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Abstract

This article analyzes whether the existing tests for the p x p covariance
matrix 3 of the N independent identically distributed observation vec-
tors with V < p work under non-normality. We focus on three hypothe-
ses testing problems: (1) testing for sphericity, that is, the covariance
matrix ¥ is proportional to an identity matrix I,; (2) the covariance
matrix ¥ is an identity matrix Ip; and (3) the covariance matrix is
a diagonal matrix. It is shown that the tests proposed by Srivastava
(2005) for the above three problems are robust under the non-normality
assumption made in this article irrespective of whether N < por N > p.
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1 Introduction

Quantitative measurements of thousands of genes’ expressions are obtained
through DNA microarrays. Since these observations on the genes are on the
same subject, they are not independently distributed. Thus, if there are mea-
surements on p genes, it has a p X p covariance matrix . The number of
subjects on which these measurements are obtained, say N, are often very
few, that is N < p. The analysis of such data sets requires new developments
of multivariate theory, many of them have recently been obtained in the liter-
ature. The analysis is, however, simplified considerably if the p X p covariance
matrix X satisfies either of the following three hypotheses:

(1) Hy:% =\, A>0,
(2) Hy:% =1,
(3) Hz : ¥ =D = diag(dy, ...,d,),

where D is a p X p diagonal matrix with diagonal elements di,...,d,. For
example, if either the hypothesis (1) or (2) holds, then most of the univariate
results can be used to analyze the data. If the hypothesis Hs holds, then a
standardized version of the univariate test statistics can be used. In microarray
data analysis of genes, it is invariably assumed, implicitly or explicitly that
the genes are independently distributed to carry out the analysis; that is,
the analysis is carried out under the hypothesis Hs. The false discovery rate
(FDR) of the Benjamini and Hochberg (1995) procedure can be controlled at
the specified level only if the hypothesis Hs is true, or if the covariance matrix
3. is of the intraclass correlation structure with positive correlation provided
the data is normally distributed; but so far no satisfactory test is available
for testing the intraclass correlation structure when N < p. Since N < p, it
is not known how to ascertain the multivariate normality of the data. Thus,
it would be desirable to have tests for which the significance levels can be
controlled with or without the assumption of normality of the data; that is,
to have robust tests.

When p is finite and N is large it may not be important or necessary
to obtain robust tests as the level of significance can be maintained at the
specified level by using the bootstrap methods of Beran and Srivastava (1985)
for the covariance matrix. For this reason, most studies considered selecting
a test that has better power among the available tests. For example, Chan
and Srivastava (1988) compared the power of the LRT with that of LBIT
defined in Section 4 for testing sphericity. Similar comparison was carried



out by Nagao and Srivastava (1992) for the multivariate t-distribution with
k degrees of freedom and found that LBIT is better than LRT. Purkayastha
and Srivastava (1995) compared the power of LRT with a test proposal by
Rao (1948) and independently by Nagao (1973) for testing that ¥ = I, for
the elliptical distribution. A robust and improved estimator of the covariance
matrix of the elliptical model has been given by Kubokawa and Srivastava
(1999).

For N < p and both N and p going to infinity, bootstrap theory is not yet
available. Thus, it is desirable to obtain robust tests for this situation. Our
objective in this paper is to show that the tests proposed by Srivastava (2005)
are robust for the model described below.

We assume that the p dimensional observation vectors xi,..., x5y on N
subjects are independently identically distributed (iid) with mean vector p
and covariance matrix ¥ = C'C’, where C is a p x p non-singular matrix, that
is ¥ is a positive definite (pd) matrix.

