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Abstract

We study the rate of Bayesian consistency for hierarchical priors con-
sisting of prior weights on a model index set and a prior on a density
model for each choice of model index. Ghosal, Lember and van der
Vaart (2008) have obtained general in-probability theorems on the rate
of convergence of the resulting posterior distributions. We extend their
results to almost sure assertions. As an application we study log spline
densities with a finite number of models and obtain that the Bayes pro-
cedure achieves the optimal minimax rate n="/ (271 of convergence if
the true density of the observations belongs to the Holder space C7[0, 1].
This disconfirms the conjecture given by Ghosal, Lember and van der
Vaart (2003). We also study consistency of posterior distributions of the
model index and give conditions ensuring that the posterior distributions
concentrate their masses near the index of the best model.
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1 Introduction

Selection of models plays a key role in theory of density estimation. Given
a collection of models, from the Bayesian point of view it is natural to put
a prior on model index and let the resulting posteriors determine a correct
model. A rate-adaptive posterior achieves the rate of convergence provided by
the best single model from the collection. This paper handles adaptation for
density estimation within the Bayesian framework. Suppose that we observe
a random sample X1, Xo, ..., X, generated from a probability distribution Py
with a density function fy with respect to some dominated o-finite measure on
a measurable space X. Let I,, denote an at most countable index set for each
positive integer n. For v € I,,, P, stands for a subset of the density space
F equipped with a o-field such that the mapping (x, f) — f(x) is measurable
relative to the product o-field on X x P, . Let II, , be a probability measure
on P, and let {)\nﬁ : v € I,} be a discrete probability measure on I,,. One
can therefore define an overall prior II, with support on U ¢z, Pny C F by

I, = Z Ay Ty
vyl

The corresponding posterior distribution Hn(- ‘ X1, Xo, ..., Xn) is a random
probability measure with the expression

Lo TLICOAD) ey, gap)

HH(A|X1,X2,...,Xn): - _
Ja 170X T (df) Jo B (f) I (df)

Zye]n )‘n,v an,yﬁA Rn(f) Hnﬁ(df)
S rer, Ao o, RalF) T (dF)

for all measurable subsets A C F, where R, (f) = [T{f(Xi)/fo(Xi)} denotes
=1

7

the likelihood ratio. The posterior distribution Hn(- | X1, Xo,... ,Xn) is said
to be consistent almost surely (or in probability) at a rate at least &, if there
exists a constant r > 0 such that Hn(f 2 d(f, fo) = ren ‘ X1, Xo,..., Xn) — 0
almost surely (or in probability) as n — oo, where d is a distance on the density
space F. Throughout this paper, we assume that d is bounded above by the
Hellinger distance and d(f, fo)® is a convex function of f for some positive
constant s. Almost sure convergence and convergence in probability should
be understood as to be with respect to the infinite product distribution £
of the true distribution Fj.



The purpose is to deal with the following problem: assume that for a given
density fo there exists a best model P, g, equipped with a prior II,, g, such
that the optimal posterior rate is €, ,. Find conditions ensuring that the
posterior distributions of the hierarchical prior 1L, achieve the same rate of
convergence as we only use the best single model 1I,, 5, for this fp. Ghosal
et al. (2003, 2008) have studied adaptation to general models and obtained
in-probability results on convergence rate. See also Huang (2004) and Lember
and van der Vaart (2007) for related work on Bayesian adaptation. When
applying to log spline density models, Theorem 2.1 of Ghosal et al. (2008)
leads to adaptation up to a logarithmic factor. It was shown in Ghosal et al.
(2008) that the additional logarithmic factor in the convergence rate can be
removed by choosing special prior weights A, , when I,, are finite sets or the
priors II,, , are discrete.

Our main goal in present paper is to extend work of Ghosal et al. (2008)
and establish the corresponding almost sure assertions. With an application
of our theorems to log spline densities with finite many models, we successfully
take away the logarithmic factor without any additional assumption on prior
weights A\, , and hence for a true density in C7[0, 1] the posteriors attain the
optimal rate of convergence in the minimax sense, which is well known to
be n~7/ (71 This strengthens Theorem 5.2 in Ghosal et al. (2008) and
disconfirms the conjecture given in Ghosal et al. (2003), in which it was
conjectured that to remove the logarithmic factor altogether it is necessary to
use more involved priors. A related problem is model selection, for which we
establish an almost sure result on consistency of posterior distributions of the
model index.

