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Abstract

We study the asymptotic behavior of posterior distributions. We present
general posterior convergence rate theorems, which strengthen several
results on posterior convergence rates provided by Ghosal and Van der
Vaart (2000), Shen and Wasserman (2001) and Walker, Lijor and Prun-
ster (2007). Our main tools are the Hausdorff a-entropy introduced
by Xing and Ranneby (2008) and a new notion of prior concentration,
which is a slight improvement of the usual prior concentration provided
by Ghosal and Van der Vaart (2000). We apply our results to several
statistical models and obtain some improvements on current results in
these examples.
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1 Introduction

Recently, a major theoretical advance has occurred in the theory of Bayesian
consistency for infinite-dimensional models. Schwartz (1965) first proved that,
if the true density function is in the Kullback-Leibler support of the prior
distribution, then the sequence of posterior distributions accumulates in all
weak neighborhoods of the true density function. It is known that the con-
dition of positivity of prior mass on each Kullback-Leibler neighborhood in
Schwartz’s theorem is not a necessary condition. When one considers prob-
lems of density estimation, it is natural to ask for the strong consistency of
Bayesian procedures. Sufficient conditions for the strong Hellinger consistency
and for evaluating consistency rates have been currently developed by many
authors. In this paper we study the problem of determining whether the pos-
terior distributions accumulate in Hellinger neighborhoods of the true density
function. The rate of this convergence can be measured by the size of the
smallest shrinking Hellinger balls around the true density function on which
posterior masses tend to zero as the sample size increases to infinity. By the
fundamental works of Ghosal, Ghosh and Van der Vaart (2000) and Shen
and Wasserman (2001), we know that the convergence rate of posterior dis-
tributions is completely determined by two quantities: the rate of the metric
entropy and the prior concentration rate. Roughly speaking, the rate of the
metric entropy describes how large the model is, and the prior concentration
rate depends on prior masses near the true distribution. Since the true dis-
tribution is unknown, the later assumption actually requires that the prior
distribution spreads its mass ”uniformly” over the whole density space. An-
other elegant approach for determination of the convergence rate was provided
by Walker (2004), who obtained a sufficient condition for strong consistency
by using summability of square root of prior probability instead of the metric
entropy method. In this paper, in dealing with the rate of metric entropies we
shall apply the Hausdorff a-entropy introduced by Xing and Ranneby (2008),
which is much smaller than widely used metric entropies and the bracketing
entropy. For some important prior distributions of statistical models the Haus-
dorff a-entropies of all sieves are uniformly bounded, whereas it is generally
impossible to get uniform boundedness of metric entropies of large sieves. The
application of the Hausdorff a-entropy leads refinements of several theorems
on posterior convergence rates, for instance, the well known assumptions on
metric entropies and summability of square root of prior probability have been
weakened, which particularly yields that Theorem 5 of Ghosal et al. (2007b)
is strengthened into Corollary 3 of this paper. To handle the prior concentra-
tion rate, we shall apply a new notion of prior concentration. Our approach



is a slight improvement of the prior concentration provided by Ghosal et al.
(2000), and moreover the proof of Lemma 1 on which the approach bases is
quite simple. Finally, to get posterior convergence at the optimal rate 1//n,
we give an extension of Ghosal et al. (2000, Theorem 2.4), in which the
universal testing constant has been replaced by any fixed constant.

An outline of this paper is as follows. In Section 2 we define the Hausdorff
a-entropy with respect to a given prior and then present general theorems for
the determination of posterior convergence rates. We also give a new approach
to compute concentration rates. In Section 3 we apply our results to Bernstein
polynomial priors, priors based on uniform distribution, log spline models and
finite-dimensional models, which leads some improvements on known results
for these models. The proofs of the main results are contained in Section 4.

2 Notations and theorems

We consider a family of probability measures dominated by a o-finite measure
w in X, a Polish space endowed with a o-algebra X'. Let X1, Xo,..., X, stand
for an independent identically distributed (i.i.d.) sample of n random vari-
ables, taking values in X and having a common probability density function
fo with respect to the measure p. Denote by Fi® the infinite product distribu-
tion of the probability distribution Fj associated with fy. For two probability
densities f and g we denote the Hellinger distance

H(t.0) = ( [(VF@ - Vo) Vntas) )
and the Kullback-Leibler divergence

f(z)
g9(z)

Assume that the space F of probability density functions is separable with
respect to the Hellinger metric and that F is the Borel o-algebra of F. Given a
prior distribution IT on IF, the posterior distribution II,, is a random probability
measure with the following expression

K(f.9) = /X Fa)log 1% dn).

S 117X 11(dp)
0,0) = 1A 0 X ) = - D
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for all measurable subsets A C [F, where R, ( H {F(Xs)/fo(X;)} is the

likelihood ratio. In other words, the posterior dlstnbutlon II,, is the conditional
distribution of II given the observations X1, Xo, ..., X,. If the posterior distri-
bution II,, concentrates on arbitrarily small neighborhoods of the true density
function fy almost surely or in probability, then it is said to be consistent at fj
almost surely and in probability respectively. Throughout this paper, almost
sure convergence and convergence in probability should be understood as to
be with respect to the infinite product distribution Fj§* of Fp.

Our aim of this article is to present general theorems on posterior conver-
gence rates at fy. By the posterior convergence rate theorems of Ghosal et
al. (2000), we know that the prior concentration rate and the rate of metric
entropy both completely determine the convergence rate of posterior distribu-
tions. More specifically, a key inequality to determine almost sure convergence
rates of posterior distributions is that for each ¢ > 0,

/F Ro(F)II(df) > =37 T1( £ = H(for £)? 1o/ flloe < <2)

almost surely for all sufficiently large n, where ||g|| stands for the supremum
norm of the function g on X. This inequality was obtained by Ghosal et al.
(2000, Lemma 8.4) under mild assumptions. It appears almost in all of papers
handling strong convergence rates of posterior distributions. The reason is
that in order to get the convergence rate of posterior distributions one needs to
find a suitable lower bound for the denominator in the expression of posterior
distributions. This is successfully done in Ghosal et al. (2000), who suggested
that the prior II puts sufficiently amount of mass around the true density
function fy in the sense: II( f : H(fo, [)? || fo/flloc < &2) > e "¢ for some
fixed constant c. Such a sequence {£,} is referred to as the concentration rate
of the prior IT around fy. Here we give a slightly stronger result. We introduce
a modification of the Hellinger distance

o = (R VT + )

