity of the model only through the prior, it is therefore of interest
to explore alternative conditions which incorporate priors.

In this paper we use an integration condition together with the Hausdorff
a-entropy to study convergence rates of posteriors. The integration condition
and the Hausdorff a-entropy both are prior-dependent. We show that the
integration condition is weaker than the existence of uniformly exponentially
consistent tests and holds automatically for an interesting class of metrics
used to describe rates of convergence. The latter fact leads to an extension
of the results for i.i.d. observations in Walker [12][11] and Xing [16], in which
construction of such tests is not necessarily required in order to obtain poste-
rior consistency. The integration condition is moreover useful in construction
of priors, as shown when we prove that the convergence rates of the pseu-
doposteriors given by Walker and Hjort [13] do not depend on the metric
entropy condition. The Hausdorff a-entropy condition was introduced in Xing
and Ranneby [18][16] and it is weaker than the metric entropy condition. By
means of the integration condition and the Hausdorff a-entropy, we estab-
lish general posterior convergence rate theorems both in the almost sure sense
and in the in-probability sense. Particularly, we obtain convergence rate the-
orems of pseudoposteriors and posteriors for independent observations. We
also prove a posterior convergence rate theorem for general Markov chains,
which is an extension of a result for stationary a-mixing Markov chains given
by Ghosal and van der Vaart ([5], Theorem 5). As applications we improve
on the posterior rate of convergence for the nonlinear autoregressive model,
see Section 7.4 of Ghosal and van der Vaart [5]. Many authors have stud-
ied Bayesian convergence rates for the Gaussian white noise model with a
conjugate Gaussian prior (or, equivalently, one has independent normally dis-
tributed observations as N(6;,1/n), i = 1,2,... and puts a Gaussian prior
independently on 6;, i = 1,2,...n), see for instance Ghosal and van der Vaart
[5], Scricciolo [8], Shen and Wasserman [9] and Zhao [20]. Now by our general
posterior convergence rate theorem, we extend their results to multi-normally
distributed observations which may not be independent.

The paper is organized as follows. In Section 2 we introduce a prior-
dependent integration assumption and present several different types of general
posterior convergence rate theorems. Section 3 contains applications of our



general results to independent observations and Markov chains. Section 4 con-
tains concrete applications including nonlinear autoregression model, infinite-
dimensional normal model and priors based on uniform distributions. The
technical proofs are collected in Appendix.

Throughout this paper the notation a < b means a < Cb for some positive
constant C' which is universal or fixed in the proof. Write a ~ b if a < b
and b < a. Denote Pf% = fX f4dP which is the integral of the nonnegative
function f with power « relative to the measure P on X.

2 General convergence rate theorems

In this section we introduce a new prior-dependent integration condition to
study consistency of posterior distributions. The integration condition is
shown to be automatically fulfilled by a large number of metrics. Together
with the Hausdorff a-entropy, this integration condition plays a central roll in
our versions of general Bayesian convergence rate theorems.

Let us begin with the following assumption given by Ghosal and van der
Vaart [5], in which they instead equivalently used a constant multiple of the
semimetric e,,.

Assumption 1. Let K be a positive constant. Assume that {d,} and {e,}
are two sequences of semimetrics on © such that for everyn, e > 0 and 6 € ©
with dn,(61,600) > €, there exists a test ¢, satisfying

P(") < o—Kne? d inf P(”) >1_ —Kne2.
9 Pn S € M o enlopn)<e R

Based on Assumption 1, Ghosal and van der Vaart [5] established a series
of general Bayesian convergence rate theorems. Assumption 1 does not depend
on the prior distribution. Note that the posterior depends on the complexity
of the model only through the prior. As far as the Bayesian approach is
concerned, it would be interesting to find some conditions incorporating the
prior in study of asymptotic properties. In the following we give such a prior-
dependent condition.

Recall that the Hausdorff a-entropy J (9, ©1, , e,) for ©1 C O is the log-
arithm of the minimal sum of a-th power of prior masses of balls of e,-radius
< § needed to cover O, see Xing [17] and Xing and Ranneby [18] for the
details of the Hausdorff a-entropy. For simplicity of notations, we define the
Hausdorff a-constant C'(9, 01, ,e,) = e?(0O1.aen) of any subset ©1 of ©.
Observe that C(d, 01, «,e,) depends on the prior II,. It was proved in Xing



and Ranneby [18] that the inequality
Hn(@l)a S 0(67 @17 a, en) S Hn(@l)a N(5> 617 en)l_a

holds for any 0 < a < 1, where N(4,01,e,) denotes the minimal number of
balls of e,,-radius < § needed to cover ©1 C ©. Our prior-dependent integration
condition is

Assumption 2. Let {d,} and {e,} be two sequences of semimetrics on O.
For some o € (0,1) there exist constants K1 > 0, Ko > 0 and K3 > 0 such
that the inequality

P ( / R (X ™) 11,(d6) )"
0€O1:dn(0,00)>¢c

<K e K Cle {0 € 01 dn(0,00) > e}, v, )58
holds for any e > 0, ©1 C © and for all n large enough.

We usually take K3 = 1 but here we let K3 > 0 in order to increase the
scope of applicability. It was shown in Xing [17] that Assumption 2 holds
when the observations are i.i.d. and re, = d,, = d for some constant r > 2
and some metric d which is dominated by the Hellinger distance. The integral
of Assumption 2 depends on the prior II,, and hence is trivially equal to zero
when II,, puts zero mass outside of €y. So Assumption 2 cannot generally
imply Assumption 1. In fact, Assumption 2 is weaker than Assumption 1 as
shown in the following.

Proposition 1. Assumption 1 implies Assumption 2 for all 0 < a < 1, where
one can choose K1 =2, Ko =(1—a) K NaK and K3 = 1.

We shall use the Hellinger distance H(f,g9) = |V — 4l
and its modification H,.(f,g) H V[ — f \[ + 3 1/2H2, where
bl = (fx(n) (Bl dp™)'7. " The inequalities 2 H(f,g) < H.(f.9) <
Hf/ng/4 ) hold for all densities f and g, since Hf/gH > 1. The

quantity H was used by Xing [16] in computation of prior concentration
rates. Denote

n n 2 5NE
Wa(bo,e) = {0 € ©: Hapgy,py”) < /52" ~1)}.

Note that Wy (6o,€) contains the set {6 € © : H, (péo),pe ) < V/ne} because

of ne? < 3(65"52 — 1). The following proposition shows that Assumption



2 holds automatically when d,, = e, = d} for some metrics d} such that
dl(6,61)° is a convex function of § and

H(py",pi )2

) (1)

for all n and 61, 6 € ©, where s is a fixed positive constant. Throughout this
paper we let d. stand for a metric with this property.

d;(@l, 02)2 < —% log (1 —

Proposition 2. Let 0 < § < 1/2 and 0 < o < 1. Then the inequality

m () Ry (X ™) 1L, (d9))
0€0©1:dL(0,00)>¢
<2 217120 052 {9 € Oy : dL(0,60p) > e}, v, dl)
holds for all n, € >0 and ©1 C ©.

Another advantage of adoption of Assumption 2 is that it enables us more
easily to construct prior distributions II,, which may receive good posterior
convergence rates. Here we present a result which implies that Assumption
2 with K3 = 0 holds for data-dependent priors II,,(d6) / p(gn) (X)H1=B for any
given constant 0 < (§ < 1. Data-dependent priors have been studied by
Wasserman [15], Walker and Hjort [13] and Xing and Ranneby [19].

Proposition 3. The inequality

B RV (X)L, (d6))
6691:d}b(9,90)>8
< o (=pns)ans (g c @, : dL(9,60) > £)°
holds for alln, 0 <a<1,0< B <1,e>0 and ©1 C O.

Now we are ready to represent our first main result of this paper.

Theorem 1. Suppose that Assumption 2 holds and that €, > 0, ne? >
co logn for all large n and some fixed constant cg > 0. Suppose that there
exist a constant ¢c; < Ko and a sequence of subsets ©,, on © such that

Cljen. {0 € Oy : jien < dn(6,60) < 2jen}, a,en) K < eI 0L, (Wi (69, £0))
(2)
for all sufficiently large integers j and n. Then for each r large enough we
have that
I, (0 € Oy : dn(0,00) > 7,/ X™) — 0



almost surely as n — oco. If furthermore there exists co > % such that

o ener (3+2c2) I1,(©\ 6,)
I, (Wn(907 En))

< 00,

n=1

then there exists a constant b > 0 such that for each large r and all large n,
I, (0 € © : dn(6,60) > r5n|X(”)) < e~bmen almost surely
which tends to zero as n — oo.

