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Abstract

In this paper the extended growth curve model is considered. The literature
comprises two versions of the model. These models can be connected by one-
to-one reparameterizations but since estimators are non-linear it is not obvious
how to transmit properties of estimators from one model to another. Since it is
only for one of the models where detailed knowledge concerning estimators is
available the object in this paper is therefore to present uniqueness properties
and moment relations for the estimators of the second model. For comparison
reasons properties of the other model are also presented, however, without
proofs. It is worth to observe that the presented proofs of uniqueness for
linear combinations of estimators is valid for both models and is indeed a
simplification of proofs given for one of the models.
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1 Introduction

In experiments, in which more than one characteristic of every treatment is measured, multivariate
linear models may be applied. A well known and interesting multivariate linear model is the growth
curve model (GCM) due to [8] which belongs to the curved exponential family. Many results and ref-
erences can be found in [4, Chapter 4]. Among others explicit maximum likelihood estimators (MLE),
estimability conditions, moments and approximative distributions of the estimators are available.

Markiewicz and Szczepanska [7] considered the GCM with additional nuisance parameters. They
determined estimators of the parameters of interest as well as presented the first and second order
moments of this estimator. Kiefer optimal designs and relations between optimality under univariate
and multivariate models were given. Moreover, the GCM with two nuisance parameters was considered
in [3]. The authors gave estimators of the parameters and obtained appropriate moment relations to
determine Kiefer optimal designs.

Consider a linear model

y =A18; + AsB; + A3B; + €, (1.1)

where A; € R"*™i ¢ =1,2,3, are known design matrices and y € R™ is an observable random vector,
which depends linearly on several parameters. The model in (1.1) represents measurements on a single
response variable y. Here B, € R™: i = 1,2,3, are vectors of parameters, and € € R™ is a vector
of normally distributed random errors with expectation Ele] = 0, and dispersion matrix D[e] = IL,,,
where I,, is the identity matrix of size n X n.

If we are measuring p response variables on each sampling unit we can extend (1.1) and consider
the following multivariate linear model

Y =A:B,C; + A;B;Cy, + A3sB3C3 + E, (1.2)

where in addition to A; the matrices C; € R%*P § = 1,2 3, are known. The matrix Y € R"*P
is an observations matrix and B; € R™*% 4 = 1,2,3, are matrices of unknown parameters. The
matrix E € R"*P is a matrix of random errors, normally distributed, with expectation E[E] = 0
and with dispersion matrix D[E] = D[vec(E)] = ¥ ® I,,, where ¥ € R is an unknown positive
definite matrix, vec(E) denotes the vector in RP" formed by putting the columns of E € R™*P under
each other, starting from the left, and ® denotes the Kronecker product. The matrices A; (between
individuals design matrices) are used to design the experiment, i.e. lay out treatments in an appropriate
way, whereas the C; matrices (within individuals design matrices) are used to describe the relation
between the response variables.

The model in (1.2) will be called extended growth curve model (EGCM). As seen it is a generalized
version of the GCM and is sometimes termed sums of profiles model (see [9]). The model may be viewed
as a multivariate seemingly unrelated regression (SUR) model. However to obtain explicit maximum
likelihood estimators a nested subspace condition has to be imposed. This can be performed in two
different ways leading to different parameterizations. However, it is only for one of them where a lot
of detailed knowledge such as uniqueness conditions for MLEs, moments and asymptotics has been
presented (e.g. [4, Chapter 4]: observe that the role of A; and C; in this work are interchanged with
the role of the same matrices in the present paper). When discussing Kiefer optimality, unfortunately,
we need results for the estimators of parameters in the other parametrization.

