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1 Introduction

Throughout this paper, C denotes the field of complex numbers; the symbols
A*, r(A) and Z(A) stand for the conjugate transpose, the rank and the range
(column space) of a matrix A € C™*", respectively; [ A, B] denotes a row
block matrix consisting of A and B. For a pair of square matrices of the
same size, the expression A > B(A > B) means that A — B is a nonnegative
definite (positive definite) matrix. In such a case, the pair of matrices are said
to satisfy an inequality in Lowner partial ordering. A nonnegative definite
matrix A of order m is said to a contraction if all its eigenvalues are less then
or equal to 1, i.e., 0 < A < I,,, to be a strict contraction if all its eigenvalues
are less then 1, ie., 0 < A < I,.

The Moore-Penrose inverse AT of an m x n matrix A is defined to be the
unique solution X to the four Penrose equations

() AXA=A, (i) XAX = X, (i) (AX)" = AX, (iv) (XA)* = XA.

For convenience, the symbols F4 and F4 stand for the two orthogonal projec-
tors Eq = I,, — AAT and Fy = I,, — ATA.

The Lowner partial ordering is one of the most basic concepts in matrix
theory. This concept is widely used to characterize relation between Hermitian
(symmetric) matrices. Numerous results on Lowner partial ordering and its
applications can be found in the literature. Motivated by the work on solving
inequalities in elementary mathematics, it is reasonable to propose a general
research topic on solving matrix inequalities in Lowner partial ordering. For
instance, suppose f(X) is a square matrix function, where X is a variable
matrix, and suppose M is a Hermitian matrix. Then the problem is to find
X that satisfy the following inequalities

f(X)>M or f(X)<M.

In fact, finding solutions with definiteness to matrix equations can be re-
garded a special cases of solving matrix equalities in Lowner partial ordering.
As an introductory work, we study in this paper the following four simple
matrix inequalities

(I) AX + (AX)* > B for B = B*.

)

(II) AXA* > B for B = B*.

(IIl) AXB > C for C =C*.
)

(IV) AXB + (AXB)* > C for C = C*.



Speaking clearly, we shall consider the following problems on the four inequal-
ities:

(a) Necessary and sufficient conditions for the inequalities to be consistent.

(b) General expressions of X that satisfies the inequalities when the inequal-
ities are consistent.

(¢) General solutions to the inequalities when B and C on the right-hands
are nonnegative definite, negative definite, and null.

(d) Properties of solutions to the inequalities.

Most of the results obtained in the paper are new and valuable for demon-
strating relations of matrices in Lowner partial ordering.

2 Preliminaries

In this section, we give some known results on Léwner partial ordering, general
solutions to matrix equations, and rank formulas for partitioned matrices and
linear matrix pencils. We shall use these results in Sections 3-6 for solving
the inequalities in Section 1.

Lemma 2.1 If both A> B >0, then Z(B) C Z(A).

Lemma 2.2 Let A € C™*™ aqnd B € C"™*",
(a) If A>0, then AT >0 and B*AB > 0.
(b) If I, — A >0, then I,, — BBTABB' > 0.
(c) If I, — A >0, then I, — BBTABBT > 0.

Lemma 2.3 Let 0 < Ae C™*™ 0 < C € CP*P gnd B € C™*P, Then,

[ A B- * AT *

(a) B O >0 ZB) C #(A) and C > B*A'B < Z(B*) C Z(C)

and A > BC'TB*.
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Lemma 2.4 (Tian and Liu, 2006) Let A € C™*" and B = B* € C"™*™
be given. Then,

(a)

The matrix equation
AX + (AX)* =B (2.1)

has a solution if and only if EABE4 = 0. In this case, the general
solution to the equation is

X = %ATB( oL, — AAT) £ VA* + FAW, (2.2)

where both V.= —=V* € C"*™ and W € C™™™ are arbitrary.

The matrix equation
AX 4+ (AX)* = BB* (2.3)

has a solution if and only if Z(B) C Z(A). In this case, the general
solution to the equation is

1
X = 5ATBB* + VA* + FAW, (2.4)

where both V.= —=V* € C"*" and W € C"™™ are arbitrary.

Lemma 2.5 (Khatri and Mitra, 1976) Let A, B € C™*" be given. Then,

(a)

The matrix equation
AX =B (2.5)

has a Hermitian solution if and only if Z(B) C #(A) and AB* = BA*.
In this case, the general Hermitian solution to (2.5) is

X =A'"B+ (ATB)* — ATBATA + Fy\WF,, (2.6)
where W = W* € C™ ™ is arbitrary.

The matrix equation
AXX*=B (2.7)

has a solution if and only if Z(B) C #(A), BA* > 0, and r(BA*) =
r(B). In this case, the general solution to (2.7) is

XX* = B*(BA*)'B + FA\WW*Fj, (2.8)

where W € C™*™ is arbitrary.



Lemma 2.6 (Baksalary 1984, Gross 2000, Khatri and Mitra 1976)
Let A € C™*™ and B € C™*™ be given. Then,

(a) The matriz equation
AXA*=B (2.9)

has a solution if and only if Z(B) C #(A) and Z(B*) C #Z(A), or
equivalently EoB = BE4 = 0. In this case, the general solution to (2.9)
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X = ATB(AT)* + W — ATAWATA, (2.10)
where W € C™ "™ is arbitrary.

(b) The matriz equation
AXX*A* =B >0 (2.11)

has a solution if and only if Z(B) C Z(A). In this case, the general
solution to (2.11) is

XX* = (ATBV2 4+ FaW)(ATBY2 + FyW )¥, (2.12)
where W € C™"*" s arbitrary.

Lemma 2.7 (Penrose, 1955) Let A € C™*", B € CP*9 and C' € C™*7 be
given. Then the matrix equation

AXB=C (2.13)

has a solution if and only if Z(C) C #Z(A) and Z(C*) C Z(B*), or equiv-
alently, EAC = 0 and CFp = 0. In this case, the general solution to (2.13)
18

X = ATCB" +W — ATAWBBT, (2.14)
where W € C"*P is arbitrary.