Under Assumption 1 and &, 2 n™” with 0 < v < 1/2, Ghosal and van

~

der Vaart ([5], Theorem 2) proved an almost sure convergence rate theorem
and obtained that P\"IL, (8 € Oy : du(6,60) > rnea|X™) = O(e2) for
every 1, — oo. The upper bound &2 is slower than e~ of Theorem 1, and
moreover Theorem 1 can be applied to obtain the posterior convergence at
the rate €, = /logn/n. Note that when K3 = 0 the inequality (2) follows
from II,, (Wn(Ho, En)) > ¢~a"en. So Theorem 1 gives that in the special case
of K3 = 0 the concentration rate is precisely equal to the convergence rate.
We also mention that in the case that the set © is convex and dy(6,60)° for
some constant s > 0 is a bounded convex function of # in O, it turns out
from Jensen’s inequality that the posterior expectation 6, := J0diL,(6|X ()
under the assumptions of Theorem 1 yields a point estimator of 6y with the
convergence rate at least €,. Together with Proposition 2, Theorem 1 implies
the following direct consequence for the metric d.

Corollary 1. Suppose that e, > 0, ne2 > co logn for all large n and some
fized constant cy > 0. Suppose that there exist 0 < o < 1, 0 < 6 < 1/2 and
c < %(1 —a)(1 —26)? such that

C(8jen, {0 € O : je, < dL(0,00) < 2jen}, o, db) < eI 0 IL, (Wi (6o, £4))

for all sufficiently large integers j and n. Then there exists a constant b > 0
such that for each large r and all large n,

II,(0 €O d(6,60) > r5n|X(”)) < ebnen almost surely
which tends to zero as n — oo.

It is also worth pointing out that from Lemma 1 in Xing and Ranneby
[18] it follows that the inequality (2) can be derived from the following two
inequalities:



N(jgm {0 €0, D Jen < dn(eaeo) < 2j6n},€n)K3(170‘) < ec3j2nai

and
T, (0 € O : jen < dn(6,00) < 2je,) " < e49° 0 TL, (Win(60,n))°

for some constants cg and ¢4 with c3 + ¢4 < Ko. Thus, we have the following
consequence.

Corollary 2. Suppose that Assumption 2 holds and that ¢, > 0, ne2 >
co logn for all large n and some fixed constant c¢g > 0. Suppose that there
exist constants c1, ca, cg with ¢1(1 — a) + coav < Ko and c3 > 1/¢o and there
erists a sequence of subsets O, on © such that for all large j and n,

(i) N(jen, {0 € On : jen < dn(6,60) < 2j5n}a€n)K3 < eard’ner,
(11) Hn(9 c @n Ije’fn < dn((g,eo) S 2j€n)K3 S eczj2n5% Hn(Wn(90,8n>);
X, enen BH2) 1, (9 ©,,)

(iii) nz_:l 0, (1 (Bo,20))

Then there exists a constant b > 0 such that for each large r and all large n,
11, (0 €0: dy(0,6p) > ran\X(")) < e~tnen almost surely
which tends to zero as n — oo.
Our next theorem gives a slightly weaker version of Theorem 1.
Theorem 2. The following statements are true.

(a) Theorem 1 holds if the inequality (2) is replaced by
C(en, On, a, €)% < ecInen 1T, (Wn(Qg,an))a for all large n.
(b) Corollary 2 holds if both (i) and (ii) are replaced by

N(£n, O, e0) < e and  T1,(0,)5% < 24 TL, (W, (60, 0)).-



In order to deal with convergence rates of posterior distributions in the
sense of in- probability, following Ghosal and van der Vaart [5], we adopt no-

tations Vi(f,9) = [y f|1og(f/9) ‘ dp™ and Vi o f, =[x f|log(f/g) —
K(f,9) ‘ dp™ | where K(f,g) = [ flog(f/9) dp™ is the Kullback-Leibler
divergence of den51t1es f and g. Denote

B (bo,e; k) = {0 €0O: K(p(g ),pé )) < ne?, Vk,o(péz),pén)) < nk/st}.
Our result in this direction is

Theorem 3. Suppose that Assumption 2 holds and that k > 1, ¢, > 0,
ne2 > co for all large n and some fived constant co > 0. Suppose that there
exist a constant ¢y < Ko and a sequence of subsets ©,, on © such that

Cjen, {0 € O 1 jen < dn(0,00) < 2je,}, a, ) < 1ML, (B, (0p, 05 k)
(3)

for all sufficiently large integers j and n. Then for each r, — oo we have that

I, (0 € 6, : dn(0,00) > 77 0| X™) — 0

i probability as n — oo. If furthermore there exists co > 1 such that
270 11, (0\O,,)

— 0 as n — oo, then
I, (Bn(GO,EnZk))

I,(0 € ©: dy(0,00) > 10| X™) — 0

i probability as n — oo.

Similarly, Theorem 3 holds if one replaces the inequality (3) by
C(en, Op, a, en)K3 < eCInen I1,, (Bn(OO,sn; k))a for large n.

Moreover, as a consequence of Theorem 3 we obtain the following result which
is a slightly stronger version of Theorem 1 in Ghosal and van der Vaart [5].

Corollary 3. Suppose that Assumption 2 holds and that k > 1, ¢, > 0,
ne2 > cy for all large n and some fized constant cg > 0. Suppose that there
exist constants c1, ca > 0 with ¢1(1 — a) + coav < Ko, ¢3 > 1 and a sequence
of subsets ©, on © such that for all large j and n,

() N (jen, {6 € On : jon < dn(0,00) < 2jen}, en) ' < €13,

(ii) T1,(6 € O : jen < dn(8,60) < 2jen)™® < 2510 10, (B, (B, £n; k)



emen 11, (0 \ O5,)
IL, (Bn(QOa En; k))

Then for each r, — oo we have that

— 0 as n — oo.

(iii)

I,(0 € ©: dy(0,00) > 10| X™) — 0

i probability as n — oo.

3 Some special cases

In this section we apply our general convergence rate theorems to i.n.i.d. ob-
servations and Markov processes. For i.n.i.d. observations we establish almost
sure convergence rate theorems both on pseudoposterior distributions and on
posterior distributions. We derive an almost sure posterior convergence rate
theorem for general Markov processes.

3.1 Independent observations

We consider the case that X (™ is a random vector (X1, Xo,...,X,) of in-
dependent variables X;, where each X; is generated from some density py;
relative to a o-finite measure p; on (¥X;,.4;), and that Pén) is the product
distribution with the density p(gn) (X)) = [T, po.i(x;) relative to the direct
product measure ,u(") = 1 X g X+ + + X [by, ON XM = x; xXox---xX,. Assume
that d2(91792) = (1 Z:L 1Hi(p91,i>p02,i)2)1/27 where each Hi(p91,i7p92,i) =
( J (\/jo1Z N )2 dul) is the Hellinger diatance between pyg, ; and py, ;
relative to p; on X;. It is clear that d satisfies the triangle inequality and
hence is a metric on ©.
Denote

2 [po,;i 1 1/2
H, i(po,,irPos,i) = (/(\/Pel,i - \/Peg,i)Q(g L+ g)dﬂz‘) 2

DPos.i

An advantage of adoption of H, in computation of concentration rates for
independent observations is that we have the following quality

3 n n 2 n 3 )
1+2H*<1—[1p91,i,1_[1p92,¢) =H1(1+ H.;(po, i Posi)”)
1= 1= 1=

< e% Z?:l H*,i(pel,i7p92,i)2
— 9y



which implies that W, (6o, &) contains the set

_ 1 &
W (bo,e) :={0€O: - 21{*4’(?90,1,?9,1)2 < 82}-

Similarly, we have

1, & -
1— 5 H(Hpgm-,Hpgw) H 1 -3 H p€1,z7p927 )2)
=1 =1 =1

< 67% Sy Hi(poy,iPoy,i)> —¢ —ind) (91,92)

which implies that the metric d° satisfies the 1nequahty (1) and hence by
the convexity of (d2)? one can apply Proposition 2 and Proposition 3 for d¥.
Now we are ready to present two results for i.n.i.d. observations by means of
W, (00,¢) and d2.