In the subsequent we are going to refer to the two models as Model I and Model II: (R(e) denotes
the column space)

Definition 1.1. Let all matrices be the same as in (1.2).
Model I:



Model II:
Y =A;B.C; + A;,B,C, + A3sB3C3 + E, R(Ag) - R(A2) - R(Al) (1.4)

It will now be shown that Model I and Model II indeed are equivalent, i.e. via reparameterizations
one can derive Model I from Model II or vice versa. From (1.3) it follows that there exist matrices
H; and Hs such that

R(C1) = R(Cy) BR(H)),
R(C3) = R(Cy) BR(Hy),

where B denotes the orthogonal sum of subspaces. Let @1 = (@17 : ©@12 : O13) and Oy = (O3 : Oy5).
Then, Model I is equivalent to

Y = (A1 : A2 : A3)( /11 : /21 : Bg)/C:g + (Al : Ag)( /12 : /22),H2 + A1@13H1 + E

which according to Definition 1.1 is of Model II type. The main problem is that because of non-
linearity of estimators it is not obvious how to transmit properties of estimators from one model
to the other, in particular moment relations. This will become clear when explicit estimators are
presented.

In this paper we are mainly interested in the EGCM model with the range condition on the
within-individuals design matrices, i.e. Model I. The reason for this is that in models connected to
experimental designs the ranges of between-individuals design matrices should be disjoint or, the
intersection should be as small as possible (cf. regression models, interference models). For example,
in block designs, the common space of these matrices is the vector of ones.

The aim of this paper is to present results in parallel for both Model I and Model II and in
particular derive new results for Model I. Estimators of the unknown parameters are presented as well
as moments of these estimators. Conditions for uniqueness of the estimators will also be given.

Throughout the paper we use the following notation. Let Py = X(X'X)" X’ and Qx =1,, —Px
denote the orthogonal projectors on R(X) and its orthocomplement, respectively. Moreover, X~
denotes an arbitrary generalized inverse of the matrix X and X° is any matrix spanning R(X)+. For
a positive definite B we denote Px.p = X(X'BX) " X'B and Qx.,p = I — Px,p. It follows that
I=Px.p+ P/X";B—l which is equivalent to

B = BX(X'BX) " X'B + X°(X“B~'X)" X" (1.5)

a well known formula which often will be utilized in this paper. We use rank(X) and tr{X} to denote
the rank and the trace of X, respectively. Moreover, sometimes it is written (A)()’ instead of (A)(A)’.
The Introduction is ended by presenting three examples which illustrate Model I and Model II.

Example 1 - Interference model

Consider an agricultural experiment. Suppose it is desired to compare the yield of v different varieties
of grain (treatments). It is likely that there is an interaction between the environment (type of soil,
rainfall, drainage, etc.) and the variety of grain which will alter the yields. So, b blocks [sets of
experimental plots (units)] are chosen in which the environment is fairly consistent throughout the
block; R. A. Fisher and F. Yates, early 1930’s.

Let n experimental units (plots) because of extraneous variability be divided into b blocks each
of size k where the blocks consist of homogeneous units for. Let v treatments be applied to the
units so that each unit receives one treatment. The treatment which is applied to unit j in block
1 is determined by the design d. In each block the effect of the treatments applied to each unit is
measured by a random variable y.



Assume, the response on a given plot may be affected by treatments on neighboring plots as well
as by the treatment applied to that plot. Consider experiments with a one-dimensional arrangement
of plots in each block, and for which the treatments have different left and right neighbor interference
effects. In the literature circular experiments ([2]) and experiments without border plots ([6]) have
studied.

A linear model associated with a design d has the form

Yy =A1408, + A48, + Azf3; + €,

where 3,, i = 1,2, 3, are the unknown vectors of treatment effects, neighbor effects, and block effects,
respectively, and e is the vector of random errors. The matrix A; 4 € R™*" depends on the design and
it is a binary matrix which satisfies A; 41, = 1,,. The matrix Ag g = (I, @ H)A;1 4 : (I, @ H')A; 4),
is a known matrix of neighbor effects, where

o1 1 b1 0
H= - H = -
( Iioiw Op— ) or ( L1 0p—1 )

for the circular design and for the design without border plots, respectively (0x_1 is a k—1 dimensional
vector of zeros). The matrix Az = I, ® 1; is the design matrix of block effects.