2 Notations

We shall use the Hellinger distance H(f, g) = |[v/f —/g||2 and its modification

H.(£,9) = ||(VT = V@) G £+ 5) 2|, where [ £1ly = (S |F @) () "
Observe that H.(f,g) # H«(g, f), see Xing (2008) for properties of H.(f,g).
Denote

Wn,v(E) = {f € Py H.(fo, f) < 5}7
Any(€) = {f € Pnyt d(fo, ) < e}

Let L, be the space of all nonnegative integrable functions with the norm
[|f]l1. Write log0 = —oo and 0/0 = 0. In order to measure complexity
of models, we shall adopt the Hausdorff a-entropy introduced by Xing and
Ranneby (2008).



Definition. Let « > 0 and G C F. For § > 0, the Hausdorff a-entropy
J(6,G,a,11,d) of the set G relative to the prior distribution I1 and the distance
d is defined as

N
J(5,G,,T1,d) = log inf ) TI(B;)*,
j=1

where the infimum is taken over all coverings {B1, Ba,...,Bn} of G, where
N may take the value oo, such that each Bj is contained in some ball {f :

d(f, f;) <6} of radius 6 and center at f; € L,,.

Let N(4,3, d) be the minimal number of balls of radius § relative to the
distance d needed to cover G C F. For any 0 < a < 1 and G C F, it was proved
in Xing and Ranneby (2008) that

eJ((S,g,a,H,d) < H(g)a N((g’ g, d)l_a < N((S, g, d)

The notation a < b means that a < Cb for some positive constant C' which
is universal or fixed in the proof. Write a ~ b if a < b and b < a. For a
measure P and an integrable function f on X, we write P f for the integral of
f on X with respect to P.

3 Adaptation and model selection

Denote by €, the usual optimal convergence rate of posteriors by using the
single model P, with the prior II, ,. We shall use a partition I,, = I}L + I%
with

I}l ={yel,:eny < \/ﬁanﬂn} and I,% ={yel,:eny> \/Efnﬂn},

where H is a fixed constant > 1.

Theorem 1. Suppose that there exist positive constants H > 1,E., i,
G,J,L,C and 0 < o < 1 such that 1 — a > 18al, nei’ﬁn > (1+ é)logn,
Sup,er1 E.Ys,%ﬁ < Ge%ﬁn, sup ez Ey < G and Z’Yeln Py = O(eJnE?l«ﬁn). Let

r be a constant with r > IS(CJFIJ_T)ETSSKZFMC) + vV H + 1 such that

(1) N(%, Apy(2¢), d) < eBmeny for all v€l,and e > gy,

2

Any iy ( An v (Gen ; .
(2) Ty (Ans (G5n.)) < fin €70 for ally € 12 and j > 7,

An,ﬁn H"75n (Wnﬁﬁn (a'nwﬁn ))




LjQHEiﬁn

(3) Any iy (An,'y(jenyﬂn))

for ally € I! and j > r
An,ﬁn Hnyﬁn (Wn,ﬁn (En,ﬁn)) " ’

< pPngye

2
e(3+20)nan”@n

(4) § Z )‘n,WHnN(Ann/(TEn,W))

< Q.
n=1 76[721 )\nyﬁn Hn»ﬂn (Wnyﬁn (E’ﬂqﬁn))

Then
Hn(f d(faf()) > TEn, By, |X1aX27"'7XTL) —0

almost surely as n — oc.

Clearly, it is enough to assume that all inequalities in Theorem 1 hold
for all sufficiently large n. Note also that, together with Fatou Lemma, the
assertion of the almost sure convergence of Theorem 1 implies that

limsup Pg°IL, (f : d(f, fo) = reng, | X1, X2,..., Xn)

n—o0

< F5° limsupHn(f 2 d(f, fo) > reng, ’Xl,Xg, e ,Xn) =0,
n—oo
which yields that PgeIL,(f : d(f, fo) > rens, | X1, X2,..., X)) — 0, or
equivalently, IL,(f : d(f, fo) > reng, ‘Xl,XQ,...,Xn) — 0 in probability.
This result was proved in Ghosal et al. (2008).