3.1.1 Pseudoposterior convergence rate

Given 0 < B < 1, we define a pseudoposterior distribution Ilg,, based on the
prior IL,, by

5 T pe,i(X:)7 11, (d)
g, (B| X1, X2y, Xp) = —21 for each B C O.
Jo H1 pe,i(X;)P I1,,(dO)

In other words, we use the data-dependent prior II,(df)/ H po.i (X)) P,

Wasserman [15] first applied psuedolikelihood functlon-data—dependent priors
in study of asymptotic inference for mixture models. The pseudoposterior Il ,,
for i.i.d. observations was introduced by Walker and Hjort [13] who proved
a Hellinger consistency theorem when § = 1/2. The Hellinger consistency
theorem for any 0 < 3 < 1 was obtained by Xing and Ranneby [19]. Here we
study the convergence rates of the pseudoposteriors for i.n.i.d. observations.
Using Proposition 3 for d%, we obtain

Proposition 4. The inequality

(n) n M B a
P90 (/0691:d2(9,90)>5(i1_[1 p90,i(Xi)> Hn(de))

< e (=Dm3)anip (9 c @ (8, 00) > o)
holds for alln, 0 < a<1,0<B<1,e>0and ©; C O.

10



Therefore, we have

Theorem 4. Let 0 < 3 < 1. Suppose that e, > 0, ne2 > ¢y logn for all large
n and some fixed constant cg > 0. Suppose that there exists ¢c1 > 0 such that

I,(0 € © : d2(0,600) > e,) < ™ IL, (W, (60, 1))
for all large n. Then for each large r,

g, (0 €O©: d(0,00) > ren X1, Xo,...,X,) — 0
almost surely as n — oo.

Since the total mass of II,, is always equal to one, Theorem 4 implies
that the convergence rate €, of the pseudoposterior distribution Ilg,, can
be completely determined by the concentration condition IT,, (Wn(eo, sn)) >
e“1"¢n . In other words, the convergence rate does not depend on the rate of

the metric entropy which describes how large the model is.

3.1.2 Posterior convergence rate

By a result of Birgé (see [6], page 491, or [5], Lemma 2) we know that there
exist tests satisfying Assumption 1. Based on this fact, Ghosal and van der
Vaart ([5], Theorem 4) gave an in-probability convergence rate theorem for
i.n.i.d. observations and the metric d?. Now, together with Proposition 2 and

W, (0g,¢) C Wy(6o, ), Theorem 1 implies the following almost sure assertion.

Theorem 5. Let 0 < § < 1/2 and 0 < o < 1. Suppose that €, > 0, ne2 >
co logn for all large n and some fixed constant c¢g > 0. Suppose that there
erist c; < (1 —a)(1—26)%, ¢ > % and a sequence of subsets ©, on O such
that

C(0jen, {0 € O : jen < d2(0,600) < 2jen}, o, dd) < ecri’nen Hn(Wn(Go,an))a
for all large j, n, and

O enen (3+2¢2) I1,(©\ 6,)
1L, (W (6o, €n))

n=1

Then there exists b > 0 such that for each large r and all large n,

11, (9 €0: dg(@, 0o) > r€n|X(")) < e~tnen almost surely.

11



For readers’ convenience, we here copy a direct consequence of Theorem 5
for a =1/2.

Corollary 4. Let 0 < § < 1/2. Suppose that e, > 0, ne2 > ¢y logn for all
large n and some fizxed constant co > 0. Suppose that there exist c1, ca, c3
with ¢1 + ¢ < (1 —26)% and c3 > 1/cy and a sequence of subsets ©,, on ©
such that for all large j and n,

(i) N(8jen, {0 € On : jen < d(6,00) < 2jen}, ) < eI en,

(i) T,(0 € O, : jen < dO(0,60) < 2jen) < e L, (W, (6o, €0));

> ne2 (3+2c3)
(i) S ° OO
n=1 Hn (Wn(007 En))

Then there exists b > 0 such that for each large v and all large n,

I,(0 € O: d°(0,6,) > r5n|X(")) < e~bmen almost surely.

3.2 Markov chains

Let Xy, X1,... be a Markov chain with transition density pg(y|z) and initial
density gg(xo) with respect to some o-finite measure p on a measurable space

(X, A). Here we assume that for each # € © the 2-variable function (z,y) —
po(y|z) is measurable. So the joint distribution P(n) of Xy, X1,...,X, has
a density given by pé") (™) = gg(x0) H po(xi|x;—1) relative to the product

measure p(zo)p(z1)...pu(x,). We shall adopt the following Hellinger type
semimetrics.

1w ). 010) = ([ [ (fom012) = o 01 dut)avio) ™
1(an @) (@) = ([ (@ \/6192(96))2@(06))1/2,
. o, (ke)o o i)) = ([ [ (o tol) = o (o1o))
G +9 du<y>dv<w>>”?

H. (g0, (), g0, (x)) = (/ \/%1 \/q92 90, (2) + %) d,u(;z:))lp.

46, ('T)

12



Denote
1
W (00,€) = {0 € © : Hy(pgy,pp)* + EH*(%O?%)Z <e?}.

By means of the metric d(6,600) := H(pg,pp,), Ghosal and van der Vaart
([5], Theorem 5) gave an in-probability posterior convergence rate theorem
for stationary a-mixing Markov chains. Since calculation of the a-mixing
coefficients is generally not easy and many processes are neither mixing nor
stationary, it seems worth to develop a posterior convergence rate theorem for
Markov chains which may be neither stationary nor a-mixing. Now we have
an almost sure assertion in this direction. Our result is based on the following
proposition.

Proposition 5. Suppose that there exist a p-integrable function r(y) and
constants a1 > ag > 0 with a1 > 1 such that dv(y) = r(y)du(y) and

apr(y) < po(ylx) < arr(y) for all 6 € © and x,y € X. Let 0 < § < 2\\/;7;—1

and 0 < a < % Then the inequality

(n) (/ po(Xi|X;_1) >a
P IL,,(do
fo 0€01:d(0,00)> %o Xo Hpeo Xi|Xi-1) (d6)

< 2¢OV nE (5 19 € O 1 d(B,6)) > £}, a, d)
holds for allm, € >0 and ©1 C ©, where d(6,60) = H(pg, ps,)-
Therefore we have

Theorem 6. Suppose that all assumptions of Proposition 5 hold and suppose
that e, > 0, ne2 > co logn for all large n and some fized constant cy > 0.

Suppose that there exist c; < (5 — a)(\/Taio — /a16)?, ca > % and a sequence
of subsets ©,, on © such that

C(8jen, {0 € On : jen < d(6,00) < 2jen}, o, d) < e "0 IL, (W (Gp,0))"

for all large j, n, and

— e 3a1+402>n 2(0\ ;)
Z Wn(govgn))

n=1

Then there exists b > 0 such that for each large r and all large n,

II,, (9 €0 : d0,60p) > rey| Xo, X1,... ,Xn) < e~men almost surely.
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Vao
4y/ar
Corollary 5. Suppose that there exist a p-integrable function r(y) and con-
stants ay > ag > 0 such that dv(y) = r(y)du(y) and apr(y) < pe(y|z) < a1r(y)
for all € © and z,y € X. Suppose that e, > 0, ne2 > ¢y logn for all large
n and some fized constant cg > 0. Suppose that there exist ¢1, co, c3 with
3c1 + 2 < ap/16 and c3 > 1/cy and a sequence of subsets ©,, on O such that
for all large j and n,

and a = 1 we can easily get

By choosing § = i

(i) N (2% jen, {0 € O : jen < d(6,00) < 2jen}, d) < e1I™ek;

(i) T1,(8 € O : jen < d(8,60) < 2je,) < 2" L, (WL (8o, en));

& e 1,01 6,)
D R (R TC)

n=1

Then there exists b > 0 such that for each large r and all large n,

Hn(ﬁ €0 :d0,60p) > re,| Xo, X1, .. .,Xn) < embnen almost surely.

4 Applications

In this section we gives three examples of applications of our theorems. By
means of Corollary 5, we improve on the posterior rate of convergence for the
nonlinear autoregressive model in Ghosal and van der Vaart [5]. Corollary
1 is applied to find the posterior convergence rate for an infinite-dimensional
normal model, which extends the known results in Ghosal and van der Vaart
[5], Scricciolo [8], Shen and Wasserman [9] and Zhao [20] for the white noise
model with a conjugate prior. Finally, we use Corollary 4 to study priors
based on uniform distributions, which extends the corresponding result for
priors based on discrete distributions in Ghosal and van der Vaart [5].