It is clear that the inequality ||fo/f|lcc > 1 holds for all density functions f
and fy such that the supremum is well-defined, and the quality holds if and
only if f = fp almost surely. Observe also that H.(fo, f) # H.(f, fo) and
372 H(fo, f) < H.(fo, f). Moreover, we have

H.(fo,f) < H(fo,f Hf folf +7H1/2
< H(fo,f) Hfo/le/4<Hf07 ) fo/ FI| L

1/2

A



which yields

{f€F:H(fo. /) <&} > {feF:H(fo, /) \||fo/f]|. <&}
> {feF:H(fo,)]|fo/fll,, <& }-

The following simple lemma shows that, for £, to be a prior concentration rate,
o =2 .
it is enough to assume H(Wgn) > e "*n % where we have used the notation

W. = {f €F: H.(fo,f) <e}.

Lemma 1. Let € > 0 and ¢ > 0. Then the inequality

2

F ([ Rahy @) < e 020 m(w) ) < e
F

holds for all n.

Lemma 1 provides a useful approach to compute prior concentration rates,
particularly for models in which rate of convergence is governed by the prior
concentration rate. It leads a simplification of the proof of Theorem 2.2 of
Ghosal et al. (2000). Furthermore, we shall present general posterior conver-
gence rate theorems in which the well known assumptions on metric entropies
and summability of square root of prior probability are also weakened. We
shall apply the Hausdorff a-entropy J(9,G, ) introduced by Xing and Ran-
neby (2008). Denote by L, the space of all nonnegative integrable functions
with the norm ||f||1 = [ f(2) p(dz). Write log0 = —oc.

Definition. Let « > 0 and G C F. For § > 0, the Hausdorff a-entropy
J(6,G, «) with respect to the prior distribution I is defined as

N
J(0,G,a) = log inf Z II(B;)“,
j=1

where the infimum is taken over all coverings {B1, Ba,...,Bn} of G, where
N may take the value 0o, such that each Bj is contained in some Hellinger

ball {f : H(f;, f) <} of radius 6 and center at f; € L,,.

Note that the infimum can be equivalently taken over all partitions
{P1,P,,...,Py} of G such that the Hellinger radius of each subset P; does
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not exceed §. It was proved in Xing et al.(2008, Lemma 1) that the Hausdorff
a-entropy J(6,G,a) is an increasing subadditive function of G and satisfies
J(0,G,a) <log N(6,G) for all & > 0, where N(J,G) stands for the minimal
number of Hellinger balls of radius § needed to cover G. For 0 < o < 1 and
each G C IF, we also obtained the following useful inequality

H(g)a < eJ(zS,g,a) < H(g)a N((;, g)lfa.

Our first result in this paper is the following general theorem on posterior
strong convergence rates. Denote

A.={f: H(fo,f) > ¢}.

Theorem 1. Let {&,}02, and {&,},2, be positive sequences such that
n min(s‘%, ?L) — 00 as n — oo. Suppose that there exist constants c1 >
0,c0>0,c3>0,0<a<1 anda sequence {Gn}22 of subsets on F such that

S e < oo and
(1) 2;20:1 eJ(a’n,gn,a)—néiq < o0,
2) Yopo, e BHsete) Az, \ G,) < oo,

(
(3) TI(f : Hu(fo, f) < &n ) > e mEncs,

3a+2acatacz+ci)
l—«a

Then for e, = max(&,,&,) and each r > 2 + \/2( , we have

11, (Aran) — 0 almost surely as n — oo.
As direct applications we have

Corollary 1. Let ¢ > 0, ¢ > 0, c3 > 0 and 0 < a < 1. Suppose that
{en}2 is a positive sequence satisfying y .- e < oo and suppose that
there exists a sequence {G,}5°, of subsets on F such that

(1) J(envgn,a) < ’I’LE?L c1,
(@) T(F\ G,) < ek (erten)

(3) TI(f : Hu(fo, f) S en ) > e nencs,

Then for each r > 2 + \/2(3a+20‘021tz63+61+62), we have that 11, (Arsn) — 0
almost surely as n — oo.



Proof. It is clear that all conditions of Theorem 1 are fulfilled if we let ¢, =
&n = €, and replace the c¢; in Theorem 1 by ¢; + ¢o of Corollary 1, and the
proof is complete. O

Corollary 1 extends Theorem 2.2 of Ghosal et al. (2000), in which they have
stronger conditions than (1) and (3) of Corollary 1. It is probably worth men-
tioning that for several important prior distributions of infinite-dimensional
statistical models, the quantities J(e,, G,, @) are uniformly bounded for all n
and hence condition (1) of Corollary 1 is trivially fulfilled, whereas general
metric entropies of the sieve G, grow to infinity as the sample size increases.
A slightly different version of Theorem 1 is the following consequence, which
is in fact an extension of Proposition 1 of Walker et al. (2007).

Corollary 2. Let {e,}5°, be a positive sequence such that ne2 — oo as
n — oo. Suppose that there exist constants ¢c; >0, co >0,¢c3>0,0<a< 1
and a sequence {U32,Gn;}oly with Gnj CF such that 72, e < 00 and

(1) 33 5% N(ens Guj) 0 TH(Goy)® =551 < 03
n=1 j=1

(2) Zl enen (3+3c2+cs) (A, \ U;?ilgnj) < 00,

(3) T(f : Hilfo, f) S en ) Z e mencs,

Then for eachr > 2+ \/2(3a+2a02+ac3+cl) , we have that I, (Amn) — 0 almost

11—«
surely as n — oo.

Proof. Let G, = U32,Gy;. We only need to verify condition (1) of Theorem 1
for such a sieve G,,. By Lemma 1 of Xing and Ranneby (2008) we have

o0 o0 o0
E :eJ(sn,gn,a)—nE%q < § :E :eJ(en,an,a)—nE%q
n—1 n=1j=1

0o oo
< ZZN(gnagnj)l_a H(gnj)a 6—7%5% 4l <« 0.

n=1 j=1
Corollary 2 then follows from Theorem 1. O

The assertion of Theorem 1 is an almost sure statement that the posterior
distributions outside a Hellinger ball with a multiple of ¢,, as radius converge



to zero almost surely. Now we give an in-probability assertion under weaker
conditions. Denote

V(f9) = /X () (10 ; E“f))z (de).

x)

Theorem 2. Let {&,}5°, and {&,}72, be positive sequences such that
n min(£2,82) — oo as n — oo. Suppose that there ewist constants ¢; > 0,

c2>0,0<a<1 and a sequence {G,}>>, of subsets on F such that
(1) J(€n,Gn,a) —nE%c; — —00, asn — oo,
(2) enén 2t I(As \ G,) — 0, asn — oo,
(3) TI(f : K(fo, f) < &3 and V(fo. f) < &}) = e "&ne2,

2(2a+aca+c1)

Then for e, = max(&,,&,) and each r > 2 + i~

, we have that

11, (Amn) — 0 in probability as n — oo.