As a direct consequence of Theorem 1, we have

Corollary 1. Suppose that there exist positive constants H > 1,E., i ~,

G,J,L,C,F and 0 < a < 1 such that 1 — a > 18aL, ne%ﬁn > (1+ %)logn,
Sup,eg B2 < G€2,ﬁn’ Supyer2 By < G and 30 op pin = O(e‘]’wi,@n), Let

n:’y - n

r be a constant such that r > 18(C+1{+OE§>§;20{C) +vVH+1 and

(1) N(5,Any(2¢),d) < eBrmna for all v€I, and € > &5,

(2) /\)\nﬁ; < Hny 6(L7F)n(€%”v£’2lﬁn) for all ~ € I,

3) % ;ng Hn,’y(An,’y(Tgn;y)) _ O(@—(3+30+F)naiﬁn)’
yerz "M

_ 2
(4) Mo, (Wag, (eng,)) =€ ",

Then
IL,(f : d(f, fo) = reng, | X1,X2,...,X,) — 0

almost surely as n — oc.



Condition (3) of Theorem 1 leads adaptation up to a logarithmic factor
for log spline density models, see Ghosal et al. (2008) for the correspond-
ing in-probability assertion. The following theorem is useful to remove the
logarithmic factor in some cases.

Theorem 2. Theorem 1 holds for r > 18(C+J1tit3fé§;2acm +VH+1 if

the condition (3) of Theorem 1 is replaced by the condition that there exists a
constant K > 1 independent of n, v, j such that

(3/) Iy, (An,“/(jgnﬁn))

sznsfl’[3
M,y (Wn,v(KEn,Bn))

n for ally € I} and j > r.

< Hnpy €

Now we consider the rate of convergence of posterior distributions of the
index parameter . Given a subset I of I,,, Ghosal et al. (2008) introduced
the posteriors

Ser Ansy Jp,, Ralf) s (df)
S en Mier T Bl 1) o (0F)

Clearly, the result of Theorem 1 implies that

IL, (I | X1, X2,...,Xp) =

Hn(7 cl,: d(fo,lpn;y) > T€n,Bn

X1, Xz,...,X,) — 0

almost surely as n — oo. Moreover, we have

Theorem 3. Under the same assumptions of Theorem 1, we have that
I, (17| X1, X2,..., X,) — 0

almost surely as n — oo. If furthermore for I3 = {y € I, : VHen < €ng, }
we have that

io: Z )\n,’y Hn,'y (An,'y (Tgn,ﬁn)) €(3+20)n5%’ﬁn
n=1 'YEI% Anvﬁn anﬁn (anﬁn (Enyﬁn))

< 00,

then

1
Hn (’Y € In : ﬁsnvﬁn < Enyy < \/ﬁgnyﬂn

almost surely as n — oc.

X1, Xs,...,X,) — 11



Since H is an arbitrarily given constant bigger than 1, Theorem 3 states
that the posterior distributions of model index concentrate their masses on
the indices of those models which have approximately the same convergence
rate as the correct rate €, g,. This implies that the posteriors automatically
choose the right model. In this sense Theorem 3 can be considered as a general
convergence theorem on posterior distributions of model index.

In the situation that there are only two models, one can use the Bayes
factor to describe behavior of the posterior of the model index, see Ghosal et
al. (2008). Denote by BF,, the Bayes factor, that is,

>\n,2 fpng Rn(f) Hn,?(df) . Hn({2} | X1, Xo, ... ,Xn)

FBn = A1 f%1 Ry (N pa(df) T, ({1}] X1, Xo, ..o, X))

Corollary 2. Suppose that condition (1) of Theorem 1 holds and that €, 1 >
en2 > /(1 +1/C)(ogn)/n for alln and some C' > 0. Letr > 700(20+G+
2).

() 1 T2 (Wa(en2)) = €75, FTn (Ana(ren)) = (e HH075%52)

and 5 AnL S < enen1 , then BF,, — oo almost surely.

(ii) If 1L, 1(Wn 1(5n 1)) > eim':2 1, )\”i 11, (An,Z(Ten,l)) — O(e*(4+30)n€%’1)

and 5 A2 o onen ) , then BF,, — 0 almost surely.