4.1 Nonlinear autoregression
We observe X1, Xo,..., X, of a time series {X; : t € Z} given by
Xlzf(XZ,1)+£z fO?" 1=1,2,....n,

where &1, &9, ..., &, areii.d. random variables with the standard normal distri-
bution and the unknown regression function f is in the space F which consists
of all functions f with sup,cp ‘ f (l’)‘ < M for some fixed positive constant M.

14



Let gf(x) be the density of X relative to the Lebesgue measure du on R. So
Xo,X1,... can be considered as a Markov chain generated by the transition
density pr(y|z) = ¢(y— f(z)) with ¢(z) = (27)~1/2¢72*/2 and the initial den-
sity q¢(x). Since ¢(x) is a strictly positive continuous function tending to zero
as x — £oo, there exist two constants 0 < a9 < 1 < a; depending only on
M such that agp(y) < pr(y|z) < ar¢(y) for all f € F and —oco < y, x < oo.
Assume that there exists a constant IV > 0 such that the set of initial densities
of the Markov chain satisfies H,(qy,,qy,) < N for all initial densities g, and
qf,- For instance, all of the initial densities with agp(x) < gr(x) < ar1¢(x)
satisfy H.(qs,,qp) < v2(a1/ag)"/* and hence form a set with the require-
ment. Define a measure dv = ¢dp in R and a norm [|f]l2 = ( [ |f|2d1/)1/2
on F. Assume that the true regression function fy € F belongs to the Lip-
schitz continuous space Lipys, which consists of all functions f on (—o0, 00)
satisfying | f(z) — f(y)| < L |z — y| for all —oo < z, y < oo, where L is a fixed
positive constant. When the Markov chain is stationary, Ghosal and van der
Vaart ([5], Section 7.4) constructed a prior on the regression functions and
obtained the in-probability posterior convergence rate n~1/3 (log n)l/ 2 which
is the minimax rate times the logarithmic factor (logn)'/2. In the following we
shall apply Corollary 5 to get the posterior convergence rate n~/ 3(log n)l/ 6
in the almost sure sense for a general Markov chain defined as above.
First, we note that for any f € F,

1
H.(pg,pp)* + — Halapo, a5)°

aq N2
< \/*H(pfovpf +7
_U@-s (2))? N2
= it / I ) dv(z) + —
aq n

_ N2
Hf foll3 [ax + N
ag n

IA

where the last inequality follows from the elementary inequality 1 — et < t.
Hence for some small constant b; > 0 we have that W}(fo,e,) D {f € F :
[|f = foll2 < biey} for all large n. Similarly, ||f — foll2 = H(py,pyg,) hold for
all f € F with ||f — foll]2 < 1. Hence Corollary 5 works well for the metric
- .

We also need some basic facts on approximation of Lipschitz continu-
ous functions by means of step functions. Given a finite interval [—A,,, 4;)
and a positive integer K,, we make the partition [—A,, A,) = Ufz"l I,
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with I, = [ — A, + 220 4, 4 2k) for k= 1,2, K,. Write
Ip =R\ [-A,, A,). The spgce of step functions relative to the partltlon is the
set of functions h : [—A,,, A,) — R such that h is identically equal to some con-
stant on each Ij for k = 1,2,..., K,, more precisely, h(z) = Zk 10611, ()
for some 3 = (B1,02,...,Bk,) € [-M, M]¥» C RE" where 1;,(x) denotes
the indicator function of I. Denote by fg(x) the function on (—oo, 0o) which
is equal to ZkK:n1 Bk 11, (z) on [—Ay, Ay) and vanish outside [—A,,, A,,). Hence
f5 € F and || fs, — fa,ll2 = |61 — Balls, where ||B]L = (S5, 82/, dv)?)">.
Let IL, be the prior on F which is induced by the map 3 — f3 such
that all the coordinates (G of § are chosen to be i.i.d. random variables
with the uniform distribution on [-M, M]. Hence the support F, of II,
consists of all such functions fg. Take A, = 2y/log(l/e,) ~ \/@ and
K, = L%J +1 withe, = (@)1/3. Then K, ~ (nlogn)'/3 ~ ne2. Write
Bo = (Bo,1, P02, -+ Po.x,) for Bor = fo(—AmLQA}Q%)- Since fo € FNLipy,
we have that fg, € F and sup_ 4, <, a, | f3,(z) — fo(z )] < LA, /K, < bie,/3.
From the triangle inequality and the inequality f t)dt < ¢(x)/x for all
x > 0, it follows that for all f3 € F,, and for all large n,

|[1f5 = folla = Ilfs = faoll2| < |l f8, — Joll2

() ()

e ([ ()

< b16n+ Me, bien
-3 (27r)1/4A,11/2 -2

IN

Thus for all large j and n, we have

Hn(fﬂ € Fn:jen < Hfﬁ — foll2 < 2j5n)
Hn(Wl(emgn))

< I, (fs € Fu : 15 — foll2 < 2jen)
T Ma(fs € Fa: 1S5 — folla < bien)
< Hn(fB6fn||fﬁ_f0||2§3]5n)

n(f3 € Fu i l1fs — faollz < Yen)
n(8 € [=M, M)+ |8 = Bl < 3jen)
I, (8 € [~ M, M5~ |8 — Bollx < Yen)

Note that the Euclidean volume of the K,-dimensional ellipsoid {3 € R¥n :
I|8 — Boll« < r} is equal to r®» times the Euclidean volume of the ”unit”

II
II
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K,-dimensional ellipsoid {3 € R¥» : || — fo||« < 1}. So the last quotient
doer not exceed j2En = Enlog(2)) which is less than e’ nen for any given
c2 > 0 and all large j. Hence we have obtained condition (ii) of Corollary 5.
Similarly, for all large j and n, we have

N(4\\/F>

< N(i@

Jen:{fp € Fn: jen <|Ifs = foll2 < 2jen}, 1] - [12)

den: {15 € Fu: |1fs = faoll2 < 3jen}, || - []2)

< NI (B € MM 115 = ol < 3jsu 1] I1).
which, by Lemma 4.1 in Pollard [7], is less than bh" = efnlogb2 for some

constant b > 0, and therefore condition (i) of Corollary 5 holds for any given
c1 > 0.

4.2 Infinite-dimensional normal model

We observe an infinite-dimensional random vector (Xi, Xo,...), where the
random vector X(™ = (X,..., X,,) for each n is normally distributed ac-
cording to N (0, X)) with density pg?))(x(")), Ony = (01,...,0,), and the

covariance matrix 3, is known and satisfies

n
TanY ol @
=1

for all @ = (e, ...,a,) € R™ and for all n. The parameter space © consists
of all vectors 6 = (61,0s,...) in R™ with [|0]|z := (32 92)1/2 < 00. In this

i=1"1
section we identify 0,y = (61,...,0,) with (01,...,0,,0,0,...) and hence the
norm |6, || makes sense. Let v be a positive constant. The true parameter

8o = (0o,1,00,2, . ..) is assumed to satisfy

Z 92 2’y (b)

In the special case that X1, Xo,... are independent random variables and each
X; is normally distributed with mean 6#; and variance 1/n, the Bayesian es-
timation problem on parameters § = (61,6s,...) has been studied by many
authors including Cox [2], Freedman [3], Ghosal and van der Vaart [5], Scric-
ciolo [8], Shen and Wasserman [9] and Zhao [20]. They showed that posteriors
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can attain the minimax rate n=?/ (Y1) Observe that every white noise model
can be described as an infinite-dimensional normal model via an orthonormal
basis.