We shall assume that the N iid observation vectors x; of dimension p, can
be written as

x; = p + Cz;, (1.1)
E(z) =0, Cov(x;))=CC'"=% >0, i=1,..,N.
For testing the hypothesis Hs of diagonality of the covariance matrix Y, we
shall, however, assume that under Hs, C' = diag(dim, ...,dzl/z) = DV/2,

Instead of normality of z; = (21, ..., zip), ¢ = 1,..., N, we shall assume that

not only that z; are iid, but that z;; are iid for all ¢ and j with

E(zj;) = v, 7 =3,...,8, with 74 = 1. (1.2)
Under normality, v3 = v5 = v =0, v =3, 76 = 15, and g = 105. Unbiased
estimators of p and X are respectively given by

N N
R=N"'>"x, S= [Z(xi —i)(xi—i)'] /(N —1). (1.3)

i=1 i=1
When N < p, the sample covariance matrix S is singular and no likeli-
hood ratio test (LRT) is available for any of the three hypotheses. Thus, we

consider the following tests proposed by Srivastava (2005) for the hypotheses
Hl, HQ, Hg. Let

b1 =txS/p, &y = [trS® — N7\ (trS)?]/p, (1.4)
A P . P
020 = 23%/1’, and d49 = ZSf‘i/p, S = (si5)- (1.5)
i=1 i=1
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Then for testing the hypothesis Hi, known in the literature as the ’Sphericity’
hypothesis, we consider the test statistic given by

for the hypothesis Ho, the test statistic is given by
T2282—2(§1—|—1;

and for the hypothesis Hs, the test statistic is given by
<(§2/(§20> —1

. 1/2
1 2
(15 (/%))
Let 6; = p~1r¥%, ¢ = 1,...,4, 699 = p~ ! le 01-21-, Sa0 = pt le O';ll-.
We make the following assumption for the consistency of the statistics 171, 15,
and T3 in the general case; this assumption, however, is not needed for their

consistency or their asymptotic distributions as (N, p) — oo, under their null
hypotheses:

Ty =

Assumption A: As p — 00, §; = 67, 0 <Y <oo, i =1,...,4.

Under Assumption A, it is shown that 61 and &, are consistent estimators of
81 and Jy as (N,p) — oo. It may be noted that trS?/p is not a consistent
estimator of d, unless p/N — 0.

Next, we state the asymptotic distributions of the test statistics 17, Ts, and
T3 under the null hypotheses as (N, p) — 0o. The theorems will be proved in
the subsequent sections. Let ®(-) denote the cdf of a standard normal random
variable, N (0, 1), and Py denotes the distribution under the null hypothesis.

Theorem 1.1. Under the model (1.1)-(1.2),

lim Py{(N/2)Ty <t} = ®(t1),

(N,p)—o0

where ®(-) denotes the cdf of a standard normal random variable, N(0,1), and
Py denotes the distribution under the hypothesis Hi.

Theorem 1.2. Under the model (1.1)-(1.2),

lim  PRy{(N/2)T5 < ta} = O(t2).

(N,p)—o0



Theorem 1.3. Under the model (1.1)-(1.2),

lim Po{(N/Q)Tg < tg} = q)(tg).
(N,p)—o0

The asymptotic distributions for 17 ~ T3 which are presented in Theorem
1.1, Theorem 1.2 and Theorem 1.3 are the same as those obtained under
normality assumption in Srivastava (2005). Thus the tests based on T3, T3 or
T3 are robust tests.

To obtain the distribution of the test statistic 77 and 15 we need to obtain
the joint distribution of &, and dy under the model (1.1)-(1.2). To prove
robustness, we need only obtain the joint distribution of 61 and &5 under the
null hypotheses H; and Hs. Since the statistic 77 is invariant under the scalar
transformation x; — ¢x;, ¢ # 0, we shall assume without loss of generality
that A = 1. Thus, the results of the following theorem are applicable to both

the statistics 77 and T5.