Observe that the conditions (2) of Theorem 1 and Theorem 2 are only used
to ensure that II,,(Ac, \ Gn) — 0 as n — oo. So one can replace the conditions
(2) of these theorems by II,, (4., \ G,) — 0 as n — oo almost surely and in
probability respectively. Theorem 2 is an extended version of Theorem 2.1 of
Ghosal et al.(2001) and Theorem 1 of Walker et all.(2007). Furthermore, as
a consequence of Theorem 2 we obtain the following slight improvement of
Theorem 5 of Ghosal et al.(2007D).

Corollary 3. Let {,}22, be a positive sequence such that ne2 — oo as
n — 0o. Suppose that there exist constants c; > 0, co > 0,0 < a <1 and a
sequence {U32,Gn; 2y with Gn; CF. If

o0
(1) e ™ S N(ep, Gnj) *I(Gpj)® — 0,  as n — oo;
j=1

(2) enen (2+e2) (A, \ U;?ilgnj) — 0, asn — oo

(3) IL(f : K(fo, f) < €2 and V(fo, f) < €2) > e "=n 2,

then for each r > 2+ W, we have that 11, (Ar En) — 0 in probability

as n — oQ.



Proof. For G, = U372, Gy, by Lemma 1 of Xing and Ranneby (2008) we get

e )
eJ(an,gn,a)—'rL&:?l c1 < Z eJ(en,gnj,a)—ns% c1 < e—ns% c1 Z N(5n7 gnj)l—a H(gnj)a
Jj=1 J=1

which tends to zero as n — oo and condition (1) of Theorem 2 holds. Then
by Theorem 2 we conclude the proof. a

The above theorems cannot yield a convergence rate 1/+/n because of the
assumption ne2 — oco. Particularly, these theorems cannot well serve finite-
dimensional models. Ghosal et al. (2000, 2007a) have obtained a nice theorem

to handle such models. Denote

B ={f:K(fo,f) <& and V(fo, f) <.}

Now our result is

Theorem 3. Let {e,};>, be a positive sequence such that ne2 are uniformly
bounded away from zero, i.e., there exists a constant co > 0 such that ne2 > cg
11—«

Jor all n . Suppose that there exist constants 0 < o < 1, ¢ < g* and a
sequence {Gn}22 1 of subsets on F such that

(1) g™ — 0, asn— o,

(2) exp(J (55, {f € Gn : jeu < H(fo, ) < 2jen},0) ) < €90 TI(Bg)"
for all sufficiently large positive integers j and n.

Then for each r, — oo we have that I1, (ATn En) — 0 in probability as n — oo.

Remark. Here we adopt the convention that if the denominator of a quotient
equals zero then the numerator must also be zero. Hence, Theorem 3 is still
true even when II(B.2) = 0 for some n.

Corollary 4. Let {e,}5°, be a positive sequence such that ne2 are uniformly
bounded away from zero. Suppose that there exist constants c1, ca and a se-
quence {Gn}>2 | of subsets on F such that

(1) log N(j%, {f €Gn: jen < H(fo,f) <2jen}) < cinel for all integers j
and n large enough,



(2) €A \Gn)

T(B3) — 0, asn — oo,

EGn: jen<H(fo.f)<2jen)

T5,) < ec2i’nen for all large integers j and n.

(3)

Then for each r, — oo we have that 11, (Arn 6n) — 0 in probability as n — oo.

Corollary 4 is a slightly stronger version of Theorem 2.4 of Ghosal et al.
(2000). A notable improvement in Corollary 4 is that we have no restriction
on the constant cy, whereas their constant co equals half of some universal
testing constant.

Proof of Corollary 4. We only need to check condition (2) of Theorem 3. It
follows from Lemma 1 of Xing and Ranneby (2008) and conditions (1) and (3)
that

J(%,{f € Gn: jen < H(fo,f) < 2jen}, )
< alogIl(f € Gn: jen < H(fo, f) < 2jen)
- a) logN(%, {f €Gn: jen < H(fo, f) < 2jen})
< alog(ecsz"‘S%H(Bg%)) + (1 —a)eine,

(1— oz)cl)

= (g + 5 7*neZ + alogI(B.2).

] n
Taking a small « in (0,1) and then letting j be large enough, we have that
acy + L=9a < 1=¢ and hence condition (2) of Theorem 3 is fulfilled. The
proof of Corollary 4 is complete. O

We will conclude this section by presenting an analogue of Theorem 3,
which gives an almost sure assertion under stronger conditions.

Theorem 4. Let {€,}7° be a positive sequence such that there exists a con-
stant co > 0 such that ne? > co logn for all large n . Suppose that there erist
constants 0 < a <1, c1 < 11_—80‘, co > % and a sequence {G,}5° | of subsets on

F such that

&0 ns% (342¢9)
(1) e 2 (Aep\Gn) 00,

H(Wsn )
n=1



(2) exp(T(&e,{f € G+ jen < H(fo, ) < 2jen},0) ) < ead*h (WL, )
for all sufficiently large positive integers j and n.

Then for each r large enough we have that 11, (Amn) — 0 almost surely as
n — oo.

Completely following the proof of Corollary 4, we have the following con-
sequence of Theorem 4.

Corollary 5. Let {€,}5°, be a positive sequence such that there exists a con-
stant cg > 0 such that ne2 > cq logn for all large n . Suppose that there exist
constants c1, 2 > o, C3 and a sequence {G, 15, of subsets on F such that

(1) logN(JE" {f €Gn: jen < H(fo,[f) <2jen}) < cinel for all integers j
and n large enough,

o0 ne% (3+2¢2) 11 Ae. \Gn
n=1 n
II nijen<H s 2jen ; . .
(3) (feg JEH(_WE(J;O f)<aje ) < ecsi’ney, for all large integers j and n.