Now we construct a prior such that the posterior attains the optimal rate
of convergence in our framework. We put the prior on the parameter § =
(01,02,...) such that 0y = (61,...,0) is distributed as N(0,%) and that
Oki1,0k10,... are set to be zero, where k = Lnl/(QVH)cJ with some positive
constant ¢ which is determined later and the covariance matrix X, is assumed
to satisfy

k
as ol < k‘z:a?i27 (c)
i=1
for all a = (a1,...,a;) € R* and for all such k. For instance, the last

inequality holds if eigenvalues A\; < Ao < --- < \i of positive definite matrices
E,;l satisfy \; < ki%Y for i = 1,2,...,k, which for independent variables
X1, Xo, ... is slightly weaker than the condition (7.8) given in Ghosal and van
der Vaart [5]. In the following we shall apply Corollary 1 to show that the
corresponding posterior converges at the rate g, = n=7/(27+1),

Theorem 7. Assume that (a), (b) and (c¢) hold. Let k = [n'/**V¢| and
En = n=Y/ @) Then there exist constants ¢ > 0 and r > 0 such that

I, (0 €0 : ||0—0oll2 > rea|X™) — 0
almost surely as n — oo.
Proof. For any oy = (01,1,012,...,01,) and ag = (021,022, ...,602,) we have
H(pl )’
= 2o2 [ Vil i

- 2_

(27T)"/2 det E(n)

,/Rn exp ( — i((x — al)z(*nl)(x —aon)’ + (z— az)E(;l)(x - Oéz)T)>de7
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where x = (21, 22,...,z,) and

(x — al)Z(_nl) (z— o) + (= - az)z(_nl) (z — 042)T

2 2 )" 2 2
—%(oq +a2)2( 1)(oq + a9) —i—oqE( a1 —I—OQZ‘( )
= 20— G - DI -F -+ ;al — )5 (01 — )T
> 2o =G = PTG = T binlor — a3

for some positive constant b; independent of a1, ais, where the last inequality
follows from condition (a). Hence we get

H(pgi),pg;) > 2 — 26 4 TLH(Xl a2H2

which implies that the norm 271, ||z satisfies the inequality (1). So Corollary
1 can be applied for the metric 271b1|| - ||z and for constants a = 1/2 and
§=1/4.

It follows from condition (b) that

k
10 — Boll3 = (6 — 60,)° Z 05
i=1

i=k+1

100 — Oo,mll5 + B> D 654>
i=k+1

= |0y — bo,x)l15 + O(e2),

IN

where 0y = (01, ...,0k) and 0y (1) = (00,1, - - -, 0o,x). This implies that for each
large j,

1 1b1

C(=jens {0 : jen < 7H9(k —bollz < 2jents 5, 5

; 211 112)

. 1
< C( s dens 10 110y — b0, ll2 < 37ent, 511 - [12),
which by Lemma 1 in Xing and Ranneby [18] does not exceed

|
L, (O k) = 110(k) =00, |12 < 3jen)2 N (2

. . 1
sdens {0 1100y =00, ll2 < 3jent []]2)?
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. 1
< TL, (O : 10y — Oo,1) |2 < 3jen)? b
< (O < 110k — Oo,(k)ll2 < 3jen)? ei0d e

for some constant bs > 1 and all large j, n, where we have applied Lemma 4.1
in Pollard [7]. It remains to prove that for large j and n,

. 12,
I (0 = 100y — 0o,y l]2 < Bjen) < €209 50 IL, (Wi (60, €n)).-

By the proof of Lemma 1 in Xing [16] we have

3 (n)  (n)\2 _ (n) (n) _ 1
Lo+ 5 Helpgy ) Poy)” = B p"’o,(n)/p@(n) - (2m)/2, /det Sy,

3 1 _
/neXp< 4( 90 (n)) (n )(x—QO( ))T—l—1(.%’—e(n))z(nl)(l‘—e(n))T)dl’
Write

=2 B )T & — B )T+ 3~ B S (o — )T

= —%(x —00,(n)) S (@ = Bo,(m) " + }(90,(71) — 0"
‘%904 =0, + 1%) )

_ —%(w o)) Z (2 — o) 5(90,(@ ) 2 — o))"
%(90,(71) = ) Sy B0, () = )"

= —;(( = 00,(m))Z () (& = 00,(m))T = (Bo,(m) — On)) Sy (@ — bo,(m)) "
%(90,(@ = ) ) (Bo,m) = ) ") + %(90,@) = ) (Bo,m) = O

= 5@~ 200w+ )T~ Sbo + 50m)"

3 _
+5 00, — 0(n))E () (00,(n) — ()"

Hence we obtain
3 (n) (n) \2 3 -1 T
L+ 5 Hilpg, , + Po,))” = exp <§(90,(n) = 0n)) %) (Go,(n) = O)) >

It then follows from condition (a) that there exists a positive constant b3 not
depending on n such that

3 (n) () 3, —0n |13
< 3 1 [100,(n)—0(m) 113
1+2H(p90(),p9()) < ez
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The constant c is now chosen so largely that b3|[0) — 007(,1)“% < 3|0y —
00.1)||3 + 2 & Since the support IL, is {(61,62,...) : 6; = 0 for | > k + 1},
we get

T, (Wi (80, 20)) = TLa(Bry : [10(k) — G0,k |12 < (2b3) "/ %en)

and hence
L, (O H9(k — bo,(kyll2 < 3jen)
( n 9075n )
< n Oy  10k) — Oo,x)ll2 < 3jen)
a0 : ||9(k:) — Oo,(ryll2 < (2b3)71/2e,)
1 -1
B f\|9(,€)790,<k)||233j5n exp (- 20 2 9?1;))619(@
— — =
||9<k)*9o,(k)HzS(?bs)’%sn eXp( 200>k e(k))dg(k)
< fl\g(k>—90,(k)\|2§3j8n dbx
- min exp (— 20,, 27107 _ df
‘\G(k)*90,(k)||2§(2b3)7%€n P( 27k (k)) f\\9(k>_90,<k)||2§(2b3) ze, o (F)
- (35)"
= max exp (fH(k)Ek 10&))7k
1000 ~00, 0 l2<(2b5) 2o 2 ((2b3)~1/2)
; 1
< eaod’nen max exp (59( k) 19(k))

1
[10(k)y—00,(k)|12<(203) " Zen

for all large j and n. On the other hand, it turns out from condition (c) that
there exists by > 0 such that for any 6,y = (01,...,0k) with [0y — 6o 1) [[2 <
(2b3)~1/2¢,,, we have

k
1
exp (5000 k) < exp (bak > 07
i=1

< exp 2b4k:20 — 6o m+2b4k;202 27)
i=1 i=1

< exp (2b4k27+lz (6; — 60,3)* +2b4k292 27)
i=1 =1

IN

oxp (baby K211 E2 +2b4k292 27) < ead*nen
=1
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for all large j and n, where the second inequality follows from the inequality
(s +t)? < 252 + 2t2 for all s5,t € R. Therefore, we have proved the required
inequality and the proof of Theorem 7 is complete. O

4.3 Prior based on uniform distributions

Assume, just as in Section 3.1, that (X1, Xo,..., X,,) of independent variables
X; has a density [ [}, pg,i(z;) relative to the product measure fig X po X - - - X fip,
on X1 x X9 x -+ x X,. We follow the notations of Section 3.1. By means of the
componentwise Hellinger upper bracketing numbers for ©, Ghosal and van der
Vaart [5] have obtained an in-probability convergence rate theorem for priors
based on discrete distributions. Their result can be extended to an almost
sure assertion in terms of Theorem 5. In the following we give an almost sure
result for priors based on uniform distributions, which gives us an opportunity
to adopt the average Hellinger metric d2 (61, 62) = (2 31 | Hi(po, i» Pos.:) )1/2
instead of the componentwise Hellinger upper bracketing numbers. This also
extends a result for i.i.d. observations given by Xing ([16], Section 3.2).

Let ¢ > 1 and let d,, be metrics on ©. Assume that ©,,, forn =1,2... are
subsets of © such that —— ZZ 1 Hei(Doy is Doy i )2 < dy(61,02)? for all 61,05 €
Oc,n. By the definition of H, ; we have d° < V3ed, on O¢n. Note that d,
can be taken as a constant multiple of d in the case that H, (Do, irP05,i) S
H;(po, i, po,,i) for all 81,02 in © and i = 1,2,...,n. Given ¢, > 0, we assume
that {B1,..., Bk, } is a partition of O, such that for each B; there exists b;
in © with B; C {0 € O.,, : dn(b;,0) < &,/2c}. Let II,, be a prior distribution
supported on O, such that II,,(B;) = 1/K,, for i =1,2,..., K,. Corollary 4
implies the following result.

Theorem 8. Suppose that 0y € O, for alln and suppose that log K, +logn =
O(ne2) as n — oo. Then for each large r,

IL,(0 € ©: d(0,00) > ren| X1, Xa,..., Xp,) — 0
almost surely as n — oo.