Theorem 1.4. Let (1.1), (1.2), and ¥ = I, hold. Then the joint distribution
of 61 and 02, displayed in (1.4), as (N,p) — oo in any manner, is given by

()= m() ]

— v—1 2(v—1)
Q_<2(7—1) 4(7—1)+4]{’/>' (1.6)

The organization of the paper is as follows. In Section 2, we give some
preliminary results needed to prove Theorem 1.4, which is proven in Section
3. The proofs of Theorem 1.1, Theorem 1.2 and Theorem 1.3 are given in
Sections 4, 5 and 6, respectively. In particular, in Section 6 some of the notion
and ideas of Section 2 will be repeated but now it is focused on T3 instead of
T1 and TQ.

where

2 Some preliminary results

In this section we present some preliminary results. We begin with the sample
covariance matrix S. Note that in probability S is equal to

| N
S'=5 ;(Xi —p)(xi —p). (2.7)



Thus é; and 52, given in (1.4), can be approximated in probability by
5t = (trS*/p), and & =p~! |trS? — N—l(trs*)2] , (2.8)

respectively. In order to prove the consistency of 5{ and 55‘ , we need some
results on quadratic forms, stated in the following subsection.

2.1 Moments of quadratic forms

Lemma 2.1. Let u = (uy,...,up) where u; are iid with mean 0, variance
1, fourth moment -y, sizth moment g and eighth moment vs. Then for any
A = (aij) and B = (b;;) symmetric matrices of size p X p,

)

(a) E(u'Au)? = [(7 -3) i aZ 4 2trA% 4 (trA)?
1=1

I

(b) Var(u' Au) = [(7 -3) Ep: aZ 4 2trA*
i=1

Y

P
(¢) E[(WAu)(u’'Bu)] = [(fy —3) Z aiibii + 2tr(AB) + (trA) (trB)
i=1

p
('y — 3) Z a;iby + 2tI'(AB)
=1

(e) Var[(ua)?] = p(ys—7*)+4p(p—1) (v —7)+4(p—1)(p—2)(p—3)(v—1),
(f) E(u'u)® =pys +3p(p— 1)y +plp—1)(p — 2).

Lemma 2.2. Let u; and v; be independently and identically distributed with
mean 0, variance 1 and fourth moment v, i,57 = 1,....,p. Then for u =
(w1, ...y up), and v = (v1,...,vp)", and any p X p symmetric matriz B = (b;j),

(d) Cov[(u'Au), (u'Bu)] =

)

2

P
bl +6(y=3)> [ D b7 | +6trB+2(trB?)?.

Var[uBv]? = (7—3)22
i—1 j—=1 i=1 \ j=1

p
i=1 j=



2.2 Consistency of 5’1" and 55

For the sake of convenience of presentation, we shall not distinguish between
§; and 09 = limp00 8,4 = 1,...,4. From (1.1), §* = N~} Zf\il Cz;z;C’. Let
B = C/C = (sz) Then

trB

E(6}) = JZ\;E(z;Bzi) == o1,

.\ N 1 "2 trB2
Var(oy) = NszVar(z;Bzi) Y [(’y —3) Z ﬁ +2 ’
=1

O((Np)™1), and Sf is a consistent esti-

Thus, under Assumption A, Var(Af ) =
— N~M(tr$%)?] = N(N —1)N~2 (trB%/p) +

mator of ;. Now 65 = p~! [tr5*2
a1 + as + az, where

1 & 1o 2
a; = Ny Z(ngzi —trB)%, ay=— [N?’p Z(Zngi —trB)| ,
=1 =1
9 N
3= Nz, Z[(z;sz)2 —trB?.
P
We have,
1 " b2 2trB?
E(a1) = N—Var(ngzi) =N (v —3) Z - 4 )
D i P p
1 [Var(z,Bz;)

Thus, from Markov’s inequality, both a; and as go to zero in probability as
(N,p) — oo. Similarly, from Lemma 2.2, it can be shown that Var(as) — 0
as (IV,p) — oo. Hence 65 is a consistent estimator of J, under the Assumption

A.