Then for each r large enough we have that 11, (Amn) — 0 almost surely as
n — oo.

3 Illustrations

In this section we apply our theorems to Bernstein polynomial priors, pri-
ors based on uniform distribution, log spline models and finite-dimensional
models. This leads some improvements on known results for these models.

3.1 Bernstein polynomial prior

A Bernstein polynomial prior is a probability measure on the space of con-
tinuous probability distribution functions on [0, 1]. Petrone (1999) introduced
the Bernstein polynomial prior II by putting a prior distribution on the class
of Bernstein densities in [0, 1] in the following way:

M?r

b(z;k, F) F(j/k)—F((j —1)/k)) B(x; 4,k —j + 1),

<.
Il
-

10



where ((x; a,b) stands for the beta density 5(z;a,b) = FF(%I:?(Z) 01— )b,
k has a distribution p(-), F' is a random distribution independent of p. In
other words, if B; stands for the set of all Bernstein densities of order j, then
II(-) = 3772, p(j) g, (+), where the probability measure Ilp; is the normal-
ized restriction of IT on B;. We refer to Petrone and Wasserman (2002) for
a detailed description of the Bernstein polynomial prior, in which consistency
of the posterior distribution for the Bernstein polynomial prior is discussed.
Rates of convergence have been established under suitable tail conditions on
p by Ghosal (2001) and Walker et al. (2007), where the convergence is under-
stood as convergence in F§°-probability. Ghosal (2001, Theorem 2.3) proved
that the prior concentration rate is (logn)/3/n!/3 and the entropy rate is
(logn)%/6 /n!/3 under the tail assumption p(j) ~ e~ for all j, which yields
the convergence rate (logn)®¢/n'/3. Walker et al. (2007) obtained the entropy
rate (logn)'/3/n'/3 under the lighter tail condition p(j) < e~%/1087 = (1/57)4
for all j, which leads the convergence rate (log n)l/ 3/ nl/3. In the following we
establish the entropy rate 1/nY under the tail condition p(j) < (1/57)% for all
j, where ¢y is any fixed positive constant and - is any fixed constant strictly
less than 1/2. Hence we also get the convergence rate (logn)'/3/n'/3 under
the weaker condition p(j) < (1/j7)%. This improves the result of Walker et
al. (2007).

From Ghosal (2001) it follows that there exists an absolute constant ¢ > 0
such that N(g,, Bj) < (¢/e,)? for all j. Given v < 1/2, choose G,,; = B, and
en = 1/n7. Take 0 < a < 1 such that v (2 +1/d) < 1 with d = ¢pa/(1 — ).
To verify condition (1) of Corollary 3, by p(j) < (1/j7)% we obtain that

o0

e N " N(en, By) ' O TI(B;)°
j=1

_me2
< e ne,ci

(]
/N
™
3 ‘“
N———
<.
=
|
L
B
<

J=1

a2
g e ne,ci

M8

( ccoa )j(lfa)

j=]. gn ] 11—«

< gt Z (%)j(l—a) n Z (%)j(l—a)7

1< <(2en)1/d J 3>(2en7)t/d

where the last sum on the right hand side tends to zero as n — oo. To
estimate the first term, note that for g(t) = (cn?/t?)* we have that ¢'(t) =
(en? /1)t (logen™/t4 — d) = 0 is equivalent to t = c/9y7/de~1. This implies

11



g9(9) < e1n”? for all 4, where d; stands for the constant de!/%e~!. Therefore,
by the inequality x < e® for z > 0 we get

efclnl_zv Z cn\ i(1—a)
jd
1<5<(2cn)1/d

< e—cln1*27 (2cn'y)1/d edl(l—a)n“f/d

< e—c1n1727+(21/dcl/d+d1—d1a)n7/d —0 as j — 0o
since 1 — 2y > ~/d, and hence condition (1) of Corollary 3 holds. Condition
(2) of Corollary 3 is trivially fulfilled and hence by Corollary 3 we obtain that
the entropy rate is at least 1/n? for any given v < 1/2.

3.2 Prior based on uniform distribution

Ghosal et al. (1997) established posterior consistency for prior distributions
based on uniform distributions of finite subsets. Priors based on discrete
uniform distributions were further studied in Ghosal et al. (2000), in which
they used the bracketing entropy as a tool to compute the convergence rate of
posterior distributions. As an application of Theorem 1, we now give a slight
extension. Given g, > 0, assume that there exist density functions fi,..., fn,
such that all sets {f : H.(f, f;) < 371/2¢,,} form a covering of F. Denote by
n the uniform discrete probability measure on the set {fi,..., fn, }. Define
a prior distribution II = Z;L a; iy for a given sequence a; with a; > 0 and
2eia; =1

Theorem 5. If log N, + logn + logi = O(ne?) as n — oo, then the

posterior distributions II,, converge almost surely at least at the rate €,, that
18, Hn(f : H(fo, f) > ran) — 0 as n — oo almost surely for any given
sufficiently large 7.

Proof. From logn = O(ne2) it follows that Y >, e™" en¢ < oo for all large ¢ >
0. For any f with H.(f, f;) <3712, we have H(f, f;) < 3Y2H.(f, f;) < en.
Hence we obtain that {f : H.(f,f;) <3 Y2e,} c {f: H(f,f;) < en} and
then J(g,,F,0) < log N,, = O(n¢e2), which implies condition (1) of Theorem
1. Condition (2) is trivially fulfilled. Condition (3) follows from the fact that
I(f : He(fo, f) < en) = T(f : Ha(fo, f) <37%,) > an/Ny > "R for
some ¢z > 0, since {f : H.(fo, f) < 37'/2¢,} contains at least some density
function of the set {fi,..., fn,}. The proof of Theorem 5 is complete. O

12



It seems to be unusual to find a covering of the density space with cov-
ering sets of type {f : H.(f, f;) < cen}. The most widely used norm for
continuous functions should be the supremum norm. In fact, one can eas-
ily construct a new covering U Af  Ho(f, fj) < cen} of Foin terms of a
given covering U; M Lf - IVF— \/gj |loo < &pn} with nonnegative bounded func-
tlons gj not necessarlly density funct1ons) as shown in the following: Take

(Vgj(x) + en) /fx Vgji(x) + en)? , where we assume that u

is a probablhty measure on X and ¢, < 1 for all n. Then for each f with

IVF = \/Gillee < n, that is, \/g;(x) — 0 < V/f(@) < \/g;(z) +n on X, we

have

f(2) = fz) i(x 2 T *(x 2 T
fi@ ~ (Va,@) + en)? /X< 9i(@) +en)” u(d >S/X( Fi(@) +2en)” p(de)

= 1—1—45721—1—45“/ fi(z) pldz) < (1+2¢,)%,
X

where f is some density function in {f : |[\/f — /Gjllc < en} and the last
inequality follows from ||v/fi||1 < ||v/f«|l2 = 1. This implies that

1

) < (50+260+5) HUf) <20 1))
< 2H(f, (g5 +en)?) +2H((\/g5 +n)% f)
< 45n+2<</X( gj(x)ﬁ—sn)zu(da:))é—l)
< den+2((1+2en) — 1) =8ey,.