In the literature such a model is called an interference model with neighbor effects.

Assume, we measure p characteristics of every treatment. Then, we have the following extension
of the interference model:

Y =A,4,B:Ci+ Ay 4B2Cs+ A3B3Cs + E,

where Y € R™*P is the matrix of observations, B;, i = 1,2, 3, are the unknown matrices of treatment,
neighbor and block effects, respectively, and C;, i = 1,2, 3, are the restriction matrices.

Assume now, that in the experiment there is no left- and right-neighbor effect and no block
effect for the last characteristic, and for the second last characteristic there is no block effect. Then,
C, =1, C,=(I,-1,0,_1) and C3 = (I,_2,0,_2,0,_2) and we obtain Model 1.

Example 2 - Standard cross-over model with carry-over effects

In a setting of repeated measurements design each of a set of n experimental units is, in each of p
periods, exposed to one of v treatments. At each period we measure the effect of the treatments
applied to each unit by a random variable y. It is assumed that each measurement is influenced by
an additive first order residual effect of the treatment to which the unit under consideration has been
exposed in the period before. Let consider designs with no residual effects on the first period.

The cross-over model associated with the repeated measurements design is of the form

vy=A148+ L oH)A1 8, + (1, @I : I, ®1;)8; + €

0 0
(00 )

where 3;, 3, are the vectors of treatment and residual effects, and 35 = (a’, 3’)’ consists of a vector
of period effects and a vector of unit effects (Kunert, 1983).
The multivariate extension of the cross-over model is of the form

with

Y =A,4B:C; + (I, ® H)Al,dBQCQ + (1, ®1I;: I, ® 15)B3Cs + E,

where Y € R™*P ig the matrix of observations, B;, i = 1,2, 3, are the unknown matrices of treatment,
residual and period-unit effects, respectively, while C;, i = 1,2, 3, are the restriction matrices. If we



assume now, that in the experiment there is no period effect and no block effect for the first and
second characteristic, and that there is no residual effect for the last characteristic, then C; = I,
Cy =(Ip-1,0,_1) and C3 = (0p—2,0,_2,1,_2) and we obtain Model 1.

Example 3 - Growth curves

Suppose that we have a random vector y associated to observations which follows the model
y =n+e€,

where € ~ N,(0,3). Suppose that there exist a linear relation among the components in p, i.e. p' €
R(C’). Thus, p = BC for some 3 and y’ = BC + €. Now suppose that we have n independent
observations which all have the same within individual model g/ € R(C’) and that there is a linear
model between the independent observation. For example, there are three groups of individuals;
one corresponding to a placebo treatment and the others corresponding to two different treatments,
respectively. Thus we end up in the following model

Y = ABC +E,
where Y’ = (Y17Y2,- e ayrl>7 B= (/8,17/3/27ﬂg>/7 E ~ N’IL;D(O?Ia E) and
11 1 00 0 0 0 . 0
AA=(00 ... 001 1 ... 100 . 0
0 0 0 0 0 o1 1 . 1

Moreover suppose that we have a polynomial growth. Then, for example,

11 1
t ty tp
C= .
S Ut

In this model all individuals follow the same polynomial growth model. However, if each treatment
group follows a polynomial of different order we may for example have the following model

Y = A1B101 + A2B2C2 + A3B3C3 + E7

where
1 1 1 0 0 0 0 O 0
A’1 = 0 0 1 1 1 0 0 ,
0 0 0 0 0 0 1 1 1
Al 1 1 1 0 0 0 0 O 0
2 0 0 1 1 1 0 O 0 /)’
Ag = ( 1 1 1 0 0 0 0 O 0 ) ,
1 1 1
t1 o ty
Cl = . 5
t<1]73 tt{fi’) tq73



Co=(t{2 12 ... w2),

Cy=(¢I' «7h .. o).