2.3 Variance of 5’5 under the hypotheses H; and H,

The proposed statistic T} is invariant under the scalar transformations x; —
cx;, ¢ # 0. Thus we may assume without any loss of generality that 3 = I
under the hypothesis H;y, the same as for the hypothesis Hy. Hence all the



results in this subsection are obtained under the assumption that ¥ = I,,.
When X = [,,, the observation matrix can be expressed in two ways:

Z = (Zij) = (Zl, ...,ZN) = (Wl,...,Wp)/ = (wm) (29)

Under H; and H> all the elements z;; or w;; are 7id with mean 0 and
variance 1. Thus,
E(w;) =0, Cov(w;) = Iy,
since w; is an N-dimensional random vector. We shall now express 5’2" in terms

of w; as B = I under H; and Hy. Thus under H; or Hs,

1 1
S* = NZZ/ = N(Wl, ey Wy ) (W, ooy W) (2.10)

To evaluate the variance of 83, we rewrite 65 in terms of random vectors
w;, i =1,...,p. That is, (= stands for approximately equal to)

05~ q1 + g2, (2.11)
where
1 2
"= V2, v = (Whwy), (2.12)
p =1
2 . 2 1 /
qo = Nizp ; vij — Nviﬂ)jj y Vig = W;Wj. (2.13)

Let w be a random vector having the same distribution as w;, and v =
w'w. Then, from Lemma 2.1(a)

Blar) = 33 B0) = 5 (N +7 1)

N2
Let
1
Ujj = vgj — Nviivjj = (wgijz-wi) — N(w;wi)(w;wj). (2.14)
Then »
2
@2 =5 Zuij’ and F(q2) = 0. (2.15)
Pi5

From Lemma 2.1(e), we get the following theorem.



Theorem 2.3. Let q; be given in (2.12). Then,
Var(q) = 40y — 1))(Np) ' [1 + O(N"1p)].
To calculate the variance of ¢, we first evaluate
Cov(uij, ujr) =

E [((wjwi)? = N~ wiw:) (wiw;)) (wiwi)? = N™H(wiwg) (wiwi))]

for ¢ # j # k. Since,

El(w)wywhwi)(whwwhw,)] = E(wlwi)?,
1
— v Blwiwjwiwi) (wiw;) (wi,wi)] - = —B(wiw;)?,
—NE[(WQWz‘)(WQWj)(WQWkW%Wz’)] = —BE(wjw;)?,
N2E[(Wng')(W}Wj)(WQWi)(WQWk)] = B(wiw,)?,
it follows that
Cov(uij,uik) =0, i # j # k. (2.16)
Hence,
2p(p — 1)
Var(ge) 4 5 ZVar Uij) N2 ————Var(u;).
1<j
Thus, we need to evaluate Var(u;;) = E(ufj), since E(u;;) = 0. Let

Aj = (azk(])) WJW], Wi = (wjl,...,ij)’. Then, for ¢ # j,

2 1
2 4 2, 2,2 4 ! ror ) 2 I'A )2
U5 = Uiy NUijUzzUJJ N2 Vii V55> and Vij = (WZ-WJWsz) = (WiA]WZ) .

Hence, for ¢ # j
B(vl) = EE(wAw)AJ? = NBN + (4 - 3)].

)

Next, we evaluate

E(’U?jviwjj) = E[WgAjwiwgwitrAj] = N(N +v— 1)2.
Finally,
E(viv};) = E(wiw;)*E(Wjw;)* = N*[N 4+~ — 1]°.
Hence,

Var(uij) = (N -1)[(y-1)*+2N],

and we get the following theorem.



Theorem 2.4. Let wy,...,w, be iid with mean 0 and covariance Iy, and
fourth moment . Then the variance of qa in (2.15) is given by

4 plp—1) 4
2

VGT(Q2) = N4p2 T(N - 1){(7 - 1)2 + 2N] ~ N

[EGENA}

2N
We may also prove

Theorem 2.5. Let g1 and g2 be given by (2.12) and (2.15), respectively. Then,
Cov(q1,q2) = 0.

Theorem 2.6. Let 3:’{ and g2 be given by (2.8) and (2.15), respectively. Then,
Cov(d7,q2) = 0.