Therefore, we have

Nn, Np,
U7 Ha(f g <8ea} D UA{S I~ gilloo < en} OF.

J=1 J=1

Observe that the numbers of covering subsets in both type coverings are equal.

For models with H,(f, g) controlled by a constant multiple of the Hellinger
metric H(f,g) such as the exponential family and a model with uniformly
bounded supremum norm ||f/g||s for all density functions f and g, it is
not necessary to assume that the probability measures pu, constructed above
concentrate on a finite number of points. Here we give an extension of Theorem
5. Let ¢g > 1 and F., be a subfamily of IF such that H.(f,g) < co H(f,g) for
all f,g € Fo,. Given &, > 0, let {P1,..., Pk, } be a partition of F., such that
for each P; there exists f; in Fo, with P, C {f : H(fi,f) < en/2¢cp}. Take
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any probability measure fi, on F., with f,(P;) = 1/K, for i = 1,2,..., K,.
Define then a prior distribution IT = Z;; aj f1; for a given sequence a; with
aj >0 and } 72, a; = 1. Now we have

Theorem 6. Let fo € F.,. If log K,, +logn + logi = O0(ne2) as n — oo,
then the posterior distributions II, converge at least at the rate e, almost
surely.

Proof. By the proof of Theorem 5, we only need to verify condition (3) of
Theorem 1. Take f;, € F., such that H(fo, fi,) < en/2¢o. Then, for all
f e Fe, with H(fio,f) < €n/200, we have that H*(fo,f) < ¢ H(f(],f) <
co H(fo, fiy) + co H(fiy, f) < en. Hence we get that II(f : H.(fo,f) < en) >
II(Py,) > an/Ky > e~ for some c3 > 0, and the proof of Theorem 6 is

complete. O

Observe that, given a covering {O1,0s,...,0g, } of F.,, one can easily
construct a partition {Pl,Pz,---,PKn} of F., in the following way: P, =
O1NF, and P; = (0; — UIZIP) NF,, fori=2,3,..., K,.

Ezample (Exponential families). We consider the exponential family of all
density functions of the form "), where the function h(z) belongs to a fixed
bounded subset in the Sobolev space CP[0,1] with p > 0. A subclass of this
family has been recently studied by Scricciolo (2006). Following a result of
Kolmogorov and Tihomirov (1959), we know that the e-entropy of this family
with respect to the norm || - ||oe equals O(¢~'/?). Thus, using the above
argument we get that log K,, = O(ne2) for e, = n?/(?*1) and hence by
Theorem 6 the posterior distributions constructed above converge at the rate
e, = n P/t which is known to be the optimal rate of convergence in the
minimax sense under the Hellinger loss.

3.3 Log spline models

Log spline models for density estimation have been studied, among others,
by Stone (1990) and Ghosal et al. (2000). Let [(k — 1)/Ky,k/Ky) with
k=1,2,..., K, be a partition of the interval [0,1). The space of splines of
order q relative to this partition is the set of all functions f : [0,1) — R such
that f is ¢ — 2 times continuously differentiable on [0, 1) and the restriction of
f on each [(k—1)/Ky,k/K,) is a polynomial of degree strictly less then g.

14



Let J, = ¢+ K,, — 1. This space of splines is a J,-dimensional vector space
with a B-spline basis Bj(z), Ba(x),..., By, (x), see Ghosal et al. (2000) for
the details of such a basis. Let I be the set of all density functions in C*|0, 1].
Assume that the true density function fy(z) is bounded away from zero and
infinity. We consider the J,,-dimensional exponential subfamily of C%[0, 1] of
the form

fo(z) = exp ( ié’ij(l“) —c(0) );
j=1

where 0 = (01,02,...,0;,) € Og = {(01,02,...,0;,) € RM : 37" 0, = 0}
and the constant ¢() is chosen such that fy(z) is a density function in [0, 1].
Each prior on ©g induces naturally a prior on F. Let ||f||cc = max;|6;| be
the infinity norm on ©g. Assume that a; n?/(t) < K, < ayn!/CotD) for
two fixed positive constants a; and as. Assume that the prior IT for Qg is
supported on [—M, M ]Jn for some M > 1 and has a density function with
respect to the Lebesgue measure on ©g, which is bounded below by a?{" and
above by aj". Take a constant d > 0 such that d||0|| < ||log fo(z)||eo for
all & € ©g. Ghosal et al. (2000, Theorem 4.5) proved that, if fo € C*[0,1]
with ¢ > a > 1/2 and || log fo(x)||cc < d M /2, the posteriors II,, converge in
probability at the rate n=®/(2+1) Using Corollary 5 we now get that under
the same assumptions as in Ghosal et al. (2000, Theorem 4.5), the posteriors
IT,, are in fact convergent almost surely at the rate g, = n=*/2a+D_ To see
this, take G, = F. Clearly, ne2 > logn for all large n. Condition (1) of
Corollary 5 has been verified by Ghosal et al. (2000) and condition (2) is
trivially fulfilled. Condition (3) follows also from the proof of Theorem 4.5 in

Ghosal et al. (2000), since the inequality H.(fo, fo) < H(fo, fo) Hfo/fGHZQ
holds for all 8 € Oy.