Lemma 2.8 (Marsaglia and Styan, 1974) Let A €¢ C™*" B ¢ C™*F,
C € C»" and D € C™*. Then

r[A, Bl =r(A)+r(EaB) =7r(B) +r(EgA), (2.15)

r [é =r(A)+r(CFa) =7(C)+r(AF¢), (2.16)

r {é g =r(B)+r(C)+r(EgAFc), (2.17)
A B 0 EsB

7“|:C D_:r(A)+r[CFA D—é’ATB . (2.18)




Lemma 2.9 (Tian 2002, Tian and Cheng 2003) Let A €¢ C™*" B ¢
C™*k and C € C>™ be given. Then the maximal and minimal ranks of
A — BXC are given by

Xrggﬁ(A—BXC)zmm{r[A,B], r[én (2.19)
Xren(ciile(A—BXC):r[A,B]—i—r[é}—r[é ]g] (2.20)

Lemma 2.10 Let 0 < A € C™™ and B € C™** be given. Then

max r(A— BXB*)=r[A, B], (2.21)
0<XeCkxk
i A—-BXB*)=r[A B]—-r(B 2.22
OS)Igg&X[( )=r[A, B]—r(B), (2.22)
max r(A+ BXB*)=r[A, B], (2.23)
0<XeCkxk
i A+ BXB*)=r(A). 2.24
OS)I(%I&X;“( + ) =r(4) (2.24)
Proof. Let
A B 0
— — —Gq_ T
e[ 5] se2) seses oo

It was shown in Tian and Liu (2006) that A — BX B* satisfies the following
rank equality

r(A—BXB*)=2r[A, B] —r(M) +r[Fs,(X +S*M'S)Fs,], (2.26)
where the Moore-Penrose inverse of M in (2.26) can be written as
_ (EpAER)! (BY)* — (EgAER)TA(B)*
" | B - BTA(EgAER)! —BTA(BY)* + BTA(EgAER)TA(BT)* |’
see Hall (1975). Thus the rank of A — BX B* can be written as

r(A— BXB*)=2r[A, B] —r(M)
+r{ Fs,| X — BTA(BY)* + BTA(ERAER) A(B")*]Fs, }. (2.27)
It is easy to verify by Lemma 2.2(a) that under the condition A > 0, both

EpAEp > 0 and (EgAER)" > 0 hold. In this case, we can also derive from
Lemmas 2.2(a) and 2.3(a) that

(EgAER)" (EpAER)TA
A(EgAEgR)! A

M

>0=A— A(EgAER)TA>0

= BYA(B"* — BTA(EgAER) A(B")* > 0,



that is BTA(BY)* — BTA(EgAER)TA(BT)* in (2.27) is nonnegative definite.
Notice that there always exists a 0 < U € C"*™ such that

r(Fs,UFs,) =r(Fs,), (2.28)
say, U = Fg, > 0. In this case, let
X = BT A(B" — BT A(EgAER)TA(BY)* + U. (2.29)

Then we see from (2.29) that

X >0 and r{Fs,[X — BTA(B")* + BTA(EgAER)TA(B")*|Fs, } = r(Fs,).
(2.30)
and from (2.18), (2.27) and (2.30) that

r(A— BXB*)=2r[A, B] —r(M)+r(Fs,)
=2r[A, Bl —r(M)4+n—r(S—MM'S)
=2r[A, Bl+n—-7r[M,S]

ABO]

:27"[A,B]+n—r[B* N
=r[A, B,

establishing (2.21). Similarly, we can derive from (2.27) that the general ex-
pression of X > 0 satisfying (2.22) can be written as

X = BTA(B")* — BTA(EgAER)TA(B")* 4+ S;VV*5y,
where V' € C"*(m+7) is arbitrary. Eqs. (2.23) and (2.24) are obvious. 0

3 General solutions to AX + (AX)* > B

For a pair of matrices A and B, there may or may not exist solutions to
AX 4+ (AX)* > B. (3.1)

For example,
AX + (AX)* > I3 has no solution for any A with r(A) = 1;
AX + (AX)* > —I3 always has a solution, say, X = 0;
AX + (AX)* = —I3 has no solution for any A with r(A) = 1.

I

These facts indicate that the consistency of the inequality in (3.1) and
the consistency of the matrix equation AX + (AX)* = B are not necessarily
equivalent, in particular, the consistency of (3.1) depends on the definiteness
of B in (3.1).



Theorem 3.1 Let A € C™*" and B = B* € C™*™ be given. Then,

(a)

There exists an X € C™™ that satisfies the following matrixz inequality
AX + (AX)* > B (3.2)

if and only if
EABEA <0 (3.3)

holds. In this case, the general solution to (3.2) can be written as
1
X = 5AT[B+(M+,41U)(J\4+AU)>“](2Im—AAT VHVA*FAW, (3.4)

where M = (—EABE)Y?, and U, W € CY™ and V = —V* € C™™

are arbitrary.

There exists an X € C™™ that satisfies the following matrixz inequality
AX + (AX)* > B (3.5)

if and only if
EABE4 <0 and r(EosBE4) =m —r(A) (3.6)

hold. In this case, the general solution to (3.5) can be written as (3.4),
in which U is any matriz such that r[(—EABE,)Y? + AU] = m, and
W eC™™ and V = —-V* € C"" are arbitrary.

There exists an X € C™"*™ that satisfies the following matriz inequality
AX + (AX)*<B (3.7)

if and only if
E,BE4 >0 (3.8)

holds. In this case, the general solution to (3.7) can be written as
1
X = §AT[B—(M+AU)(M+AU)*](2[m—AAT VHVA*+FAW, (3.9)

where M = (EABEA)Y?, and U, W € C™™ and V = —V* € C™" are

arbitrary.



(d) There ezists an X € C"™™ that satisfies the following matriz inequality
AX + (AX)*< B (3.10)

if and only if
EABEA >0 and r(EoABEs) =m—r(A) (3.11)

hold. In this case, the general solution to (3.10) can be written as (3.9),
in which U is any matriz such that r[(EABEA)Y? + AU] = m, and
W e C"™™ and V = =V* € C"™" are arbitrary.