Proof. Take H=J =F =1, L =2 and a = 1/38. Then 1 — o > 18«L.
(i) Let 3, = 2. Then I! = {2} and I? = {1}. It follows then from the

first assertion of Theorem 3 that the denominator of the Bayes factor
BF,, tends to zero almost surely as n — oo and hence BF,, — co almost
surely.

(ii) Let B, = 1. Then I} = {1, 2}, I? = () and I3 = {2}. It follows then
from the second assertion of Theorem 3 that the numerator of the Bayes
factor BF), tends to zero almost surely as n — oo and hence BF,, — 0
almost surely. The proof of Corollary 2 is complete.



4 Log spline density models

Log spline density models were introduced by Stone (1990) in his study of
sieved maximum likelihood estimators, and were developed by Ghosal et al.
(2000) to Bayesian estimators. Assume that [(k — 1)/Ky, k/Ky) with k =
1,2,..., K, is a given partition of the half open interval [0,1). The space
of splines of order ¢ relative to this partition is the set of all functions f :
[0,1] — R such that f is ¢ — 2 times continuously differentiable on [0, 1) and
the restriction of f on each [(k — 1)/Kp,k/Ky) is a polynomial of degree
strictly less then g. Given v > 0, denote .J, , = ¢ + K, — 1 where ¢ is a fixed
constant > . The space of splines is a J, ,-dimensional vector space with
a basis Bi(z), B2(x), ..., By, (r) of B-splines, which is a uniformly bounded
nonnegative function supported on some interval of length ¢/K,,, see Ghosal
et al. (2000) for the details of such a B-spline basis.

Assume throughout that the true density fo(z) := fg,(z) is bounded away
from zero and infinity in [0, 1]. We consider the .J, ,-dimensional exponential
subfamily of C7|0, 1] of the form

JIny

folw) = exp (D 0;B;(x) - c(6) ).

Jj=1

where 0 = (01,02,...,05, ) € O = {(01,0s,...,05,) € R - 377 0, = 0}
and the constant ¢(6) is chosen such that fyp(x) is a density in [0,1]. Each
prior ﬁnﬁ on Og induces naturally a prior II,, on the density set P, , :=
{fo(x) : 6 € Og}. Assume that J,, ~ K, ~ n'/*1) and assume that the
prior II,  for ©g is supported on [—M, M]7nv for some M > 1 and has a
density function with respect to the Lebesgue measure, which is bounded on
[~ M, M”77 below by d’» and above by D7»7 for two fixed constants d and

D with 0 < d < D < co. Wiite [0}, = (377 16;17)"/" and ||fo()|l, =

(ffg(:v)pdx)l/p for 1 < p < oco. Take constants C; > C; > 0 such that
C10]]oo < ||10g fo(x)]|oo < C1||0]|oc for all 8 € O, see Lemma 7.3 in Ghosal
et al. (2008) for existence of C; and Cj. Hence e M < fy(z) < &M
for all 8 € ©¢ with ||0||cc < M. Ghosal et al. (2000, Theorem 4.5) proved
that, if fo € C7[0,1] with ¢ > v > 1/2 and ||log fo(2)||cc < C; M/2, the
posteriors are consistent in probability at the rate n=/ 7+t This result
has been strengthened by Xing (2008) to the almost sure consistency of the
posteriors.

For given priors II,, , on densities and a discrete prior {\, ,} on regularity
parameters v, we get an overall prior II,, on densities as before. Under mild



conditions, Ghosal et al. (2008) obtained an in-probability theorem on adapta-
tion up to a logarithmic factor for the posteriors. They also showed in Ghosal
et al. (2003, 2008) that the logarithmic factor can be removed by choosing
special prior weights A, , either when I, are finite sets or when all the priors
II,, 5 are discrete. Now, for finite index sets I,,, we can now take away the
logarithmic factor without any additional assumption on prior weights A, ,
and our result moreover is an almost sure statement.

Following Ghosal et al. (2008), we consider prior weights A, , = A, > 0
for all n and v € I, := {y € QT : v > v}, where v; is a known positive
constant strictly bigger than 1/2. Now we prove

Theorem 4. Let I, = {y1,72,..., 78} and ep = n~ V7D for all vy € T,,.
If fo € CP[0,1] with some B € I,, and ||log fo(z)||ee < Cy M, then for all large
constants r,

Hn{f@ : ||f9 - f0||2 > TSn,B’Xla-” 7Xn} — 0

almost surely as n — oo.