3 Proof of Theorem 1.4

To establish the joint asymptotic normality of k statistics

p

(n) _ (n) . _

by = E T i=1,...,k
j=1

we consider an arbitrary linear combination

p k p
) = et + ety =3 el =37y

where without any loss of generality ¢} + ... + c; = 1, and y](.n) = Zle cia:g”).

From the definition of multivariate normality, see Srivastava and Khatri

(1979), the joint normality for all ¢y, .., ¢, will follow if the normality of tén)

is established. Let Fl(n) be the g-algebra generated by the random variables
@,z j=1,.,0), 1=1,.,p Then i ¢ K” ¢ .. c K" C F,
where (0, Fp, A) is the probability space and () being the null set.

Lemma 3.1. Let wgb) be a sequence of random wvariables, and y](-n) =

Zle cixl(?), j=1,...p, and n = O(p%), § > 0. We assume that

(i) B FM) =0,

.. . n)\2
(W) Jim Bl <o,



E[(y)2|F™] 2 02, as (n,p) — oo,

-

<
I
=)

(iii)

(iv) L= El(yi™)2 I(ly{™] > o)[F™] 2+ 0, as (n.p) = oo

Then t(n) Zpﬂ Y; (n) 4, N(0,02), as (n,p) — oo.

The proof of this lemma follows from Theorem 4 of Shiryayev (1984, p.

511), since the first two conditions imply that {azg-n), Fm

;} forms a sequence of
integrable martingale differences. The condition (iv) is known as Lindeberg’s
condition. To verify this condition, we note that from Markov’s and Cauchy-

Schwarz inequalities

P[L > 6] < zp: )4)/6€2.
3=0
Thus,
k k
El)] < Y B <k Bl
i=1 i=1
Hence, if

im%%ma

j=1
for all ¢ = 1, ..., k, the Lindeberg condition is satisfied. It is rather simple to
evaluate o in most cases.

Because of the invariance of the statistic 77 under a scalar transformation,
we shall assume as before that 3 = I and thus B = [ in both the hypotheses
Hy, and Hs. We first consider the joint distribution of 51‘ and ¢; defined in
(2.2) and (2.6) respectively, under ¥ = I,,.

Let fz = (gu, 621‘)/ where 517; = N_% (Wéwi—N), 52@' = N_% [(Wgwl)Q —N2—
N(y—1)], i =1,...,p and w; is as in Section 2. Then the vectors &;,...,§, are
i4d with mean 0 and covariance matrix €2; given by

2v=1) 4(v—-1)
Hence, from the multivariate central limit theorem

(1/v/P) Y & — Na(0,00),
=1

10



irrespective of whether IV goes to infinity and then p goes to infinity or p goes
to infinity and then IV goes to infinity. Since

. 1 <& 1 <& y—1
0 = —— fy—i—l, and ¢ = —— fg'-i-l—l-i,
R 2N

we get the following Lemma.

Lemma 3.2. The asymptotic distribution of 51‘ and q is bivariate normal

given by
or\ 4 1 1
— N. —0
(q1> 2[<1>’Np 1]

as (N,p) — oo in any manner.

It remains to find the distribution of g9, to obtain the joint distribution of
07 and 63. Note that from (2.15),

p 9 P /it
Ngp =) nj= sz (Z%;) :
=2 j=2 \i=1

Let F}; be the o-algebra generated by the random vectors wy,...,w;. Letting
wo =0, and Fy = (, A) = F_4, where () is the empty set and A is the whole
space, we find that Fop C F1 C ... C F), C F. Also,

E(n;|Fj-1) = 0.
Then
4 -jfl ]71
2 2
L k<l
4 [7—1 j—1
= 4 wazzckwl
p Li=1 k<l
and A
B(nf) = 335107 = Dby +(6 = 1)(0 = 2)en], j <p
where

11



giving

AN -, (- 12
— T N2 VY N
From the definition, it follows that (n, F)) is a sequence of integrable

martingale differences. To prove the normality of Ng¢o, we apply Lemma 3.1.
We note that