Proof. Take ©,, = O, for all n. Then condition (iii) of Corollary 4 is trivially
fulfilled. For 6 = 1/(2v/3¢?) we have that for any given ¢; > 0 and all large j
and n,

N(6jen, {0 € Oy, : je, < d2(0,00) < 2jen},db) < N(=—2—,0,,d0)

e

2

e - 2
", On,dn) < I, < €T

SN(%7

— i
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where the last inequality follows from log K, = O(n¢e2). This implies condi-
tion (i) of Corollary 4. To see condition (ii), by 6 € O, we can take b;, € ©
such that d,,(b;,,0p) < ,/2c. Then, for all § € B;, we have

1 < _ _ _
E ZH*,i(peo,iape,i)z S Czdn(907 9)2 S 02 (dn(GO) blo) + dn(bioa 9))2 S 81217
i=1

which implies that W, (0o,e,) contains the whole set B;, and hence
Hn(Wn(Ho,en)) > I1,(By,) = 1/K,, > e—c2i*nel for any given ¢ > 0 and
all large j and n. So we have verified condition (ii) and the proof of Theorem
8 is complete. O

Ezample (Nonparametric Poisson regression): Assume that U > L > 0 are
two given constants. We consider Poisson distributed independent random

variables X1, Xo, ..., X,, with parameters 6(z1), 6(z2), ...,0(z,), where 6 :
R — [L,U] is an unknown increasing link function and z1, 29, ..., 2, are one-
dimensional covariates. The joint mass function of (X7, Xo,...,X,,) is given

n -
by Hlpg’l-(:):i) with pg ;(z;) = efe(zi)%. For a,b € [L,U] we have
i

=0 T
B i (e_%a% — e_gb%)2 <g eb—aqr n 1)
& ! 3V b 3
~ Uz 4202712 /2 [eU-LU= 1
< p2e-L N (7 7)
(a =) IZ:O z! 3 L= 3
- Uz +2U2"H2 /U\%
< 2o LS ( <7> < (a— b2
< (a—b)%e ;) i 7) Sla=0b7,

where the first inequality follows from the inequality |e"2a2 — e_%b%] <
la — b\e_%(U% + 2Uz7Y) for all a,b € [L,U]. This implies that
LS H.i(Poyis Pos,i)? S [ (01—02)2dP for all link functions 6; and 6, where
Pz = n~1 > i, 0, denotes the empirical distribution of z1, 22, ..., 2,. So one
can use the Lo (P?)-matric to produce the partition { By, ..., Bk, } of the space
of link functions. By Theorem 2.7.5 of [10] we know that log K, < 1. Let-
ting ;! = ne? we obtain ¢, = n~1/3, and hence by Theorem 8 the posterior
based on uniform distributions converges almost surely at the rate e, = n=/3

with respect to the metric d2, which is the minimax rate for this model. The
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in-probability convergence rate n~'/3 for the posterior based on discrete dis-
tributions has been obtained in Section 7.1.1 of Ghosal and van der Vaart

[5].

It is worth pointing out that in this example the suprenorm ||pg, i/Pg,.il|oc

may not be finite. Therefore, the approach on determination of prior concen-
tration rates by means of H(pg, i, Do,i) ||Poy,i/Pos,illc in Ghosal, Ghosh and
van der Vaart [4] fails to be applied in this case, but the modified Hellinger
distance H,(pg, i, Po,i) works well. A similar argument holds even for the
infinite-dimensional normal model.
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Appendix

Proof of Proposition 1. Given § > 1, by the definition of the Haus-
dorff a-constant and Assumption 1, there exist pairwise disjoint subsets
Bi,Ba,..., By, of ©1 such that (1) UN" By = {0 € ©1 : du(0,60) > e};
(2) each By is contained in some ball of e,-radius not exceeding &; (3)
SN T (Bg)® < 0C(e,{0 € O1 : dn(,60) > €},a,€,); (4) there exist test
functions ¢, such that Pg(:)cbk < eKne® and Pg(")gbk > 1 — e K7 for all § in
By.. Then by the inequality (x 4+ y)® < 2% + y* for all z,y > 0, we get

P / R (X)L, (d6) )"
0691 dn(0,00)>¢

< ZP (/B RV (X)L, (d6) )"

Zpgo oo (f, B )"}

S R0 a0 ([ RO )}
k=1 By,

= L1+ Lo.

IN

It turns out from Hoélder’s inequality and Fubini’s theorem that

L < Z(P(n)¢ - a 90 / R (d9)>

Nnp,
o-ti-aknst $ / PR (X)L (d0))

<

- k=1 7Bk
Nn

— e*(lfa)KHEQZHn(Bk)a
k=1

< (567(1701)}(”620(67 {6 €01 :dy(0,00) > e}, a,ep).
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To estimate Lo, we deal with 1/2 < o < 1 and 0 < o < 1/2 separately. In the
case of 1/2 < a <1 we have 0 < (2a — 1)/ < 1 and by Hélder’s inequality,

Ly

IN

IN

W5

IN

<

ZP(" {0 =00 ( /B Rgm(X(n))nn(de))H

( /B Ré")(X("))Hn(de))Qa_l}

2a—1

{7 (] B &)

n -« n n n 2a—1
(/ P (1= 6x) Ty (d6) ) (P(,(O)/ Ry (X)L, (d6))
k=1 "Bk By,
Nn
6_(1_a)Kna2Hn(Bk)l_aHn(Bk)Qa_l
1

k=

Nn
e—(1—a)Kne? Z IL,(By)"
k=1

se=(1=Kn* 02 {0 € ©1 1 dy(6,00) > €}, i, en).

In the case of 0 < a < 1/2 we have 0 < (1 —¢3)' ™ < (1—¢;)* < 1 and hence
by Holder’s inequality,

Ly < ZP(" 1—¢>k/ R (X)L, (d6)) "}

N" o
< (R (000 [ RPEOME0))
k=1
« Nn,
— Z /B P(n) 1 *Qbk ( )) < e—aKnEQZHn(Bk)a

k=1
< 5e—aK"f C(e,{0 € O1: dn(0,6p) > e}, a,e,).

Thus for any 0 < a < 1 we have obtained the required inequality for K1 = 2§
and Ko =aKif0<a<1/2and Ky = (1 —a) K if 1/2 < o < 1. Finally,
letting § \, 1, we conclude the proof of Proposition 1. O
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Proof of Proposition 2. Take nonempty disjoint subsets B;, j = 1,2,..., N,
of © such that Zj\le I(B;)* < 2C(0¢e,{0 € ©1 : dL(0,00) > e}, a,d)),
Uévlej = {0 € ©1: d.(0,00) > €} and d}-diameters of all B; do not exceed
2§ €. Then we have

r( Ry (X IL, (49))
0€0,:dL(0,00)>¢

N

P S ( /B RYY (X ™) 11, (d6) )"

j=1 J

N
- ;Hn(BJ) By, < g;)(x(n)))

IN
g

IN

T(X™Y \ o
20(5e,{0 € ©1: d-(0,00) > ¢}, ,d.) max Pe( )<M> ,
1<j<N = Yo péz)(X(n))

where I;(X(™) = fB X(”) I1,,(df) is the integral mean of the

likelihood pén) (X (")) and hence is a density function. With a slight abuse of
notation we also let I; stand for the corresponding parameter of this integral
means. Take 0; € B, for each j. By Jensen’s inequality for dj,(-,6;)* we have
dL(I;,0;) < 2(55 and thus d} (I],Go) > d} (9],90) dL(I;,0;) > (1 —25)5 Take
an nonnegative integer m with 2— < 2™ < %%-. From Holder’s inequality it
turns out that for each j,

P(n)( Ij(X(”))))a

9 n
o péo)<X(n)
m (LX) \s  LEX™) s
PHO << (n) X (n) ) ( (n) X (n) )
P, ( ) Py, ( )
< ()T ()
= 0o pén) (X(n)) Ao pgz) (X(”))
2—a

m (LX) 2>

J— P :
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which, by repeating the above procedure m — 1 more times, does not exceed

2M(1—a)+a

L(x™) )m o
(n )

/ \/Ij(X(n)) pg)ﬁ (X () M(dX(n))) FeT

n (n) n 2 a

H(I](X( ))peo (X( ))) )27”—1 < 6—2*mo¢nd711(1j90)2
2

< e (1-28)2 ane? <e —1(1-a) (1-26)2n

1—

which completes the proof of Proposition 2. O

Proof of Proposition 3. Denote S = {0 € ©1 : d.(0,6p) > c}. Assume first
0 < f < 1/2. By Holder’s inequality and the inequality 1 — x < e™*, we have

P (RS ) o))

< B /S RX )35 10, (d0)) " 11, (5)-20

< (B [ R ocn ) )02

= ([ AR o ) s

< (e magan) ()10 - et sy

which gives the required inequality when 0 < 8 < 1/2. If 1/2 < 8 < 1 we take
p= _— and g = . It then follows from Holder’s inequality that
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P / R{Y (X () Hn(d9)>a
P (/R(m (X ™) > (/SRH Xy B-zp)ay, (d9)>
(P(” ( / Ry (X™)7 10, ( d9> ) (Pg‘j / Ry’ (d€)>a>é

< < ()/Rén)(X(n ) <P(1)1 ) n) X(n))Hn(d9)>q

< ( /S e~ 1 (d@))% 4 = e~ (1=Pane® [T (gyer

o

IA

IN

M\H

The proof of Proposition 3 is complete. O
To prove Theorem 1 we need two simple lemmas.