Proof. Inequality (3.2) is equivalent to
AX + (AX)*=B+YY" (3.12)

for some Y. From Lemma 2.4(a), the equation is solvable for X if and only if
YY™ satisfies
EAYY*E = —EABEy. (3.13)

From Lemma 2.6(b), the equation is solvable for Y if and only if (3.3) holds.
In this case, the general solution to (3.13) can be written as

YY* = [(~EABEA)Y? + AU |[(~EABE)Y? + AU,
where U is an arbitrary matrix. Substituting the YY™* into (3.12) gives
AX + (AX)* = B+ [(—EABE)Y? + AU |[(~EABEA)? + AU*. (3.14)

From Lemma 2.4(a), the general solution to this equation can be written as

X = %AT( B+ [(—EABEA)"? + AU[(—EABEA)"? + AU *)(21,, — AAT)
+VA* + FAW,

where U, W € C"™ and V = —V* € C"™"™ are arbitrary, as required for
(3.4). It can be seen from (3.14) that (3.5) holds if and only if

[(—EABEA)Y? + AU][(=EABE)"? + AU]* > 0,
that is, 7[ (—E4BFEA)'/? + AU ] = m. Applying (2.16) and (2.21) gives
mgxr[(—EABEA)l/Q +AU] = r[A, (—EABE4)Y?]
= r[A, EABEs] =1(A) + r(EsBEj).

Thus (b) follows. Replacing X with —X and B with —B in (a) and (b) leads
to (¢) and (d). 0

Some consequences of Theorem 3.1 are given below.



Theorem 3.2 Let A € C™" and B € C™** be given. Then,

(a) The general solution X € C™*™ to the following matriz inequality

AX + (AX)* > —BB* (3.15)
can be written as

X = %AT( AUB* + BU*A* + AUU* A% )(21,, — AAT) + VA* + FaW,

(3.16)
where U € C™* V = —V* € C™" and W € C™™ are arbitrary.

There exists an X € C™ ™ that satisfies the following matriz inequality
AX + (AX)* > —-BB* (3.17)

if and only if r[ A, B] = m holds. In this case, the general solution
to (3.17) can be written as (3.16), in which U is any matriz such that
r(B+AU)=m, and V = =V* € C"*" and W € C™*™ are arbitrary.

The general solution to
AX + (AX)* < BB™. (3.18)
can be written as

X = —%AT( AUB* + BU*A* + AUU*A* )(2I,, — AAT) + VA* + FAW,

(3.19)
where U € C™* V = —V* € C™" and W € C™™ are arbitrary.

There exists an X € C"*™ that satisfies the following matrixz inequality
AX 4+ (AX)* < BB* (3.20)

if and only if r[ A, B] = m holds. In this case, the general solution
to (3.20) can be written as (3.19), in which U is any matriz such that
r(B+AU)=m, and V = =V* € C"*" and W € C"*™ are arbitrary.

Corollary 3.3 Let A € C™" and B € C™** be given. Then,

(a)

There exists an X € C™*™ that satisfies the following matriz inequality

AX + (AX)* > BB* (3.21)



if and only if Z(B) C Z(A) holds. In this case, the general solution to
(3.21) can be written as

1
X = 5ATBB* + UU*A* + VA* + FaW, (3.22)

where U € C"*" V. = =V* € C"*"™ and W € C"*™ are arbitrary.
There exists an X that satisfies the following matrix inequality
AX + (AX)* > BB* (3.23)

if and only if both Z(B) C #Z(A) and r(A) = m hold. In this case, the
general solution to (3.23) can be written as (3.22), in which U is any
matriz with r(AU) = m, and V = =V* € C"*" and W € C"™™ are
arbitrary.

There exists an X that satisfies the following matrix inequality
AX + (AX)*+BB* <0 (3.24)

if and only if Z(B) C Z(A) holds. In this case, the general solution to
(3.24) can be written as

1
X = —§ATBB* — UU*A* + VA* + F4W, (3.25)

where U € C"*" V = —V* € C™*" and W € C™™ are arbitrary.
There exists an X that satisfies the following matrix inequality

AX +(AX)*+BB* <0 (3.26)
if and only if both Z(B) C #(A) and r(A) = m hold. In this case, the

general solution to (3.26) can be written as (3.25), in which U is any
matriz with 7(AU) = m, and V. = —V* € C*" and W € C™™ are
arbitrary.

The solution in (3.22) can also equivalently be written in other forms, for
example,

X = %A*BB* FUU*A* + VA* + (I, — A~ AW, (3.27)

where U € C"*" V = —V* € C"™ and W € C™*™ are arbitrary. In par-
ticular, setting U = 0, then (3.22) is a general solution to the equality in
(3.21).

10



Corollary 3.4 Let B € C™*P be given. Then,

(a)

The general solution X € C™*™ to the following inequality
X+ X* > BB* (3.28)

can be written as

X = %BB* +UU*+7V, (3.29)
where U € C"*™ and V = —=V* € C"™" are arbitrary.
The general solution X € C™*™ to the following inequality
X+ X" > BB* (3.30)

can be written as (3.29), in which U € C"*™ with r(U) = m and V =
—V* e C™™ is arbitrary.

The general solution X € C™*™ to the following inequality
X+ X" <BB* (3.31)

can be written as 1
X = §BB* - UU*+V, (3.32)

where U € C"*™ and V = —=V* € C"™"™ are arbitrary.
The general solution X € C™*™ to the following inequality
X+ X" < BB* (3.33)

can be written as (3.32), in which U € C"" with r(U) = m and V =
—V* e C™" is arbitrary.

Corollary 3.5 Let A € C™*" be given. Then,

(a)

The general solution X € C"™™ to the following inequality
AX 4+ (AX)* >0 (3.34)

can be written as
X =UUA*"+ VA" + FsW, (3.35)

where U € C"*" V. = =V* € C"*" and W € C"™™ are arbitrary.

11



(b) There ezists an X € C"*™ that satisfies the following matriz inequality
AX + (AX)* >0 (3.36)

if and only if r(A) = m. In this case, the general solution to (3.36) can
be written as (3.35), in which U € C™*™ is any matriz with r(AU) = m,
V=-V*eC"™" and W € C™"™™ are arbitrary.