E(n;) - D2+ ] <oo, j<p

p p 2
2N(N -1 v—1
2| B | = Y B = A D - O
j=0 j=0 p
Thus
p
Jim E ZOEn]\ =4,

]:

and of = 4. If we show that v? = Var { by E(n]z]Fj_l)] — 0, as (N,p) —
oo, we find that

biN = E(u2

z’j‘Fj—l)a 1<J

2 1
- E [(W}Aiwg‘)z = 3 (Wi AW ;)03 + S50 (Wiw5)* B - 1] ,

with A; = w;w} = (a,4(7)) : N x N. Using Lemma 2.1, yields
N
biv = (7 =3)) ap(i) + 3(wiw;)
r=1
[ v —3) Zau +2wiw; + Nw, wz] (wiw;)

1
+3zl(v = 3N +2N + N?|(wiw;)?

N
= d(wiw)? + (7 - 3) (Zw;*k), q= (27];1)
k=1

12



Thus, to show that the variance of 4(N?2p?)~! ( §:2 23;11 biN> goes to zero,

it will be sufficient to show that the variance of 4d(N 2p?)~t 1]9 9 Zf % wiw;,

as well as the variance of 4(y—3)(N?p?)~! Z (Zk 1 wzk> go to zero.
Clearly,
p (i 164 %
/
Var N2 Z:; (; WZ-Wi> = i pVar ]Z;(p 7)(Wiw;)
< O NN 0 as (N.p) oo
< F,l0 iy

Similarly, we need to show that

p j—1 g2 p—1
222 CkIN _N4 iVor Z(p—l—l)ckm — 0.
=2 k<l 1<k<l

For this, we need to calculate ¢y which after some calculations can be shown
to equal

N

-1
cein = Elugju|Fj1] = (v — 3) szr(k> (1) +2 [Ukz VN Ukkvll} )
r=1
kE<l<j.
Thus,
64 [ ! p-1
N4p4VC”" Y (p—1=Deun| < AV ar > cun
| 1<k<t 1<k<l
[ p—1 N
64 % N1
-~ N4 Var 1<Z:k<l {(7 —3) ;w?«r(k) (1) +2 (Ukl N UkkW)}

We need to show that the variance of each of the terms goes to zero.
Clearly, the first term is of the order O(N~3). Similarly, from the results of
Section 2, the second term is of the order O(N~2) and the third term is of the
order O(N~3). Hence, we have shown that condition (iii) is satisfied.

Next, we show that

p
ZE (nd) — 0 as (N, p) —
k=0

13



For this, we note that n; = 2(Np)~ ZZ | uij, and hence,

p P -1 7j—1
NS ) = 1083 | S 65 .
=0

.

j=2 Li=1 k<l
p j—1 Jj—1
= 16F Z E( ,j\qu)JrGZE(UijU%jofl)
NOW (Az - W’LW,)
4 / 2 2, L 5 2 ?
wig = |(WiAW;)T = (Wi AW )i + 15 Vi (WiW;5)
4 1
= (W}Az‘Wj) N2 (W) AWJ)2UJQJUZ+ N fl(w w;)*
4
_N(W;Aiwj')gvjj’uii
2 4
+W(W}A1Wj)2(W}Wj)2U¢2¢ ] (W) Aiw ;) (W) W) v,
Let
9i = B(ujj|Fj-1), i < j,
and
hi = B(ui ul| Fi_q).
3 Llg e
Then
P 6 |
4
Sr) = e S0 6 T -t m
= = 1<k<l
T = =
< N | 2Bl +6 ) Blhw)
pPT = 1<k<l

from Lemma 2.1. Thus, the Lindeberg condition is also satisfied. Hence, as
(N, p) = oo,
Ngs — N (0, 4)

or equivalently ¢o is asymptotically normally distributed as normal with mean
0 and variance 4/N? under the hypothesis H.