Lemma 1. Let € > 0 and ¢ > 0. Then the inequality
)( /eRé")(X("))Hn(d@) < e—n62 (34+2¢) Hn(Wn(QO,g))) < e—n62c

holds for all n.

Proof. Without loss of generality, we may assume that II, (Wn(eo,e)) > 0.
From Jensen’s inequality and Chebyshev’s inequality it follows that

7 / R (X)L, (d9) < e 5429 11, (W, (60, 2)) )

1
() [ ne2 (240 . / (n) (v (n) 2>
P e 2 < R, (X I1,,(df
o ( <Hn(Wn(0075)) Wa(bo) (X ))

(n) ne? (§+c) ; / (n) (n) -3 >
P, e 279 < Ry (X # I (df
0o < Hn (Wn(907 E)) Wn(aoﬁ) ’ ( ) ( )

S 600 P RYY (X )~ 2 10, (d6)
engQ (%+C)Hn (Wn(em E))

IN

IN

IA
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where

n n n)y— 1
Py Ry (X00) 2

= 1+ [ (Voo - e e )’ V)
o \/(ni

+/(p,(9;‘)(X(n)) — \/Pén)(X(n))Péz)(X(”))) u(d)

2 " n

. — /s (X ()

= /(\/pgo (x( \/p( (X ) Tgn)(X(n))u(dw)
+% /(\/péz)(X(")) - \/pén)(X(")))2

(dx)
3 n oin

=

which implies the required inequality and the proof of Lemma 1 is complete.
O

Lemma 2. Under Assumption 2, the inequality

Pe(n)(/ Rén) (X("))Hn(d9)>a
O N Joecoy: dn(0,00)>re

Z e 2 e, {0 € O1 : je < dn(B,60) < 2je}, @, e)
j= Tl]

holds for allr > 2, ¢ >0, ©1 C © and for all n large enough.

Proof. Note that {0 € ©1 : d,(0,600) > re} C {6 € ©1: dn(0,00) > [rle} =
U7 1]{9 € O1: je < dn(0,00) < 2je} 1= U5 ® r—11915- Using the inequality
(a: +y)* <z*+y* for all z,y > 0 and Assumpt1on 2 for ©1 = O ; we obtain
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R RS (X)L, (d6) )
06@1 dn(0,00)>re

< Z P ([ RYIX ), 0))
=[r— 1] ©1,5
< Z ¢~ Kanj*e? C(je, {0 € ©1 : dn(0,00) > je}, a, e,)
j=[r—1]
= Z e~ Fani*e? o C(je, {0 € ©1 : je < dn(6,0y) < 2je}, a,e,) 2.
j=[r—1]
The proof of Lemma 2 is complete. O

Proof of Theorem 1. Take a constant ¢ > 1/¢yg. Then e~nen¢ < e—coologn —
1/n°° and hence > 2, e < o0, By Lemma 1 and the first Borel-Cantelli
lemma, we get that for almost all X (™ the inequality

”éf$%XWUHMmﬂZe’”ﬂwmQHAW%wm%»
holds for all large n. Thus, for any é > 0 we have
R%%HAGEGH:%Wﬁ@2ra¢WM)2®

= B (5T (0 € O+ da(8,60) > ey X) > 1)

IN

5 Ry (H (0 €O, dn(0,00) > 7"5"|X(n))a>
< §raeoneh (B (Wa(bo, )

P( / RV (X)L, (d6) )",
0€6y,:dn(0,00)>ren

which, by Lemma 2 and the inequality (2), does not exceed

o

K16 omz—: (342¢) § engnj25%+clj2n€%

=r—1]
oo
< K6 e €2 (3+2c) Z e(cl—Kz)jna%
j=lr1)

Kle(cl—Kz)[r—l]ne%+a(3+2c)n e2 Kln(cl_KQ)[T_1}00+0‘(3+2C)CO
5a(1 — 6(617K2)nsi) - 5&(1 _ n(Cl—KQ)C())
< 2K 6 apla—K)lr—lcota(3+2c)co

)
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where the next last inequality holds for all large r and the last inequality holds
for all large n. Since the last exponent is strictly less than —1 for all large r,
by the first Borel-Cantelli lemma we obtain that for almost all X (),

T, (0 € O+ dn(6,00) > e X M) <4

if n is large enough, which yields the first assertion.
To get the second assertion, choose a positive constant b with co — g > %

n52

We then follow the above proof, but take ¢ = ¢y — g and § = e """ instead,

and note that

Pg(:) <Hn(9 €0O: dn(H,OO) > rgn|X(ﬂ)) > e*bnsﬁ)

< B (100 € 0 du(0.00) 2 reg X) > L et

+P6(:)1) (Hn(e €0 \ O, 1 dn(0,6y) > TEn‘X(n)) > %efbns%)7

where by Lemma 1 the second term on the right hand side is dominated by

bne2 ne2 (3+2co—b)
e 7 R (X )11, (d6)
IL, (Wn (6o, €0)) 0 J9co\O: dn(6,60)>ren

ne2 (34+2c2)
< X | BRSO, a0
1L, (Wn(907 En)) O0\0, 0

%¢m e2 (3+202)Hn (@ \ ®n)
Hn (Wn(QO; 2'577,))

Then, using the same argument as the above, one can easily prove the second
assertion and the proof of Theorem 1 is complete. O

Using the trivial inequality C(de,, Oy, a,e,) < C(epn, On, a,ey) for § > 1,
it is easy to see that Theorem 2 follows from Theorem 1. The proof of Theorem
3 is only a slight modification of the proof of Theorem 1 except that we need
to apply Lemma 10 in Ghosal and van der Vaart [5]. The proof of Theorem 4
is completely similar to the proof of Theorem 1, but instead of an application
of Lemma 1 one needs the following Lemma.

Lemma 3. For independent observations (X1, Xa,...,X,) we have that the
inequality

n . X’.) Ié; 5 .
pn | | m 1, < e (3298 1 (W, < nele
%o ( /@<i:1 peo,,-(Xl-)> (df) < e (Wa(bo,e)) | <e

holds for allm, e >0,c>0and 0 < (< 1.
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Proof of Lemma 3. Similar to the proof of Lemma 1 one can get that

P ( / (H Poi(X ) L (df) < e~ G427 Hn(Wn(9Oa€))>

peo:
" pei(Xi) \P
an(0075) (7,1;[1 p@o,i(qu)) Hn<d0>

1
(n) n€2(§+c) —35
< P 2 < 1
= Fy, | e = ( IL, (Wn (6o, ) )
1
T pei(X:) \ T2
(n) 23 an(Hoﬁ)(l:[l Peo,i(Xz)) 1T, (d0)
< Py ene” (5+c) < i=1""
o I, (Wy(6o,€))
< o7 00,0) i1 (1 + 3 H.i(po, > Do,.i)?) TL, (d6)
R ene (G, (Wh(o,¢))
H*z i i
< an . 5)62 Yt (Poy,iP0y,i)° IL,, (d6)

6ne2 ( +c)Hn (Wn(907 5))
2

< e—TLE C

which concludes the proof. O

Proof of Proposition 5. 1t is no restriction to assume that n = 2k is an even
number. Similar to the proof of Proposition 2 we get that the left side of the
required inequality does not exceed 2C(d¢,{0 € ©1 : d(0,6p) > ¢}, o, d) times

2%k
q9(Xo) I po(Xi|Xi-1)

(n) 1 i=1 “
P, I,
1= (Hn(Bj)/B- 2k (d9)>
7 q,(Xo) Hlpeo(XJXifl)