(¢) The general solution X € C™" ™ to the following inequality

AX + (AX)* <0 (3.37)
can be written as
X = -UUA"+ VA* + FAW, (3.38)
where U € C*" V = —V* € C"" and W € C™"™ are arbitrary. In
this case,
r[AX + (AX)"] =r(AU). (3.39)

(d) There exists an X € C™™™ that satisfies the following matriz inequality
AX + (AX)* <0 (3.40)

if and only if r(A) = m. In this case, the general solution to (3.40) can
be written as (3.38), in which U € C™*™ is any matriz with r(AU) = m,

and V. = =V* € C"*" and W € C™™ "™ are arbitrary. In particular, if
A is square and nonsingular, then the general solution to (3.40) can be
written as

X =-UUA*"+ VA", (3.41)

where U € C™*™ 4s any matriz with r(AU) = m, and V = =V* € C"*"
s arbitrary.

In Chan and Kwong (1985), solutions to the inequality (A+B)X +X*(A+
B)* > AB + BA were considered for A > 0 and B > 0. Applying Theorem
3.1 to this inequality gives the following result.

Corollary 3.6 Let A, B € C™*™ be given with A >0 and B > 0. Then,

(a) The general solution to the following matriz inequality

(A+B)X + X*(A+ B)* > AB + BA (3.42)

12



can be written as
1 1
X = (21m —5(A+ B) +UU* + V) (A+ B)+ FoappW,  (3.43)
where U, W € C™*™ qnd V = —V* € C"™*™ are arbitrary. In particular,

X:%(A+B) (A+B)(A+ B)+ V(A+B)+ FappW  (3.44)

1

2
is the general solution to the equality in (3.42).

There exists an X € C™*™ that satisfies the following matriz inequality

(A+B)X+X"(A+B)" > AB+ BA (3.45)

if and only if r(A+ B) = m holds. In this case, the general solution to

(3.45) can be written as

X = %(A +B) - %Im 4+ (UU* + V)(A+ B) (3.46)

where U € C™*™ s any matriz with r(U) =m, and V = =V* € C™*™
and W € C™*™ are arbitrary.

There always exists an X X* € C™*™ that satisfies the following matriz
inequality

(A+B)XX* + XX*(A+ B)* > AB + BA, (3.47)

and partial solutions to (3.47) can be written as

1
XX* = S(A+B)+k(A+ B)(A+ B)+ FarpyWW*Farp), (3.48)

(Cme

where 0 < k s any real number, and W € is arbitrary.

There exists an X X* € C™*™ that satisfies the following matriz inequal-
ity
(A+ B) XX*"+ XX*(A+B)* > AB+ BA (3.49)

if and only if r(A+ B) = m holds. In this case, the general solution to
(3.49) can be written as

1
X = 5(A+B) + kL, (3.50)

where 0 < k is any real number.

13



4 General solutions to the inequality AXA* > B

In this section, we consider the following linear matrix inequality
AXA*>B (4.1)

and its variations, where A € C™*"™ and B = B* € C™*™ are given. The
linear matrix equation corresponding to (4.1) is AX A* = B given in Lemma
2.6.

It should be pointed out that for any two Hermitian matrices P and @,
the inequality P > @ does not imply that r(Q) < r(P) or Z(Q) C #(P), for
i } and Q = (1) H.ThenP—Q:IQ > (0. Hence

(4.1) does not imply that Z(B) C Z(A) for a general Hermitian matrix B,
although the equality in (4.1) holds if and only if Z(B) C Z(A).

example, Let P = [

Theorem 4.1 Let A € C™*" and B = B* € C"™*™ be given. Then,

(a) There exists an X € C" ™ such that (4.1) holds if and only if
EsBEAs <0 and r(EsBEs) =r(EsB). (4.2)
In this case, the general solution to (4.1) can be written as

X = A'B(AY* — ATBEA(EABE,)'E,B(AN*
+ATUU (AN + W — ATAWATA, (4.3)

where U € C™™ agnd W € C™™™ are arbitrary. In particular, if W =
W*, then the X in (4.3) satisfies X = X*.

(b) There exists an X € C"*"™ such that
AXA*> B (4.4)
holds if and only if
EABEA <0 and r(EsBEA) =1(Ej). (4.5)
In this case, the general solution to (4.4) can be written as (4.3), in which

U is any matriz such that 1| BEA(EABEA) ExB — AATUU*AAT ] =m
hold, and W € C™*™ is arbitrary.

14



(¢c) There exists an X € C"*" such that
AXA*+B<0 (4.6)

holds if and only if (4.2) holds. In this case, the general solution to (4.6)
can be written as

X = —A'B(ANY* + ATBEA(EsBEA) EAB(AN)* — ATUU*(AT)*
+W — ATAWATA, (4.7)

where U € C"™*™ and W € C™*™ are arbitrary.
(d) There exists an X € C"*™ such that
AXA*+B<0 (4.8)

holds if and only if (4.5) holds. In this case, the general solution to
(4.8) can be written as (4.7), in which U is any matriz such that
7[BEA(EABEA) EAB — AATUU*AAT] = m holds, and W € C™*" is
arbitrary.

Proof. Inequality (4.1) is equivalent to
AXA*=B+YY~" (4.9)
for some Y. From Lemma 2.6(a), (4.9) is solvable for X if and only if E4(B+

YY*) =0, that is,
EAYY* = —E4B. (4.10)

From Lemma 2.5(b), (4.10) is solvable for Y'Y ™ if and only if EABE4 < 0 and
r(EaBE4) = r(EaB), establishing (4.2). In this case, the general solution to
(4.10) can be written as

YY* = —BEA(EABEA) EsB + AATUU*AAT,
where U is an arbitrary matrix. Substituting the YY™ into (4.9) gives
AXA* = B— BEA(EABE)ExB + AATUU* AAT. (4.11)
From Lemma 2.6(a), the general solution to (4.11) can be written as

X = ATB(ANY*—ATBEA(EABEA) EAB(AT*+ ATUU* (AN +W - ATAW AT A,
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where U € C™*™ and W € C"*" are arbitrary, as required for (4.3). It can
be seen from (4.11) that (4.4) holds if and only if

—BEA(EABEA)'EAB + AATUU* AAT > 0. (4.12)

Applying (2.15) and (2.23) gives

maxr| —BEA(EABEA)EsB + AATUU* AAT]

= r[~BEA(EABEA) EsB, AAT]
= ’I“[BEA, A]
= T(EABEA) + T(A),

so that (4.4) holds if and only if r(Eq4BE4) 4+ r(A) = m. Thus (b) follows.
Replacing X with —X in (a) and (b) leads to (c) and (d). O

Some consequences of Theorem 4.1 are give below.