14



We shall now apply Lemma 3.1 again to obtain the joint normality of 3f, q,
and ¢o. In the notation of Lemma 3.1, let

P P P
(n) 611) (n) <§2¢> (n)
W =NT () =N (22, =N g
It is easy to check that
P

Y E

i=1

(5)] = £ {(5)]

p

go to zero as (N, p) — oo while we have already shown that Z E(n}) — 0 as
i=1

(N,p) — oo. Similarly, the convergence can be satisfied. Hence, we have

0% 1 -
! ~ N- 1 (Np) 1Ql 0
2

Hence

0% 1 1
o ~ N- —0
<6;> 2[(1)%]’

where (2 is defined in (1.7). This proves Theorem 1.4.

4 Robustness of the sphericity test: proof of Theo-
rem 1.1

In this section, we first discuss various tests available for testing the hypothesis
of ‘sphericity” H;. When N > p, the likelihood ratio test (LRT) is based on
the ratio of the arithmetic mean to the geometric mean of the eigenvalues of
the sample covariance matrix S. The power of the LRT is a monotonically in-
creasing function of the ratio of the eigenvalues of X, see Carter and Srivastava
(1977). Another test, known in the literature as the locally best invariant test
(LBIT) was originally proposed by Nagao (1970) but it was John (1971) and
Sugiura (1972) who showed that it is the LBIT. It is based on the statistic

15



P P
Thus, when % — ¢ # 0, Ledoit and Wolf considered the statistic U — ¢ and
using the asymptotic result of Jonsson (1982) gave its (IV,p) asymptotic null-
distribution under the assumption A and the assumption that (%) — c as
(N,p) — oo. The (N,p) asymptotic non-null distribution of U — ¢ can be
obtained from Corollary 2.1 of Srivastava (2005).

It may be noted that the statistic U exists irrespective of whether N < p
or N > p. Next, we define a measure of sphericity which differs from the one
given by Ledoit and Wolf (2002). From Cauchy-Schwarz inequality, we have
for a p x p positive definite matrix X,

b () 1)
52 (tr3/p)?
The equality holds if and only if (iff) all the eigenvalues of ¥ are equal to some
unknown constant, say A. That is, iff ¥ = AJ,,. Thus, as in Srivastava (2005),
a measure of sphericity may be defined by

_ [(ex(2%)/p)
my = |~ otk — 1],
(tr¥/p)?
which takes the value zero iff ¥ = AI, the sphericity hypothesis. The statistic
Ty defined in Section 1 is a consistent estimator of mg. It may be noted that
the statistic 73 is invariant under the scalar transformation x; — ax;, a # 0.
Thus, without any loss of generality, we may assume that A = 1 in obtaining
the distribution of T7.
We use Theorem 1.4 to obtain the distribution of 77 under the hypothesis
H, as (N,p) — oo. Under Hi, §; and 02 are consistent estimators of §; = 1,
and J2 = 1 respectively. Now
O _ 8 9L _ 1
9 03’ 9y 3
Thus (Np)~1(—2,1)Q(-2,1) =4N 2.
Hence, under Hy, T} BN N(0,4N~2) as (N,p) — oo, proving Theorem
1.1, as well as showing that the test statistic 77 for testing sphericity is robust.

It may be noted that (trSQ) is a consistent estimator of (trEZ ), if (£) — 0.

(4.18)

5 A robust test for testing that X is an identity
matrix: proof of Theorem 1.2

Despite the monotonicity property of the power function of the LRT for this
problem established by Nagao (1967) and DasGupta (1969), it cannot be con-
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sidered since N < p. Thus, we consider a test based on a consistent estimator
of the distance function that measures the departure of the hypothesis from
the alternative, namely,

1
my = —tr(X — 1) = 6y — 261 + 1.
p
Thus, Rao (1948), and independently Nagao (1973) proposed a test statistic
1 o o
V = —trS% — 261 + 1,
p

for testing the hypothesis that ¥ = I,,. Ledoit and Wolf (2002) modified it to
Pz
W=V-=[—-1
n[ 1 ]7
and obtained its null distribution under the condition that