3.4 Finite-dimensional models

Let 3 > 0 and let © be a bounded subset in R? with the Euclidean norm || - ||.
Denote by F the family of all density functions fy with the parameter 8 in ©
satisfying

ay |61 — 02]|° < H(fo,, fo,) < V3 Hu(fo,, fo,) < az |6 — 0a]|°

for all 1, 02 € O, where a; and a9 are two fixed positive constants. Assume
that the true value 6y is in © and that the density function of the prior dis-
tribution IT with respect to the Lebesgue measure on © is uniformly bounded
away from zero and infinity. Under slightly weaker conditions, Ghosal et al.

15



(2000) proved that the posterior distributions II,, converge in probability at
the rate 1/y/n. Now we give an almost sure assertion for this model.

Theorem 7. Under the above assumptions, the posterior distributions II,
converge almost surely at least at the rate \/logn/\/n.

Proof. We shall apply Corollary 5 for G, = F. Clearly, ne? = logn for
en, = VIogn/y/n. Condition (1) has been verified in the proof of Theorem 5.1
of Ghosal et al.(2000). Condition (2) is trivially fulfilled. Using H.(fs,, fo) <
3712 ay |60 — 0]|°, we have that II(W.,) > T1(0 : [|0 — 69| < (v3en/az)/b).
Hence, the verification of condition (3) follows from the same lines as the proof
of Ghosal et al. (2000, Theorem 5) and then by Corollary 5 we conclude the
proof of Theorem 7. ]

4 Lemmas and Proofs

In this section we give proofs of our lemmas and theorems. For simplicity of
notations, we assume throughout this section that ¢, = &, = &,.

Proof of Lemma 1. It is no restriction to assume that H(Wg) > 0. Using

Jensen’s inequality for the convex function z~'/2 for > 0 and Chebyshev’s
inequality, we obtain that

Fe(( [ Ry < e 029 g
<re( [ Ranm@) <O )
- FgO( ene (3+e) < (H(Vlvs) /WE Rn(f)H(df))_é )

5 [ m )

§F5’°< nef (+e) <

I(w,
et L / )

— ¢ (3+9) H(vlva) /W(E J;?((;l)) )nH(df)-
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On the other hand, we have

fo(X1) L+ E V(X1) = /(X))

f(X1) f(X1)

V(@) = f@)
g /X 0 N (VFol@) = VF@) +VI@) ) Violw) n(da)

=14 [ (VA - Vi) Yo uas)

" /X (Jo(@) — V(@) fol@) ) pu(de)

=14 [ (V@) - Vi) ) Y2 i

+3 [ (V@ - V@) utdo)
X

=1t gH*(fo,f)Q < e MU0 < o3¢

2
Y

where the last inequality holds when f € W.. Hence we get

Fe ([ Rapman < e e mon))

1 3, .2 2
< e—ngQ(%—‘rc) - / e2 " TI(df) = e "¢ °.
B H(Ws) We

The proof of Lemma 1 is complete. |

In the proof of Theorem 1 we use the following Lemma, which is similar
to Lemma 5 of Barron et al. (1999).

Lemma 2. Letca > 0 andcg > 0. Let {e,}°2, be a positive sequence such that
I(W.,) > e "¢ for all n and 22:20:1 e " < oo, If a sequence {Dy}°°
of subsets in T satisfies Y o0 | ensn 3F32+e) [I(D,) < oo, then I, (Dy) — 0
almost surely as n — oo.
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Proof. From Chebyshev’s inequality and Fubini’s theorem it turns out that

e [ Ra(par) 2 ke |

< en&‘ (3+3ca2+c3) E Rn(f) H(df)
Dy,

= gneh (BHSertes) | ER.()1(df)

— en E% (3+3c2+c3) H(Dn)

for all n. Hence by the first Borel-Cantelli Lemma we get that

/ Rn(f) H(df) <e —ne2 (3+3ca+c3)

almost surely for all n large enough. On the other hand, Lemma 1 and the
first Borel-Cantelli Lemma yield that

/R df > H(W ) —ne2 (3+2¢2) > e—ns (34+2c2+4-c3)

almost surely for all n. Therefore, we obtain that with probability one,

fD df) e—ne% ca
Jr B df) ~ ’

which tends to zero as n — oo and the proof of Lemma 2 is complete. a

I, (Dn) =

Proof of Theorem 1. 1t is clear that if condition (1) holds for some a = ayp
then it also holds for any a > «g. So we may assume that 0 < a < 1. Given

r>24 \/ﬂgaﬁacﬁacﬁcl) we have

IL,(Are,) < Hp (G N Are,) + Hn(Ac, \ Gn).

It then follows from Lemma 2 that II,, (Agn \gn) — 0 almost surely as n — oo.
So it suffices to prove that I, (gnﬂAmn) — 0 almost surely as n — oco. By the
definition of J(&,, Gn, @), for each fixed n there exist functions f1, fa,..., fy in
L, such that G,NA,., C UN Bj, where Bj = G,NA,., N{f: H(f;, f) <en}
and Zj (B> < 26J(5" 9n:2) Tt is no restriction to assume that all the
sets B; are dlsJomt and nonempty. Taking a fF € B; we get that H (fj, fo) >
H( j*,fo) — H(f7, fj) = (r —1)en. Now for each B; we have

fB Ry ( ) (df feB; (Xky1)
/BRn(f)H H fB Ri(f)II(df) H fo(Xpg1)

J
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where fup, (¢) = [ £(@) Ri(£)TUdP)/ [, Ri(F)TI(Af) and Ro(f) = 1. The
function fxp; was mtroduced by Walker (2004) and can be considered as the
predictive density of f with a normalized posterior distribution, restricted on
the set Bj. Clearly, Jensen’s inequality yields that H(fxs;, f)? < &2 for each
k. Hence H(kaj,f()) > H(fj,fo) — H(fj,kaj) > (T‘ — 2) en, > 0. Since
Yo, e MR < o0, it turns out from Lemma 1 and the first Borel-Cantelli
Lemma that [p R,(f)IL(df) > e~nen (3+2e2) II(W,) almost surely for all n
large enough. Hence, by condition (3) we obtain that