Proof. We shall apply Theorem 2 for the Hellinger distance to the proof.
Observe first that neiﬁ = pl/(26+1) > (1 41/C)logn when n is large enough
and C' = 1. Take p, » = Ay /Ag. Conditions (1) of Theorem 2 has been verified
in Ghosal et al. (2008). Denote

@O,M = {06@0: ||0||00§M},
Cyo.(€) = {fo:H(fo,fo) <eand b €Oy},
Wy, . (€) {fo: Hi(fo, fo) < e and 6 € Ogp}.

Since fo/fp are uniformly bounded above by e(C1+C)M

e~ (C1H+CIM for a1l 6 € ©o,0, we have

and below by

Wi, ,(e/B) C Cy, () €Wy, (Be)

for B = e(C1+C1)M/2, Hence, applying Lemma 7.6 and Lemma 7.8 inﬁGhosal
et al. (2008), one can find four positive constants A;, A,, A; and Ay such
that for all large n and all € > 0,

Hnﬁ(Can(&)) < ﬁnﬂ(tg S @O,M : ||9 — GJnNHQ < Al\/Jn,'ye)

< (Agy/Tnye)™™



and

o 5(Wi, 5(enp)) > Tap(0€Oonr: (|0 —0,, ,ll2 < A1/ Jnpens)

Z (ZQ V Jn,ﬁ 571,,8)‘]“’67

where ﬁnﬂ is the corresponding prior of II, , and 67,  minimizes the map
6 — H(fy, fo) over Og . In fact, Lemma 7.6 of Ghosal et al. (2008) yields
the first inequality for 0 < e < 1/A,. However, since ||0||oc < M for § € ©g n
and J,, , — 00 as n — 00, the inequality holds even for all e > 1/A; and large
n. It then follows from \/Jy 5 éeny ~ nl/2@v+1) =7/ (2r+1) = (1-29)/2(2y+1)
for all v € I,, and hence for v = 3 that

_1-29 \Jnn
] i 2027 +1
My (Co.s (GEn)) < <A2]n e )) —
oW ns) ~ (Gt ) 7

1—2~)Jn 26—1)J, — )
exp ((( 2(2311)’” + ( §2B2ﬁ-1),ﬁ) logn + J,,log Ay — Jp glog As + Jp, logj).

Now, for v € I? we have that Enny > VHep g > €, 3 which implies v < 3
and J,, 2 H Jy 3. Therefore, using 4(12_73]1) < 412_;111) < 0fory >~y >1/2
we get that for large n the exponent in the right hand side of the last equality

does not exceed a constant multiple of the following sum

1—2¢  26-1 1 .
gy 1 — o |
sy 0g”(4(2y+1) + (25+1)H) +Jnylog]

1— 2~ 1 .
< JpAl <7 —) Jp~l
= <y 08T 42y 4+ 1) * H +Iny 08
1—2")/1

527 +1)

2
n,y?

< Jn~logn + Juylogj < Jpqlogg < Lj*ne
where L is any given positive constant, the second inequality holds for a large
constant H depending only on 71, and the last inequality follows from .J,, , ~
ne’  and j > r with a large 7. Hence we have verified condition (2).

Similarly, since nai7 JH > nE?L g forvy e I2, we have that for some M; > 0
and large H, My > 0,



2
Ay Il y CJn S (ren w)) el 2mens
A g (Wi, 5(en5))

>y

n=Mo> 'y612

271 log r 5 2
Z Z ’Y J’ﬂ'leg'n, 5(271+1)+10gn)+ﬁnenﬂ

n= szeﬂ
Z Z fy nsn,yloganm—&- nsnW
A8
n= MZ’YEIz
Z Z 7 nan,ylogannhl_H)
n= M2'y€12
E E ’Y —210gn_ § :
- )\ n2 o
n— Mg'yeln n=>Mo> s

which yields condition (4) for C' = 1. Finally, observe that &, < VHepg,
for all v € I'. Since I' contains at most finitely many indices and E€n,y 1s the
convergence rate of the model P, , for fq, there exists a constant K7 > 1 such
that I, (Cy,  (Kigng)) > 0 for all v € I} and all large n. It then follows
from W, (¢/B) C Cy, (e) C Wy, (Be) and Lemma 7.6 in Ghosal et al.
(2008) that for a large K > K1, A3 and As,