Theorem 4.2 Let A € C™" and B € C™*F be given. Then,

(a)

The inequality
AXA* > —-BB* (4.13)

always has solution, and the general solution to (4.13) can be written as
X = A'B(EAB)(EsB)B*(A")* — A'BB*(A!)* + AtUU*(A")*
+W — ATAW AT A, (4.14)
where U € C"™*™ and W € C™*™ are arbitrary.
There ezists an X € C™*™ such that
AXA* > -BB* (4.15)

holds if and only if r[ A, B] = m. In this case, the general solution to
(4.15) can be written as (4.14), in which U is any matriz such that

r[ B(EAB)!(EAB)B* + AATUU*AAT] = m,
and W € C™*™ s arbitrary.

The inequality
AXA* < BB* (4.16)

always has solution, and the general solution to (4.16) can be written as
X = A'BB*(A")* — ATB(EsB)(EAB)B*(A")* — ATUU*(AT)*
+W — ATAW AT A, (4.17)

where U € C™*™ aqnd W € C™™"™ are arbitrary.

16



(d)

There exists an X € C"™" such that
AXA* < BB* (4.18)

holds if and only if r[A, B] = m. In this case, the general solution
0 (4.18) can be written as (4.17), in which U is any matriz such that
r[B(EAB) (EAB)B*+ AATUU*AA"] = m, and W € C™ " is arbitrary.

Corollary 4.3 Let A € C™*" and B € C™*P be given. Then,

(a)

There exists an X € C™"™ such that
AXA* > BB* (4.19)

holds if and only if Z(B) C Z(A). In this case, the general solution to
(4.1) can be written as

X = ATBB*(ANY + UU* + W — ATAW AT A, (4.20)
where U, W € C™*" are arbitrary.
There ezists an X € C™™ such that
AXA* > BB* (4.2

1)
holds if and only if r(A) = m. In this case, the general solution to (4.21)
can be written as (4.20), in which U € C"*" is any matriz with r(U) =
m, and W € C™*™ is arbitrary.

There exists an X € C™"™ such that
AXA*+BB* <0 (4.22)

holds if and only if Z(B) C Z(A). In this case, the general solution to
(4.1) can be written as

X = —ATBB* (AT —UU" + W — ATAW AT A, (4.23)
where U, W € C™"™ are arbitrary.
There exists an X € C™*™ such that
AXA*+BB* <0 (4.2

4)
holds if and only if r(A) = m. In this case, the general solution to (4.24)
can be written as (4.23), in which U € C™"*" is any matriz with r(U) =
m, and W € C™*™ is arbitrary.
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Corollary 4.4 Let A € C™*" be given. Then,

(a)

The general solution to the inequality AX A* > 0 can be written as
X =UU"+W — ATAW AT A, (4.25)
where U, W € C"*"™ are arbitrary.

There ezists an X such that AXA* > 0 holds if and only if r(A) = m.
In this case, the general solution to AXA* > 0 can be written as (4.25),
in which U, W € C™*™ are arbitrary.

The general solution to the inequality AX A* <0 can be written as
X =-UU"+W - ATAWATA, (4.26)
where U, W € C™"™ are arbitrary.

There ezists an X such that AXA* < 0 holds if and only if r(A) = m.
In this case, the general solution to AXA* < 0 can be written as (4.26),
in which U € C™™ is any matriz with r(U) = m, and W € C"*" is
arbitrary.

The following theorem is derived from Lemma 2.6(b), and its proof is
omitted.

Theorem 4.5 Let A € C™*" and B € C™** be given. Then,

(a)

There exists an X such that
AXX*A* > BB* (4.27)

holds if and only if Z(B) C Z(A). In this case, the general solution to
(4.27) can be written as

XX*=(A'B+ EAW)(A'B+ EAW )* +UU*, (4.28)
where U € C™™ and W € C™* are arbitrary.
There exists an X such that
AXX*A* > BB* (4.2

holds if and only if r(A) = m. In this case, the general solution to (4.2
can be written as (4.28), in which, U € C™*™ is any matriz with r(U)
m and W € C™¥¥ is arbitrary.

9)
9)
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An application to partitioned matrices is given below.

Corollary 4.6 Let

M(X) = [Agfl* CJZ*], (4.30)
where A € C™*" B € C™*P gnd C' € CP*Y are given. Then,
(a) There exists an X such that M(X) > 0 in (4.30) if and only if
H(B) C #(A) and Z(B*) C Z(C). (4.31)
In this case, the general solution to M > 0 can be written as
X = ATB(CCH)B* (AN + UU* + W — ATAW AT A, (4.32)
where U, W € C™*"™ are arbitrary.
(b) There exists an X such that M > 0 in (4.30) if and only if
r(A) =m and r(C)=p. (4.33)
In this case, the general solution to M > 0 can be written as
X = ATB(CcC*)'B* (AN + UU™, (4.34)

where U € C™" is any matriz with r(U) = m and W € C" " is
arbitrary.

Proof. It is easily seen from Lemma 2.3 that
M >0s Z(B) C%(A), Z(B*) C Z(C)and AXA* > B(CC*)" B*,
(4.35)
M >0sr(A)=m, r(C)=pand AXA* > B(CC*)"B*. (4.36)
Solving the two inequalities in (4.35) and (4.36) by Theorem 3.1 leads to (a)
and (b). 0

A challenging problem is to give the general solution to the inequality
AXX*A* < BB*. It is obvious that the inequality has a trivial solution
X = 0. However, the inequality may have only zero solution in some cases.

For example, the inequality
2
¢ 0 < 11
0 0] |1 1

only has a solution z = 0. The following result gives the identifying conditions
for AXX*A* < BB* to have nonzero solutions and their general expressions.
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Theorem 4.7 Let A € C™" and B € C™** be given. Then,

(a)

There exists a matriz X such that both AX # 0 and
AXX*A* < BB* (4.37)

hold if and only if
H(A)NZ(B) # {0}. (4.38)

In this case, a solution to (4.37) can be written as
XX* = A'BFp, VFp B* (AN + EA\WW*E,, (4.39)

where By = EaB, V. € CF* is any matriz with 0 < V < I, and
W e C™ " is arbitrary.