. p
lim —=c¢>0.
(N,p)—o0 N
Using consistent estimators of d; and d9, Srivastava (2005) proposed a test

based on the statistic
Ty =y — 201 + 1,

and obtained its null as well as non-null distribution as (NN,p) — co. In this
article we show that T3 is a robust test under the non-normality model (1.1)-
(1.2). To obtain the distribution 75, we use Theorem 1.4. Since

Oy 02y,
001 002

we have
(Np)~1(=2,1)Q(-2,1)' = 4N 2
Thus as (N,p) — oo, Th LN N(0, %), and hence proving Theorem 1.2
and the robustness of the test statistic 75 as it does not depend on 7, 3, y5—"s,
it is the same distribution as given by Srivastava (2005) under the assumption
of normality.
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6 Robustness of the diagonality test 75: proof of
Theorem 1.3

When the observations are normally distributed, the LRT is based on the
determinant of the sample correlation matrix.
Sij
R=1(r.:). rm=1. 1=
( 'L])? K2 9 ] (SZZSJ‘])I/Z’

provided N > p. When N < p, the determinant of R does not exist. By defin-

. . . . o2
ing the distance function as the sum of squared correlations p?j U“_g]_j, Z pfj
1<j

which is zero iff p;; = 0, Srivastava (2005, 2006) proposed a test based on
the normalized version of its consistent estimator. Schott (2005) also gave
its distribution under the condition that £ — c. However, since the conver-
gence to normality is slow, Srivastava (2005, 2006) proposed a test based on
Fisher’s transformation, and obtain its (IV, p) asymptotic distribution. Srivas-
tava (2005) defined another distance function to measure the departure from
the hypothesis Hs. It is given by

try?
mqg = P -1 ,EZ(O’Z‘J’),
2
Dol
i=1
which is zero if and only if p;; = 0. Under normality, a test based on its

consistent estimator is given by the test statistic T3 defined in Section 1.
The (N,p) asymptotic distribution is given in Srivastava (2005) and its power
compared in Srivastava (2006) with the test based on Fisher’s transformation
and shown to be at least as good as based on the Fisher’s transformation. In
this section, we show that this test T3 defined in Section 1 is robust under
the model (1.1)-(1.2). As in Section 2, we can for the asymptotic distribution

purposes, consider 5 based on S* instead of S, and N in place of N — 1 and
may show that

where 03, = p~ 1 >F_| s%2

13
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Under the hypothesis Hs, ¥ = D with ¢ = D2, Hence, if w; are iid
with mean 0, covariance I, with fourth moment v and the existence of eight

moments, we can write

;}" — dzd]W;W] fOI’ all Z,] = 17 e P

Let

= Z( —s”sw> N deuw,

z<j i<j
with E(u;;) = 0, and Cov(usj, ui) = 0,4 # j # k. Hence

4
Var(qgz) = 42 d2d2Va7“ (wij) =2 (030 — p'040] + O(N?).

1<J

We now show that 320 and 540 are consistent estimators of dog
ISP o2 and &y = P ISP o}, respectively under the hypothesis Hs
1

p i=
when C = DY/? = diag(d?, ...,d2). In terms of the iid random vector w;,
. 1 &
d20 = N2 Z d; (wiw;)?,
i=1

and its variance is given by
. 1 P g
Var(da) = ZWV(M‘(WQWZ)2 Z j =O(N~1p7h

i=1

from Assumption A and Lemma 2.1(e). Since E(dg0) = do[1 :i—O(Nfl)], dap is
a consistent estimator of dog. Similarly, it can be shown that d49 is a consistent

9 k—1
= —d d;u;
Np k Zz; i Wik

Then following the steps of Section 3, it can be shown that {n}, Fj} is a
sequence of integrable martingale difference satisfying the convergence condi-
tion and Lindeberg’s condition, i.e. Lemma 3.1, (iii), (iv). Thus, Theorem 1.3

follows and thus the test statistic 75 is shown to be robust.

estimator of d49. Let
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