Hnﬁ(c{]n"y(jgn’ﬂ)) < (A3‘7 \/f"ygnﬁ)hﬂY < eJn,’Y 1og% < eLj2n€3m
M (W (K200)) ™ (83 K )™ -

for all large j and any given L > 0 which yields condition (3), and therefore by
Theorem 2 we obtain the required convergence with respect to the Hellinger
metric, which in our case is stronger than the convergence with respect to the
metric || - ||, since densities fy are uniformly bounded for all § € ©¢ ;. The
proof of Theorem 4 is complete. a

For general countable index sets I,,, Theorem 1 yields adaptation up to a
logarithmic factor.

Theorem 5. Assume that 3 .; A§ < oo for some 0 < a < 1. Let eny =
n=Y/ @) Slogn for all v € I,. If fo € CP[0,1] with some 3 € I, and
[|1og fo(x)||leo < Cy M, then for all large constants r,

Hn{f9 : er - fOH2 > Tgn,ﬁ‘Xlw-- 7Xn} — 0

almost surely as n — oo.

10



Proof. Completely repeating the proof of Theorem 4, we obtain the con-
ditions (1), (2) and (4) of Theorem 1. To see condition (3), note that
Eny < \/ﬁenﬁ for v € I} and hence Jnylogn S ns?w < Hnsiﬁ. Since

_1 B
/Iy Enpg = n2@+D 2641 for all 7, the proof of Theorem 4 yields that for
some sufficiently large H and all large n,

Hny’Y(Can(jEnﬂ)) < (AQ] V Jna’)’ Enaﬁ)JmV < (4 P JIn, B In,

I p— Jn2@ D )T (2841
H"vﬁ (WJn,ﬁ (En,ﬂ)) (A2 \/m En,ﬁ) Inp ( ) ( )

) . o o
< (] n)Jn,Wanﬁ _ eJnﬁ log j+(Jn,~+Jpn,g) logn < eL] ne; s

for all large j and any given L > 0 which yields condition (3), and hence by
Theorem 1 we conclude the proof of Theorem 5. a

5 Appendix

We need a lemma which is essentially given in the proof of Theorem 1 of Xing
(2008).

Lemma 1. Let 0 < a <1, G C F and D, = {f € G : d(f, fo) > re} with
r>2 and e > 0. Then we have

E ( / Rn(f)n(dﬂ)a < I EDroa L+ 32 (=2 ne?,

Proof of Lemma 1. Since E fDrs Ro(f)I(df) = H(Dy:) < 1, it suffices to
prove the lemma for 0 < a < 1. Given a constant ¢ > 1, by the defini-
tion of J(e, Dye, o, II,d) there exist functions fi, fa,..., fy in L, such that
Dr. € UYL, Bj, where B; = Dy N {f : d(f;, f) < e} and Y}, TI(B;)* <
¢ e/ (&Dreld) By ghrinking B; if necessary, we may assume that all the
sets B, are disjoint and nonempty. Taking some g; € B; we get that

d(fj, fo) > d(g;, fo) — d(gj, fj) = (r — 1) e. Write

feB; (Xky1)
/B Bl Tl H AR
where fip,(z) = fB f)Hn(df)/fBj Ri(f)I1,(df) and Ro(f) = 1.