There exists a matriz X such that AX # 0 and
AXX*A* < BB* (4.40)
hold if and only if
A#0 and r(B)=m. (4.41)

In this case, a solution to (4.40) can be written as (4.39), in which V €
CF*k is any matriz with 0 < V < Iy, and W € C™*" is arbitrary.

Under the condition Z(B) C Z(A), there always exists a matriz X such
that both AX # 0 and
AXX*A* < BB* (4.42)

hold, and a solution to (4.42) can be written as
XX* = ATBVB* (A" + EA\WW*Ey,, (4.43)

where V€ CF*F s any matriz with 0 < V < I, and W € C™" is
arbitrary.

Under the condition #Z(B) C Z#(A), there exists a matriz X such that
AX #0 and
AXX*A* < BB* (4.44)

hold if and only if r(B) = m. In this case, the general solution to (4.44)
can be written as (4.43), in which V € CF** is any matriz with 0 < V <
I, and W € C™*™ is arbitrary.
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Proof. It can be seen from Lemma 2.1 that if there exists an X such that
AX # 0 and (4.37) hold, then Z(AX) C #Z(B) holds, which obviously implies
that (4.38) holds. On the other hand, it can be derived from E4BFg,p =0
that

AA'BFg,p = BFg, B, (4.45)

and from Lemma 2.8 that

E4B) = r(A)+r(B)—r| A, B] = dim[2(A)N%(B)).

(4.46)
Hence if (4.38) holds, then BFg,p # 0 and Z(BFg,p) = #(A) N Z(B) by
(4.45) and (4.46). In this case,

r(BFg,5) = r [ Ef B} i

AA'BFg, gV Fg,pB*(A")*A = BFg,gV Fg,pB*.
Thus we can derive from (4.39) and Lemma 2.2(a) that
BB* — AXX*A* = BB* — BFp, 5V Fp,5B* = B(Ij,— Fp,5V Fg,5)B* >0,

that is, (4.39) is a solution to (4.37). The two conditions in (4.41) are obvious
under the condition that both AX # 0 and (4.40) hold. Conversely, if (4.41)
holds, we can derive from (4.40) and Lemma 2.2(b) that Iy — Fg, gV Fgr, 5 > 0
and

BB* — AXX*A* = BB* — BFy, gV Fg,pB* = B(I;— Fp, 5V Fg,p)B* > 0.

Results (c¢) and (d) are direct consequences of (a) and (b). O

5 General solutions to the inequality AXB > C

Theorem 5.1 Let A € C™*P, B € C1*™ gnd C' = C* € C"™™ be given, and
denote M = [Ey, Fg|. Then,

(a) There exists an X € CP*1 that satisfies the following matrixz inequality

AXB>C (5.1)
if and only if
M*CM <0 and r(M*CM)=r(CM) (5.2)
holds, or equivalently,
(2I,, — AAT — B'B)C(21,, — AAT — BTB) <0 (5.3)
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and

C C A 0
C C 0 B* C A 0O

4 0 o0 0 —r[c 0 B*]—H’(A)—H"(B). (5.4)
0O B 0 0

In this case, the general solution to (5.1) can be written as

X = A'CB'—ATCM(M*CM)'M*CB' + ATEyUU*Ey BT
+W — ATAWBBT, (5.5)

where U € C"™*™ and W € CP*4 are arbitrary.
There exists an X that satisfies the following matrix inequality

AXB >C (5.6)
if and only if

c A 0

* <
M*CM <0 and T‘|:C 0 B

} =m+r[A, B*]. (5.7)

In this case, the general solution to (5.6) can be written as (5.5), in
which U € C™™ s any matriz such that v[—CM(M*CM)IM*C +
EyUU*EN | = m, and W € CP*1 s arbitrary.

There exists an X that satisfies
AXB+C<0 (5.8)

if and only if (5.2) holds. In this case, the general solution to (5.8) can
be writlen as

X = —ATCB'+ ATCM(M*CM)'M*CB' — ATEyUU*Ey BT
+W — ATAWBBT, (5.9)

where U € C™*™ aqnd W € CP*9 are arbitrary.
There exists an X that satisfies the following matrix inequality
AXB+C<0 (5.10)

if and only if (5.7) holds. In this case, the general solution to
(5.10) can be written as (5.9), in which U is any matriz such that
r[~CM(M*CM) M*C+EpUU*Ey ] = m, and W € CPX9 is arbitrary.
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Proof. Inequality (5.1) is equivalent to
AXB=C+YY* (5.11)

for some Y. From Lemma 2.7, the equation is solvable for X if and only if

EAYY* = —~E4C and FpYY* = —FgC, (5.12)
this is,
Eal e [EaC
By 5] a9
From Lemma 2.5(b), (5.13) is solvable for YY™* if and only if
EalorBa, Fs1 <0 and ¢ (| 5A|CLEA, Fu]) = r(C[Ea, Fa)),
Fp Fp

establishing (5.2). The equivalence of (5.2) with (5.3) and (5.4) are derived
from Lemma 2.8. Under (5.2), the general solution to (5.11) can be written as

YY* = —-CM(M*CM)'M*C + EyyUU*Eyy,

where U is an arbitrary matrix. Substituting the YY* into (5.11) gives

AXB=C - CM(M*CM)'M*C + EpUU*Eyy. (5.14)
From Lemma 2.7, the general solution to (5.14) is
X =ATCB"—ATCM(M*CM) M*CB'+ATEy UU*Ep BT+ W — ATAWBBT,
establishing (5.5). It can be seen from (5.13) that (5.6) holds if and only if

—CM(M*CM) M*C + EpUU*E)y > 0.
Applying (2.23) gives
Iél[é}z(r[—CM(M*CM)TM*C + EpqUUE) ]

[—CM(M*CM)'M*C, Ey]
[CM, Ej]
(MMTCM) +r(Ey)
r(CM)+m —r(M)
T[C A 0

C 0 B*

Thus (b) follows. Replacing X with —X in (a) and (b) leads to (c) and (d).
g

r
r
r

}—T[A, B*].
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Corollary 5.2 Let A € C™*P, B € C™ and C =€ C™* be given, and
denote M = [Ey, Fg|. Then,

(a)

The general solution to

AXB+CC* >0 (5.15)
can be written as
X = —AICC*B'+ ATC(M*C)/(M*C)C*B' + ATEy UU*Ey BT
+W — ATAW BB, (5.16)

where U € C"™*™ and W € CP*1 are arbitrary.