N N
0 (G N Are,) < ([n(Gn N Are,))™ < (D Ta(B;) )™ <> T(By)°

N n—1 o N n—1

feB; (Xpt1) feB; (Xp41)
> ) T A S n)e T S
J= = j= =

(fF H(df)) : (H(Wsn) e*”5i(3+202)>a

a feB; (Xg41)”
< ena (834+2ca+c3) aZH H
= fo(Xps)*

2(3a+2ace+acs+c1)
Too , the

inequality (3+2co+c3) o < 5 (r—2)? (1—a)—c; holds. Take a constant b with
(3+2c2+c3)a <b< 3 (r—2)?(1—a)—ci. Denote Fy = o{X1, X, ..., Xg}.
Then we have

almost surely for all n large enough. Since r > 2 + \/

N

JrB, (Xit1)® 5
F { J > —nanb}
0 ; H Jo(Xp41)® =°
ne2 b al JkB; Xk+1
cosvp (S [T Aot
0(Xkg1)®

J=1
ne2b iHB <H ka Xk+1 >
= e n
— i) fo(Xk41)*
7j=1

S QeJ(Enyg’ny )+n8 b maX E(H ka XkJrl ),
fO Xk+1
where

e(THE2 ) - (T 2y [ 7))

k=0
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feB; (Xgg1)® fn-1B;(
(1L o( 20 #))

Jo(Xk+1)®
By the conditional Holder’s inequality we get that with probability one
18, (Xn)" n18,(Xn)? fao1m,(Xa)?
E< fn-1B,( a) £ 1>: (f 18, ( g) fn-1B,( g) ]__n_1>
fo(Xn) fo(Xn)2 fo(Xn)?
fum18,(Xn)® 5[ fmim,(X)3E
n—1B;\An T n—1B; 2 «a
< E< 1B, n)? fn—l) E( 18, (Xn)’ fn—1>
fO(Xn)im fo( )55
a 2—a
n—1B, (Xp)2—= R
:E<f 185 ( L J__nl) ‘
fo(Xn)2=2

%. Repeating the above procedure

Take an integer m with =~ < 2™
— 1 more times we obtain that with probability one,
2M(1—a)+a

n— ; Xn « n— . Xn 2m(1g0¢)+a ™
E( fo-15,(X0)" fn_l)SE(f 15, (Xn) 7 fn_l) o
Jo(Xn)® Fo(X,) 70w
which by the conditional Hélder’s inequality is less than
1 @
1. (Xn)2 Fm—T
E( w Fy )2
fO(Xn)§
- < /\/fn—lBj (Xn> fU(Xn) /U’(an)> o
H(fo-18;, fo)*\zw=t —2)2e2\ it
:<1_ (fn-1B, fo))2 1§(1_(r )%)2 T
2 2
S 6—2_77L (7- 2) n < 62(7’ 2) (Oé—l) n
Hence, with probability one, we have
(H feB; (Xky1) >Se§(7~2) a—1)e2 H fiB; (Xpg1)® .
fo(Xep)* fo(Xps1)™

Repeating the same argument n — 1 times, we obtain that for each 7,

(H fip; (Xk41) )<€;(7~_2)2(a—1)n52
fo(Xpr)* ) T
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Therefore, we have gotten that for all n,

{ZH H ka Xk+1 >€_n8%b}
oK) T

<9 eJ(sn,gn,a)Jrnen (b+§ (r—2)2 (afl))
<9 eJ(sn,Qn,a)fn €2 c1 ]

Thus, together with condition (1), the first Borel-Cantelli Lemma yields that
N
ZH H ka ch+1 < e*nfib
= (X)) T
almost surely for all n large enough. Hence we have
Hn(gn N Ape ) < Qenai (304—&-20[02—&—04(:3—1))7

which tends to zero as n — oo, since (3 4+ 2co + ¢3) @ < b and ne? — oo as
n — 00. The proof of Theorem 1 is complete. O

To prove Theorem 2, we need a replacement of Lemma 2 under weaker
conditions.

Lemma 3. Let c2 > 0 and let {e,}22, be a positive sequence such that
I(B:2) > e “nener for all n. If a sequence {Dp}2, of subsets in F satisfies

enen 2t I(D,) — 0 as n — oo, then IL,(D,) — 0 in probability as n — oo.

Proof. From Lemma 1 of Shen et al. (2001) or Lemma 8.1 of Ghosal et al.
(2000) it turns out that we have, with probability tending to 1,

fD df) na% (2+4c2)

1I,(D
R o b,

Ry (f) 1L(df).
Hence for any given § > 0 we have that

Fg{Tu(Dy) = 6} < Fgo{ensh o) [ Ry (n)TI(df) = 6} +o(1)

Dy,

ensn Gt gl R (F)TI(df) + o(1)
Dy,

enai (24c2) H(Dn) + 0(1) — 0, as n — oo,

IN
SIS
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which concludes the proof of Lemma 3. O

Proof of Theorem 2. Assume that 0 < a < 1. The proof of Theorem 2 follows
from the same lines as the proof of Theorem 1. By Lemma 3 it suffices to
prove that I, (gn NA, En) — 0 in probability as n — oo. For any given ¢ > 0,
following the proof of Theorem 1 we get

F(?O{Hn<gnmArsn) >6}

feB; (Xgy1)” }
< F® n(2te)a Ejn || >85+o(l
-0 { fo(Xni)e (1)

1 JrB; (Xk41)”
< Z ns (2+c2) H +o(l
<5 Z H &y oW
2 JiB; (Xg1)?
< Z (sn,gn,a)Jrns (2+c2) « 1
) € 11%:13\[ H f() Xk+1 +O( )
< §€J<an7gn,a>+na ((2e2) atd(r—2)2 (a—l)) +o(1)
< %ej(an’g"’o‘)_"ai “2+0(1)—0 as n — oo,
where the last inequality follows from r > 2 + % The proof of
Theorem 2 is complete. O

Proof of Theorem 3. Since I1,,(Ay,c,) < II, (gn N Arngn) + 11, (Aan \gn), it
suffices that the terms on the right hand side both tend to zero in probability.
Given § > 0, the proof of Lemma 3 implies that

eZna%H(AEn \ gn)
) H(BE%)

Fo {0, (A, \ Gn) = 6} < +o(1),

which by condition (1) tends to zero as n — oo. Assume that [r,] stands for
the largest integer less than or equal to r, and assume that D; = { fegn:
jen < H(fo, f) < 2jen} (Indeed, D; is an empty set for j > V2/e, since the
Hellinger distance cannot exceed V2 ). Then we have

Fe{l,(Gn N Ay,c,) =6} §F§°{ i I, (D;) 26}

< Fg°{ Z M, (Dj)* =6} < %E f: IL,(D;)° g% f: ETL,(D;).