The function fk B; Was 1ntroduced by Walker (2004) and can be considered as

11



the predictive density of f with a normalized posterior distribution, restricted
on the set B;. So we have

E( [ Ru(Hu@n)” < im (H ﬁ}f X)::l >
j=1

Dye

JeB; (Xpq1)®
< gbe‘](a’Dmo"Hd max E( .
H fo(Xpa1)>

Since d(f, fj)° is a convex function of f and d(f, fj) < e, Jensen’s inequality
implies have d(fxp,,f;) < € for all k and hence d(fyp;, fo) > d(fj, fo) —

d(fj, fxp;) = (r—2)e. Using d(fxs,, fo) < H(fks,, fo) and following the same
lines as the proof of Theorem 1 in Xing (2008), one can get that

([ Ra(f)T)" < elPree it s 2,

which by the arbitrariness of ¢ > 1 concludes the proof of Lemma 1. O

Proof of Theorem 1. Denote D(e) = {f : d(f, fo) > €}. Write

/ Ra(F) () = 3 Aasy / Ro(f) L. (df)
D(ren 8,) NEln Pr,yND(ren,3,,)
= Z Ansy / Ry (f) Hnﬁ(df)
’YEI}L in’YmD(rE'f%ﬁn)
3 s / Ro(f) T (df)
Jourt PrAnD(Fen.n)
£ 0 [ Ro() T ().
’YEI?L Pn ’ym{f TE€n, By Sd(f f0)< 5n 'y}

Since 0 < « < 1, it follows from the inequalities z < 2% for 0 < z < 1 and
(x +y)* < 2%+ y* for z,y > 0 that

Joten s, )R (f) o(df)

IL,(D(reps,) | X1, X2, ..., Xn) R NC)

12



)\n,7 fpn,'ynD(Tsn,Bn) Rn(f) Hn,'y(df) @
= ( 2 Jo B f) T (dF) )

Any an mD(%an 7) R (f) Iy (df) )a
Ji Bn () I (df)

w3 Jpu s piven Bn<d(f fo) e} Fon(F) Ty (df)
+ Z
yel? fF n(df)

5 N (fpmp(w )R (f) HMdf))”‘

vel} ( f7> In 3, (df))

oy 3,7 (fpn,m(ﬁw Bo(f) T (d))
= X (Sp, . Bal) Hnﬁn<df>)a

+ Z Yy J"Pn ’Ym{f TEn,Bn <d(f fO) 5n ’y} R (f) Hn77(df)
76]727, n7ﬁn fpn,ﬁn n(f) 7,6n (df)

P>

7612

IN

From neiﬂn > (1 + &)logn it turns out that Y oo, e —Onels, <
5% 1/n'*¢ < co. Hence, by Lemma 1 of Xing (2008) and the first Borel-
Cantelli Lemma, we have that

/ Ro(F) W, (Af) = T, (W, (en,,)) € &F200n
Pn Bn
almost surely for all large n. Thus, we obtain that
IL,(D(reng,) | X1, Xa, ..., Xn)
a 34-2C)ane? a
X e (e B () Tl )

< a
76211 )‘g,b’n Iy 5, (Wnﬂn (5n,ﬁn))
a (3+20)ane? @
5 AL lBr20n g, (fpn (e ) Hm(df)>
+ &
’VEI'?L )\04 n \Bn (Wn Bn (671 ,Bn ))
(3+2C)nez,
+ Z ATL,’Y € ) 8 A an Wﬂ{f TEn 5n<d(f fo) \/—En 7} R (f) an'y(df)
’YEI,,% )\nvﬁn H”y n (Wnyﬁn (Enaﬁn))
= an+by+cy
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almost surely for all large n. Given § > 0, we have

P(())O{H"(D(Temﬁn) ‘ X1, Xo, ... aXn) > 5}

< P{an+by+c, > 6}
< Pg{an > 6/3} + Pg°{bn > 6/3} + Pg°{cn > 6/3}
3 3 3
< ZEan+ 2Eb, + 2 Ec,.
<5 an + 3 bn, + 5 c
It turns out from Fubini’s theorem and condition (4) that
Z FEe,
n=1
B i Z n Y 6(3+2C)n€" Bn Hn’y(P n,y N {f T€n,Bn < d(f, fO) \;ﬁen,'y})
n=1 ’YEIQ )\ :IBn HTL: n (Wnyﬁn (gnyﬁn))

(3+20)n6n Bn H (An 'y(rgn 'y))

< Ay € : : < 00.
N Z Z :,Bn H”:,Bn (Wnyﬁn (87’747/3n ))

n=1~eJl2

On the other hand, let [r] be the largest integer less than or equal to r and
let Dy j = {f € Pny: jeng, <d(f, fo) < 2jenp,} Then for any v € I} we

have -

Py N D(rengp,) C Pny N D([r]en,s,) U Dnyj
J=[r]
and hence

o Z i Xe e o(3+20)ans] 5 o (fDn,"{,j Ry (f) Hn,’y(df))
= )‘g,ﬁn n s, (Wn,ﬁn (5n,ﬁn))a

yel} j=[r]