There exists an X that satisfies the following matrix inequality
AXB+CC*>0 (5.17)

if and only zfr[g é BP*] = m + r[ A, B*] holds. In this case, the

general solution to (5.17) can be written as (5.16), in which U € C™*™
is any matriz such that r[C(M*C)I(M*C)C* + EyyUU*Ey | = m, and
W e CP*? is arbitrary.

The general solution to

AXB < CC* (5.18)
can be written as
X = A'CC*B' — ATC(M*C)'(M*C)C*B — ATE, UU*Ep B
+W — ATAW BBT, (5.19)
where U € C™*™ aqnd W € CP*9 are arbitrary.

There exists an X that satisfies the following matrix inequality
AXB < CC* (5.20)

cC A 0
Cc 0 B*
general solution to (5.20) can be written as (5.19), in which U is any
matriz such that r[C(M*C)I(M*C)C* + EpyyUU*Ey] = m, and W €
CP*q is arbitrary.

if and only if r[ = m + r[ A, B*| holds. In this case, the
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Corollary 5.3 Let A € C™*P, B € C9*™ and C € C™** be given, and and
denote M = [Ey, Fg|. Then,

(a)

There exists an X € CP*Y that satisfies
AXB>CC* (5.21)
if and only if
X(C) CZ(A) and Z(C)C Z(B*). (5.22)
In this case, the general solution to (5.21) can be written as
X = A'CC*B' + A'E\,UU*Ey BT + W — ATAWBBT, (5.23)
where U € C"™*™ and W € CP*1 are arbitrary.
There exists an X such that

AXB > CC* (5.24)

if and only if r(A) = r(B) = m. In this case, the general solution to
(5.24) can be written as (5.23), in which U € C9*Y is any matriz with
r(EpU) = m, and W € CP*? is arbitrary.

There exists an X € CP*? that satisfies
AXB+CC*<0 (5.25)

if and only if (5.22) holds. In this case, the general solution to (5.25) can
be written as

X = -ATCC*B" — ATEyUU*Ey BT+ W — ATAWBBT,  (5.26)
where U € C"™*™ and W € CP*1 are arbitrary.
There ezists an X € CP*? such that

AXB+CC* <0 (5.27)

if and only if r(A) = r(B) = m. In this case, the general solution to
(5.27) can be written as (5.26), in which U € C¥*? is any matriz with
r(EpmU) =m, and W € CP*9 is arbitrary.
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Corollary 5.4 Let A € C™*P, B € C*™ and C € C™** be given, and denote
M =[Ex, Fg]. Then,

(a) The general solution to
AXB >0 (5.28)

can be written as
X = A"EyUU*Ey B+ W — ATAWBBT, (5.29)
where U € C™*™ aqnd W € CP*Y are arbitrary.
(b) There exists an X € CP*? such that
AXB >0 (5.30)

if and only if r(A) = r(B) = m. In this case, the general solution to
(5.30) can be written as (5.29), in which U € C1*Y is is any matriz with
r(EpU) =m, and W € CP*? is arbitrary.

6 General solutions to the inequality AxB+ (AXB)*>C

An extension of the matrix equation in (2.1) is given by
AXB+ (AXB)* =C, (6.1)

where A € C™*P, B € CT*™ and C' = C* € C™*"™ are given. This equation
was recently considered by Tian and Liu (2006) and the following result was
given.

Lemma 6.1 (Tian and Liu, 2006) Let G = [A, B*]| and H = [B*, A]*.
Then,

(a) There exists an X € CP*Y such that (6.1) holds if and only if

R(C) C A, B, r[j* ﬂ — 2r(A), r[g EH —2(B), (6.2)

or equivalently,
[A, B*][A, B*]'C = C, EACE.=0, FgCFg=0. (6.3)

Under (6.2), the general solution to (6.1) can be written as

1
X=(Z+2), (6.4)
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where Z1 and Zy are the general solutions of the equation AZ1B +
B*ZyA* = C. Written in an explicit form,

X = Xo+ [Ip, O]FGvEH [I(;I:| - [0, IP]EHV*Fg[?]
q
+W — ATAWBBT, (6.5)

where X is a special solution to (6.1), and V € CP+t)xe+a) gnd W e
CP*? are arbitrary.

There exists an X such that
AXB+ (AXB)"=CC* (6.6)
holds if and only if
H(C)CZ(A) and Z(C)C #Z(B*). (6.7)

Under (6.7), the general solution to (6.6) can be written as

X = %ATCC*BT +[1,, 0]FgVEgR [ﬂ —[0, I, ]JEgV*Fg L?J
+W — ATAWBBT, (6.8)
where Ve CrOx®+a) gnd W e CP*9 are arbitrary.
There exists an X such that
AXB+ (AXB)" =-CcC* (6.9)
holds if and only if
Z(C) CZ(A) and Z(C)C #Z(B*). (6.10)

Under (6.10), the general solution to (6.9) can be written as

1
X = —2ATCC*BT+[IpaO]FGVEH[IOq] -lo. I”]EHV*FG[IO]
q
+W — AT AW BBH, (6.11)

where Ve CrOx®+a) gnd W e CP*9 are arbitrary.
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A matrix inequality corresponding to (6.1) in Lowner partial ordering is
AXB+ (AXB)* > C. (6.12)
This inequality is equivalent to
AXB + (AXB)* =C +YY* (6.13)
for some Y. From Lemma 6.1(a), the equation is solvable for X if and only if

EyYY™® =—ENC, EAYY'Ey=—FEsCEy, FgYY*Fp = —FpCFp,
(6.14)
where M = [ A, B*]. However, we do not know how to solve YY* from this
system of equations for a general Hermitian matrix C', and therefore, we do
not know how to solve X in (6.12) for a general Hermitian matrix C. In this
section, we only consider a special case of (6.12):

AXB+ (AXB)" >CcC* (6.15)
and its variations.