Observe that R(A3z) € R(Az) € R(A;) and thus we have a model which is formulated as Model II.
The above example means, for example, that the mean of the placebo group and the treatment groups
respectively equal

Bi1 4 Biat + -+ + Brg_ot? 72,
Bo1 + Baat + -+ + Baqa)t? > + P14,
Bs1 + Baat + -+ + Bag2)t? > + Byqm1)t9 7% + Bagt? .

2 Maximum likelihood estimators

Maximum likelihood estimators have been presented for Model I as well as Model II.

Theorem 2.1 ([3]). In Model I the mazimum likelihood estimators of the parameters equal

B; = (A}A))"A/(Y — A;B,Cy — A3B3C3)S;1Ch(CS;1C))~
+(A))°Z,C) + A/1Z12C§)la
By = (AjQua,Az) AjQu, (Y — A3B3C3)S; ' C(C,8;'Ch)
+(A5Qa,)°Z21 Ch + A5 Qa, Z22CF
By = (AjQ(a,.4,)A3) A5Q(a,:a,)YST Ch(CsS7'Ch)™
+H(ALQ(A,:45))Z31Ch + ALQ( a4, Z32CF
where
Si = Y'Quauy)Y, S2=81+ Qe s Y P, 4 YQp 51,
S3 = S+ Qs Y'PQu 4, YQp g1

and Z;;, 1 = 1,2,3, j = 1,2, are arbitrary matrices. The ML-estimator of the dispersion matriz can
be written

~

nS = (Y —A;B,C; — AByCy — A3B;C3) ()
— ! !
= S3+QC£;S§1Y PAlYQC{;S;L

Theorem 2.2 ([4]). In Model II the mazimum likelihood estimators of the parameters equal

B, = (AjA))"A(Y — A;B,C; — A3;B3C;3)ST'CH(C1ST!CY)~
+Z11Cy + AP Z12C,

By = (AjA;) Ay(Y - A3]§3C3)52_1Qci;s;1C'z(CzQ'C{;Sl—lsz_ch{;s;IC’z)7
+Z21(C?Q/C;;S;1)O/ + AI20222Q01;S;1C’27

B;s = (A}A3)”ALYS;'P3C4(CsP4S; ' PsCl)~

+7Z31(C3PL) + AL Z3,P5Ch,



where

S, = Y/QA1Y’ S2:Sl+QC{;Sl’lYIPAlQA2PA1YQ/C{;Sfl’
S3 = So+ P3Y/PA1QA3PA1YP:9’,
and Z;j, 1 =1,2,3, j = 1,2 are arbitrary matrices, and
nf] = (Y — A1]§101 — AQﬁQCQ — A3]§3Cg)/()
= S;+P,Y'P4YP),
where
P,=U;_;-...-Uy, 1= 3,4,
Uj:QPjC;;S;17 j=1,2,3.

Both Theorem 2.1 and Theorem 2.2 can be obtained by solving the following likelihood equations:

0 = A/(Y-ABC,—A;B,Cy; — A3B3C3)X7!C, (2.6)

0 = ALY -AB,C;, - A;B,C; — A3B;C3)X71CY, (2.7)

0 = ALY -ABC,—A;B,Cy, — A3B3C3)E7!Ch, (2.8)
nE = (Y —-A;B;C;—A;B,Cy — A3B3C3)().

3 Uniqueness conditions for the MLEs
Consider the Gauss-Markov model
y=XB+¢e, E(e)=0, Cov(e) =0°%,

where 3 is known. It is well known that the least squares estimator of a linear function of the
parameter vector 3, say p’(3, is unique if and only if p’3 is estimable. The estimability condition may
be expressed as

p € R(X').

Now observe, that the condition of estimability of p’3 under a linear model with nuisance parameters,
y =XB+ Zv +k¢,
may be expressed as (for more details see e.g. [1])
p € R(X'Qy).