» (fBa- CROLLCY |
q0,(Xo)IL,(B;) L1 poy(Xe1]Xs))
s=0

k k-1
(n) fB q0(Xo)IL Lot “ Lot “
s Pl I, -
1<j<N - % qa, (Xo)I1 0o (Xot| X2t-1) -6 Poo (Xoeg1| Xoy)

qo(Xo)IL,(dO) * , 2a
< max pe(")(fBJ 0(Xo)TTn( )H Tjot )
1<j<N 0 90, (X0)I1,(By) 1 Poo (Xot| Xot—1)
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max | Py" ]’> = ( max A, max B
1<G<N ( B0 (gpeo(X2t+1|X2t) ) (1<J<N k) (1<J<N i)
where the last inequality follows from Holder’s inequality, the set B; is defined
in a similar way as that of Proposition 2 and we have used the notations

0
[I po(Xi|Xi—1) =1 and
i=1

fi, 0C60) L po (X110 1 (00

I =

| fBj q0(Xo) ljl po(Xi| Xi—1) 1L, (d0)

for s =0,1,...,2k — 1. We also let I; ; stand for the parameter of the corre-
sponding integral means. Take 6; € B; for each j. From Jensen’s inequality
and the assumption aor(Xs) < pp(Xs|Xs—1) < a1r(Xs) it turns out that

d(I;s,0,) = /x/x(m_\/mydﬂ(&ﬂ)du(&)
[ WO - (oo

q0(Xo) lil po(XilXi1)

IN

dv(X,)TL, (d6)
I, 26(X0) HP@(X | Xi—1) 11, (d0)

/// (VPo(Xes1|Xs) — 1 /po, (Xot1|X5)) 2 du(Xgi1)dv(Xs)

q0(Xo) H po(Xi| Xi-1)

IN

I1,,(d6)
I, 26(X0) 1;[1 po(Xi| Xi—1) 1, (d6)

00(X0) TI po(XiIXi 1)
- % d(g’ 9])2 5—11:1 Hn(da)
"B I, 0(Xo) T1 po(Xil Xi-1) T (d0)

4a,6%?

ao

<

Thus, d(I;5,0;) < 2325 and d(I,00) > d(0;,00) — (I, 0;) > (1= 2520)e.
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— Ijok—1 2
- /352'H</3€</3€(P00(X2MX21€—1)) dﬂ(XZk)>p90(X2k1’X2k2)d“(X2k1)>

(fBj q6(Xo)Il, (d0)
'\ g0, (X0)TI,(By)
2k—3

< q0o(X0) [ poo(Xsr1|Xs) du(Xo)dpu(X1) . .. dpp(Xog—2).
s=0

T

1
Iiot1 >2a
- Poo (Xoe| Xoe—1)

Take an nonnegative integer m with lzga <2M <L 1ga' Repeating the proof
of Proposition 2 (applying the same procedure m+1 times instead of m times)

we get that

/36(/35 (Im)mdu()(%)) P60 (Xor—1|Xor—2) dp(Xor—1)

1 Fm=T
< / (1 B 5/ (\/Ij’Qkfl - \/p90 (X2k‘X2k71) >2dM(X2k))
x x
* Po, (X2k71|X2k72) d/'l‘(XZkfl)

1 =T
< [1— 5// (V261 — \/peo(X2k|X2k1))2p00(X2k1|X2k2)d,U(X2k)dllt(X2k1):|
xJx

(NI

—x

< <1 - %/x/x (VIj2k-1— \/peo(X2k|X2k—1))2dM(X2k)dV(X2k—1))

= (1- M)éﬂ < o~ (1-20) (50— aro)e?

Hence we have

k
A2, < o~(1-20) (50 -y e / <fBj 4o (Xo) 11 (d6)

1
Ijo1 >2a
1 Pog (Xot| Xot—1)

221\ 4op (Xo)n(By) 2
2k—3
900 (X0) T poo(Xsr11Xs) du(Xo)du(X) . .. dpp(Xog—2).
s=0
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Repeating the same argument k£ — 1 times one can get that

<fBj 0 (Xo)T1,(d6)

Vg
A?,k < o (1-20)( =0 ﬁé)zkgz/ ) 400 (Xo) du(Xo)

2\ oo (X0)Iln(B))
@ [ 46(X0)IL,(d0) o
< e—(1—2a)(¢270—\/a5)2k62</ ; o >
) x 0 (Xo)Lu(By) q0,(Xo) dp(Xo)
¢~ (1-20) (V5 —y/aro)%hs?
Similarly, we have
\/75)21%

sz,k: < e (- 20) (0

Hence we have proved the required inequality and the proof of Proposition 5
is complete. O

The proof of Theorem 6 is completely similar to that of Theorem 1 except
that we apply Proposition 5 and the following lemma.

Lemma 4 If there exists a constant ay > 1 such that [, pe,(y|x)du(y) <
al fA dv(y) for all x € X and A € A, then the inequality

S / a0 (XO) - Po (XZ |Xi_1) —ne? (3a1+4c) 1 )
B | | I1,,(df) < e L, (W (6, e
o ( o 60 (X0) 1 Poy (Xi| Xi-1) n(df) < n (W (00,€))

< e*’n82 c

holds for alln, e > 0 and ¢ > 0.

Proof of Lemma 4. Similar to the proof of Lemma 1 we have that the left
hand side of the required inequality does not exceed

1
(n) ((q0,(X0) 1% Poo (Xl Xi—1)\ 2
ny{(GO,E) P90 ( ng(Xo) il;Il p:(Xi\Xi_l) ) Hn(d&)

enz—:2 (%+C)Hn (Wé(eo, 6))

1
. (n) { g0 (Xo) Pog (Xl Xi— 1))Z 391 g2
So it suffices to prove that Pe (qe <o) H e (515 1) < ed for all
0 € Wl(0,e). We assume without loss of generahty that n is an even number,

say n = 2k. Write

CI@O Xo Hpeo (Xi| X 1 QHO Xo Hpeo (X251 X25-1) Hpao (X2j-1]X2j—2)
. (X3 Xi—1) j (X251 X25-1) (X2j-1]X2j—2)
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From Hoélder’s inequality it then turns out that

(Xo) (Xi| Xio1)\ 3
P(go)(‘f: 0) Hpﬁo | 1)>4

po(Xi| Xi-1)
1
2
< | ptn )(Qeo (Xo) 77 Poo (X2;| X5 1))§ (Hpeo (X2j-1]Xa;- 2))%
| % Uge(Xo -1 po(Xoj]Xoj1) 90 (Xoj-1]X2j-2)
= AL By.

Hence by Fubini’s theorem we get that Az is equal to

3 k

/ %0 XO 5 H <p90 X2]|X2] 1)
x2k+1 q0 paie}

1
po(X2j| X2j-1)2

N

Do, (X2j—1!X2j—2)>

N:\»—t

dp(Xo)dp(X1) - . . du(Xok)

3
Xop| Xop_1)2

:/ </</ pGo( 2k| 2k l)l d/Jf(XQk)> ng(ng_l‘XQk_Q)dM(XQk_1)>
ekt \ Jx\Jx po(Xop| Xop—1)2

k—1

ol
wlw

9, (Xo) Do, (Xoj] X2j-1)
1
a0(X0)2 ;=1 po(Xa;j|X2;-1)

where by the proof of Lemma 1 in Xing [16] we have
(Xop| Xa1)?
/ (/ Do "2k 2k dM(X%)) Poo (Xop—1]Xor—2) du(Xop—1)
x po(Xog|Xog—1)
3
= / (1 + iH* (p90(‘|X2k—1)7p0(‘|X2k—1))2) Poo (Xok—1|Xok—2) du(Xogp—1)
x

00 (X2j—1]X2j—2) du(Xo)dp(X1) . . . dp(Xog—2),

[NIES

ol

3
= 1+/2H*(p90(-!X2k1)7p9(-X2k1))2p90(X2k1]X2k2)dM(X2k1)
x

3a 2
< 1—1—/; 21H*(p00('|X2k—1)ap9('|X2k_1)) dl/(XQk_l)

3 3a
= %H*(Pempey < g2 Halpogpo)®

3a
Thus, we have obtained that A < eTlH*(peo’p")QAk_l. Repeating the same
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argument k — 1 times and using a; > 1 one can get

3 1
Ak < e?’il’fH*(peo,po)?(/ ng(XO)f d,LL(XO))z
x gp(Xo)?

3a 3
— o i kH(poy.pe)’ (1 + 5H*(qam q(a)z)

N|=

c 3
< egH*(qgoqu)zJ’_%kH*(pgo7p9)2.

3a
Similarly, we can get that B, < e kH(Pog:p0)*  Therefore ApB, <
3a 3a
e 1 H+(200:00)*+ = nH(og.p0)* < o771 for all § € W (6, e), and the proof of

Lemma 4 is complete.
O
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