Theorem 6.2 Let A € C™*P and B € C9*™ be given, and denote M =
[Ea, Fpl, G=[A, B*] and H = [ B*, A]*. Then,

(a) There exists an X € CP*1 that satisfies (6.15) if and only if (6.7) holds.
In this case, the general solution to (6.15) can be written as

X = %ATCC*BT + ATEyUU*Ey BT + [ 1, 0)FoV Eg [%]
—[0, I, |JEgV*Fg [? } +W — ATAWBBT, (6.16)
q

where U € C™*™_ and V € CPTOX@+0) gnd W e CPXY are arbitrary.
(b) There ezists an X that satisfies the following matriz inequality
AXB+ (AXB)" >CcC* (6.17)

if and only if r(A) = r(B) = m. In this case, the general solution to
(6.17) can be written as

X = ;ATCC*BT+ATUU*BT+[IP,O]FGvEH[I(;I]

~10, I,]ExV*Fg [ 0

I } +W — ATAWBBT, (6.18)
q

where U € C™™ s any matriz with r(U) = m, and V € CPta)xp+a)
and W € CP*1 qre arbitrary.
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(¢) There exists an X that satisfies
AXB + (AXB)* + CC* < 0 (6.19)

if and only if (6.7) holds. In this case, the general solution to (6.19) can
be written as

1
X = —ZATCC*BT—ATEMUU*EMBH[IP,O]FGVEH[ﬂ

~[0, I, |JExV* Fg [g] +W — ATAW BB, (6.20)

where U € C™*™ and V € CPTO*x®+9) gnd W € CP*9 are arbitrary.
(d) There exists an X that satisfies the following matriz inequality
AXB+ (AXB)*+CC* <0 (6.21)

if and only if r(A) = r(B) = m. In this case, the general solution to
(6.21) can be written as

1
X = —§ATC’C*BT — ATUU*BT + (1, 0]FgV Eg [ﬂ

—[0, I, |JExV*Fg [g] +W — ATAW BB, (6.22)

where U € C™™ s any matriz with r(U) = m, and and V €
CPta)x(P+a) gnd W e CP*9 are arbitrary.
Proof. Inequality (6.15) is equivalent to
AXB + (AXB) = CC* + YY* (6.23)

for some Y. From Lemma 2.5(b), the equation is solvable for X if and only if

EAYY* = —E40C*, FpYY* = —FpCC*, (6.24)
this is,
Ex «_ | BEaCCT
0] e [BaCCT] o9
From Lemma 2.5(b), (6.25) is solvable for YY™* if and only if
[EA}CC*[EA, Fp] <0,
Fp
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which is obviously equivalent to E4CC* = FgCC* = 0, i.e., (6.7) holds. In
this case, the general solution to (6.25) can be written as
YY* = (I, — [Ea, Fp)[Ea, Fg)\UU*(I,,, — [Ea, Fg][Ea, Fg]")
= EpyUUYE)y,

where U is an arbitrary matrix. Substituting the Y'Y™* into (6.23) gives
AXB+ (AXB)" =CC* + EyyUUYE)y,. (6.26)

From Lemma 6.1(b), the general solution to (6.26) is

1 1
X = 2ATCC’*BT+2ATEMUU*EMB*+[IP,O]FGvEH[%}

0

1

—[0, I, |ExV*Fg [
q

] + W — ATAWBBT,

establishing (6.16). It can be seen from (6.26) that (6.17) holds if and only if
r(EpmU) = m. Applying (1.15) gives
r(EpyU) =m —[Eq, Fgl=m —r(Ey) — r(AATFp)

AAT
B

=r(A)+r(B)—r[A, B*].

—r(A)—l—r(B)—r[

Hence r(E)U) = m if and only if r(A) = r(B) = m. In this case, Eyf = L,
and therefore (b) follows from (a). Replacing X with —X in (a) and (b) leads
to (c) and (d). O

Corollary 6.3 Let A € C™*™ and B € CP*™ be given, and denote M =
[Ea, Fl, G=[A, B*] and H = [ B*, A]*. Then,

(a) The general solution to
AXB+ (AXB)* >0 (6.27)

can be written as

X = ATE']\/[UU*E]]\/IBJr + [Ip, O]FGVEH |:I(;J:|

~[0, I, JExV* Fg [ 0 ] +W — ATAWBBY,  (6.28)

1y

where U € C™*™_ and V € CPTOX@+d) gnd W e CP*Y are arbitrary.
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(b)

There exists an X that satisfies the following matrix inequality
AXB+ (AXB)" >0 (6.29)

if and only if r(A) = r(B) = m. In this case, the general solution to
(6.29) can be written as

X = AWWU*B'+[I,, 0|FcVEgR {104]

—[0, I, |[ExgV*Fg [ 0

/ ] +W — ATAWBB!,  (6.30)
q

where U € C™™ s any matriz with r(U) = m, and V € CPta)x(P+9)
and W € CP*? are arbitrary.
The general solution to

AXB+ (AXB)* <0 (6.31)

can be written as

X = —ATEMUU*EMBT-}- [Ip,O]FGVEH[%]

1

-0, Ip]EHV*Fg[
q

0 } +W — ATAWBB',  (6.32)

where U € C™*m_ Ve Ctd*x®+a) gnd W e CP*4 are arbitrary.

There exists an X that satisfies the following matrix inequality
AXB+ (AXB)" <0 (6.33)

if and only if r(A) = r(B) = m. In this case, the general solution to
(6.33) can be written as

X = —-AUU*B'+[1,,0|FcVEy {ﬂ
~[0, I, |EgV*Fg “ﬂ +W — ATAWBBT, (6.34)

where U € C™™ s any matriz with r(U) = m, and V € CPTa)xp+a)
and W € CP*? are arbitrary.

31



7 Concluding remarks

We solved four types of matrix inequalities through generalized inverses of
matrices, and considered various special cases of the inequalities. The results
obtained can be used to characterize structures of unknown matrices satisfying
various matrix inequalities in Lowner partial ordering. On the other hand, we
believe the work in the paper will motivate further investigation to various
general matrix inequalities in Lowner partial ordering, such as,

(a) AX+YB>C for C=C*
(

b) AXA*+ BYB* > C for C' = C*.

)
)

(¢c) AXA*> B and CXC* > D for B= B* and D = D*.
)

(d) A: X > B, where A >0, B>0and A: X = A(A+ X)'X is the
parallel sum of A and X.
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