Moreover, it is well known that the necessary and sufficient condition of estimability of linear
parametric functions KEL in a multivariate linear model

Y=AEP+E, CowE)=XI,
where X is a known, positive definite matrix, has the form

R(K') c R(A’) and R(L)C R(P).



This form of the above condition may be obtained by using the ”vec” operator and then consider
linear spaces generated by Kronecker products, which indeed are tensor spaces. Furthermore, it can
be seen that under the multivariate model with nuisance parameters,

Y = A EP; + A,OP; + E,
using the elimination of nuisance parameters, the estimablity condition for KEL can be written
R(L' @ K) C R((P1 ® A})Qpyea,);

for more details see e.g. [3]. These conditions are equivalent to the uniqueness condition of the least
squares estimator of E.

Let us consider Models I and II. We are interested in estimation of linear functions of B;, i = 1, 2, 3,
which can be presented as > j K,B;L;. Estimability conditions for the linear functions of By and B3
have been presented in [3].

Theorem 3.1. The linear functions Zj K;B;L;, i =1,2,3, are estimable in Model I if and only if

() R(Z,;L@K;) CR(CiQo; ® A}) + R (C1P;Qc; @ A1 Qa,)

+R (CIPC)'é & AllQ(Az:Ag)) ; fO’f‘ i=1,
(H) R Zj Lj & K; g R (CQQC§ & A/QQAl) +R (CZPC:; & A/QQ(Aleg)) P fO’f‘ 1= 23
(iii) R(>,L;@K) CR(C3®A5Qa;:4,)) 5 for i=3.

Proof. The bearing idea of the proof is the following. If ¥ is known we have a usual Gauss-Markov
model. In this case all estimators satisty, for given X, (2.6), (2.7) and (2.8). However, it will appear
that the uniqueness conditions depend only on the design matrices A; and C; and are completely
unrelated with 3. Thus, for all values of 3, including the MLE, the same conditions for uniqueness
are obtained. Hence, we have the complete solution to uniqueness/estimation problems for the EGCM
and it suffices to consider models with known X. Moreover, it is noted that we immediately obtain
conditions for both Model I and Model II and ¥ in both models is always uniquely estimated.

Now we consider Model I in some detail.

Let ¢ = 3. Then, using the ”vec” operator and by elimination of nuisance parameters (first B
and then Bs), we obtain the following estimability condition:

R|Y LioKj| CR ((Cs ® Aé)QC{@&QQci@AI(Cg@Az)) :
j

Since R(C}) C R(C,) C R(C)) we have
(C3®A3)Qeiga, = C3®A3Qa, and Qriga, (C)® Ay) = Cy® Qa, Ay,

Thus
(C3 ® Aé)QC{G@Al QQ01®A1(C§®A2) = (C3 ® A/3QA1)QC§®QA1A2'

From the equalities P(4,.4,) = Pa, + P, 4, and Qa,Qa,.4,) = Q(a,:4,) We get
(C3 @ A3Qu4,)Qcy004, 4. = C3 @ A3Q(a,:4,);

and hence (iii) is verified.



Let ¢« = 2. Using the ”vec” operator and by elimination of nuisance parameters (first B; and then
B3) we obtain the following estimability condition

R ZLj oK, | CR ((Cz ® AIQ)QC{®A1QQ01®A1(C§®A3)) .
J

Since R(C}) C R(C,) C R(C)) we have
(C2® AY)Qeipa, = C2®@A5Qa, and Qeiga, (C3® Az) = C; ® Qa, As.

Thus
(Ce® A'z)Qc;@@AlQQci@Al(cg@AS) = (Ca® AYQ4,)Qe004, 45 =

= CyQc; ® A5Qa, + CoPry © AyQ(a,:4,)-
Since R(X) = (XX') we obtain

R Z L oK) | CR(CaQc;Ch® AyQa, Ay + CoPr; Cy @ AYQ(a,.4,)A2)
J

and the nonnegative definiteness of the components in the sum implies (ii).