Since r > V' H + 1, we have that je,, g, > [Flen/VH > €, for all vy € I} and
j > [r]. It then follows from Lemma 1, Lemma 1 of Xing and Ranneby (2008)
and condition (1) that

B([ R @)

”"/J

< (Jaan An~(2jen, 5n)a1‘[n7,d)+—j ne? B
. 9 _ a—1,2,.2
S Hn7'y (An7ry(2j€n”3n))a N(g, An 7(25) d)l « e 18 J ngnﬁn
a—1
< Hnﬁ (Anﬁ (2j€7’b75n)) “ eE.Ynen o+ Ity P,

14



Thus, by the assumption that E7572m < Gsiyﬁn for v € I}, we have

. -2
E(I < Z i )‘n Y H n 7(2J5n ﬂn )) (3a+2aC+G+ 18 ] )TL&‘ ,Bn
n = )
’76]1 [ ] )\z ﬁn 7/671 (anﬁn (87%6”))0‘

which by condition (3) does not exceed

(o)
Z Z e 6(3a+2aC+G+o¢Lj2+°‘1—§1j2)naiﬁn
n77
eI} j=[r]

[o¢]
- . a—1 -
( Z e(J+G+3a+2aC’+aL]2+T]2)naiﬁn)
j=I[r]
_ O(e J+G+3a+2aC)nel 5 Z plal+ Lyjne? Bn)

=[r]

aL+ rlne2
(J+G+30+2aC)ne2 5 el = el on

I
o

e

1_ e(ozL—i—W)na2 )

n,Bn

Ofe J+G+3a+2aC’+o¢L[r}+O‘1—§1[r])naiﬁn)
—Cne? o 1
O ) = 0z
where the first equality follows from Zve I e = O(eJnsi,ﬁn), the third one

18(C+J+G+3a+2aC)
o T8al 41 and the

last one from nsiﬂn > (1+ %) logn. Therefore, we have that >°° | Fa, < oc.

On the other hand, observe that &, , > V' Hey g, > €n., for v € I2. So, using
the same argument as the above, one can get that

from 1 — a > 18aL, the next last one from r >

00
Eb, < 2 : 2 :’ug’ye(3a+2C’a+G)nszLﬁn+(aLj2+°‘1—_81j2)n5%7,Y
vEIZ j=[r]

o (J+G+3a+2Ca+al;j? +o5 1 j%)ne? o 1
= (Ze g”) _O<n1+c)7
=Ir]

which yields that Y ° | Eb, < co. Thus, we have proved that

Zpgo{ﬂn(f d(fafO) ern,ﬁn X17X27~"aXn) > 5} < 00,

n=1
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and then by the first Borel-Cantelli Lemma we get that
Hn(f : d(f, fo) > TEn.g, ’ X1, Xo,... ,Xn) <d
almost surely for all large n. The proof of Theorem 1 is complete. O

Proof of Theorem 2. The proof of Theorem 2 is in fact a slight modification
of the proof of Theorem 1. We only need to repeat the proof of Theorem 1
except that we shall apply the following inequalities

(=

Vel

< Z (fPMmD reng) Bnlf) Hn,fy(df)>04

)\"77 an »yﬁD(ran 5 ) Rn(f) Hna"/(df) ) @
Je Ba(f) T (df)

= R () T ()
and
R (f) Ty (df) > Ty (Wi (Kep ) € CH2O KR,
P~y
The details of the proof of Theorem 2 are therefore omitted. a

Proof of Theorem 3. The first assertion of Theorem 3 follows from the proof of
Theorem 1. The second assertion follows similarly by applying the partition

U Pn,'y U U {f € an : d(f, fO) < Tsn,,@n}

YELI\IS veI}

U UJA{f €Puy: dlfi fo) = renp,} U | {f € Puy: dlf. fo) < \/ﬁem}

~el3 ~el2
U U {f S Pn,'y (f fO) = En,'y}
2 \f
veIZ
So we omit the details of the proof of Theorem 3. a
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