j=lrn] j=lrn] j=lrn]
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Take a partition vazjl Dj; for each Dj; such that Dj; C {f: H(fj, f) < J%”}
for some fj; in L, and

N, .
ZH(D]-Z»)O‘ < 2exp (J(%,Dj,a)) < 9pc1i ney, H(BE%)O‘,

=1

where the last inequality follows from condition (2). Using the same argument
as the proof of Theorem 1, one can get H(fyp,,, fo) > jen/3 and hence we
have with probability tending to 1

00 N a
Fo{, (G N Aye,) > 6} < % > E ( ;Hn(Dji))

j=l[rn]
1 &

<< ) ) EIL (D)

j=lra) i1

62(177‘5zL o XN 12,2

(D;;)*etsd neg (a—1)
= (SH(B&Q)Q ;]Zl ( ) e18
J=|rn| =

J=[rn]
p— 1
<7
_5jzz[r:]—nsgl@a—}—cl]@—l—118j2(a—1))
3 > 1
<
5ne%j§[;n] clj2+1—18j2(1 @)

3 1 1
b (L]
dne2 (—a+ 5 (1—a)) Parl j—1 3

3

dneZ(—ea+&1—a)(r]—1)
which tends to zero as n — oo, since ne2 are uniformly bounded away from
zero and r, — oo, where the second inequality follows from « € (0,1), the
third from the proof of Theorem 1, the fifth from the elementary inequality
et < % for x > 0 and some of the inequalities only hold for all large n. Thus,
we have proved that II, (Qn N Arnsn) converges to zero in probability. The
proof of Theorem 3 is complete. g
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Proof of Theorem 4. From ne2 > cglogn and coez > 1 it turns out that
enene2 < 1 /n and hence, by the first Borel-Cantelli Lemma and Lemma
1, we obtain that

/ R (f) TL(df) > e~™=n 3+2) T1(W,, )
F

almost surely for all large n. Then, following the proofs of Lemma 3 and
Theorem 3, one can get that for any 6 > 0 and r > 1,

NGRS

5
Fgo{T (Are, ) 2 0} < Fgo{T(Ac, \ Gn) 2 5} + F5{TTn(Gn N Are, ) 2

}

92 ene% (3+2¢2) H(A \ G ) 4 00 ) 2, 1 .2
< En n = ne; ((34+2¢2)a+c1j°+ 75 j°(a—1)) = b, .
= SII(W.,) "3 2 ) o

7=[r]
Condition (1) yields that >2°°  a, < co. On the other hand, since ¢; < =&
n=1“n ’ 18 7

we have that for all n > 2 and for all r so large that (3+2c)a+(c1 +%5E) (r2—
1)< -2

_a’

—1
b, < LeTmTTTER el (ert ot

- § Pt § (1= emsalert )
4 o ((3+2e2)at(c1+%550) [12) 40 ((3+2¢2)a+(er+9550) (r2-1))
§ (1 — nolart*5)) : § (1 — 200l +95))
4n~2

§ (1 — 200ty

4 enen(3+2e2)a X2 y 4 enER ((3+2e2)at (14 %50) [112)

IN

and hence > | b, < co. Thus, by the first Borel-Cantelli Lemma we obtain
that II, (Aran) < ¢ almost surely for all large n, which concludes the proof of
Theorem 4. O

References

[1] Barron, A., Schervish, M., and Wasserman, L. (1999). The consistency
of posterior distributions in nonparametric problems. Ann. Statist. 27,
536-561.

[2] Ghosal, S. (2001). Convergence rates for density estimation with Bern-
stein polynomials. Ann. Statist. 29, 1264-1280.

24



3]

Ghosal, S., Ghosh, J.K., and Ramamoorthi, R.V. (1997). Non-informative
priors via sieves and packing numbers. In Advances in Statistical De-
cision Theory, S. Panchapakeshan and N.Balakrishnan (eds.), 129-140.
Birkhauser, Boston.

Ghosal, S., Ghosh, J.K., and Van der Vaart, A.W. (2000). Convergence
distributions. Ann. Statist. 28, 500-531.

Ghosal, S. and Van der Vaart, A.W. (2001).Entropies and rates of con-
vergence for maximum rates of posterior likelihood and Bayes estimation
for mixtures of normal densities. Ann. Statist. 29, 1233-1263.

Ghosal, S. and Van der Vaart, A.W. (2007a). Convergence rates of pos-
terior distributions for noniid observations. Ann. Statist. 35, 192-223.
Ghosal, S. and Van der Vaart,, A.W. (2007b). Posterior convergence rates
of Dirichlet mixtures at smooth densities. Ann. Statist. 35, 697-723.
Kolmogorov, A.N. and Tihomirov, V.M. (1959). e-entropy and e-capacity
of sets in function spaces. Uspekhi Mat. Nauk 14, 3-86 [in Russian; English
transl. Amer. Math. Soc. Transl. Ser. 2, 17, 277-364 (1961)].

Lijoi, A., Prunster, I., and Walker, S. (2007). On convergence rates for
nonparametric posterior distributions. Aust. N. Z. J. Stat. 49(3), 209-219.
Petrone, S. (1999). Random Bernstein polynomials. Scand. J. Statist. 26,
373-393.

Petrone, S. and Wasserman, L. (2002). Consistency of Bernstein polyno-
mial posteriors. J. Roy. Statist. Soc. Ser. B 64, 79-100.

Schwartz, L. (1965). On Bayes procedures. Z. Wahr. verw. Geb. 4, 10-26.
Scricciolo, C. (2006). Convergence rates for Bayesian density estimation
of infinite-dimensional exponential families. Ann. Statist. 34, 2897-2920.
Shen, X. and Wasserman, L. (2001). Rates of convergence of posterior
distributions. Ann. Statist. 29, 687-714.

Stone, C.J. (1990). Large-sample inference for log-spline models. Ann.
Statist. 18, 7T17-741.

Walker, S. (2004). New approaches to Bayesian consistency. Ann. Statist.
32, 2028-2043.

Walker, S., Lijoi, A., and Prunster, I. (2007). On rates of convergence for
posterior distributions in infinite-dimensional models. Ann. Statist. 35,
738-746.

Xing, Y. and Ranneby, B. (2008). Sufficient conditions for Bayesian con-
sistency. Research Report 2008:6, Centre of Biostochastics, Swedish Uni-
versity of Agricultural Sciences.

25