Let ¢ = 1. Using the ”vec” operator and by elimination of nuisance parameters (first Bo and then
B3) we obtain the estimability condition

R ZLJ‘ @K CR ((Cl ® A&)QCg@AzQQcé&qz(Cé@A;;)) ~
J

Since R(C%) C R(C,) C R(C) we have
(C1®A)Qeyza, = C1Qe, ® A} + CiPe; @ A1Qa, and Qeyea,(C; ® Az) = C5 ® Qa,As.
Thus
(C1® All)QCé®A2QQCé®A2(C§®A3) = (C1Qcy ® A} + C1P¢; ® A1Qua,) Qoyea, As-

Using the fact that Pc; Po; = Py we have Qo Pc; = 0, and from the idempotent property of Qa,
and the property Pg,, 4, = Pa,.4;) — Pa, we get

(C1Qc; ® A} + C1Pg;, © A1Qa,) Qeyoqa, A

=Ci1Qc; ® A1+ C1P; Qe ® A1Qu, + C1Poy ® A1Q(a,:44)-
Since R(X) = R(XX’) we obtain
R L;oK;|
j
CR(C1Qc;Cl @ AlA; + C1P; QP C) ® A1Qa, A1 + C1Po;Cl © A1 Q(ayia,)A)

and the nonnegative definiteness of the components in the sum implies (iii). ]



Theorem 3.2. The linear functions Zj K,;B;L;, i =1,2,3, are estimable in Model II if and only if

) R(Z,L9K)) CR(Ci©AIQa,) + R (CiQo; © AP, Qa,)

+R (C1Q(cy:cy) ® AlP4,), for i=1,
(ii) R Zj L;® K; CR (C2QC£ ® A/QQAg) +R (CQQ(Cizcg) ® AIQPAB) , fori=2,
(i) R(X,;Lj@K)) CR(CsQoy:cy © Aj), for i=3.

Proof. Replacing R(C5) C R(C,) C R(C)) by R(As) C R(Az2) C R(A;1), the proof follows
similarly to the previous one. ]
The next corollary is an immediate consequence of the theorems

Corollary 3.1. Under Model I (Model II) with known X, the least squares estimator of a linear
function of B;, i = 1,2,3, is unique if and only if the conditions of Theorem 3.1 (Theorem 3.2) are
satisfied.

Moreover, the following corollaries give some more details for uniqueness of the parameter estima-
tors.

Corollary 3.2. In Model 1
(i) B is unique if and only if
I'&Ilk(Al) =my, rank(Cl) = {1, R(AQ)J_ n R(Al : A2) N R(AQ : Ag) = {0},
R(A1) NR(A2) = {0},
(i) B, is unique if and only if
rank(Az) = ma, rank(Csz) =q2, R(A1)TNR(A;:Az)NR(A2: Ay) = {0},
R(A1) NR(Az) = {0},
(iii) B; is unique if and only if
rank(As) =mg3, rank(Cs)=¢3, R(A3)NR(A;:As)={0},
Corollary 3.3. In Model IT

(i) B is unique if and only if

rank(A;) =m;, rank(Ci)=g¢q;, R(CLTNR(C,:CL)NR(C: C;) = {0},
R(C1) NR(Cy) = {0},

(ii) B, is unique if and only if

rank(Ay) = mg, rank(Cz) = ¢, R(CHFNR(C]:ChH) NR(C,: Ch) = {0},
R(C}) NR(Cy) = {0},

(iii) B; is unique if and only if

rank(A3z) =mg3, rank(Cs3)=g¢q3, R(C;) NR(C]:Cj)=/{0},



4 Moments

Before considering dispersion matrices of the MLEs of the mean parameters we note that they are
unbiased estimators.

Theorem 4.1. Suppose that in Model I the MLEs KﬁiL,i = 1,2,3, are uniquely estimated. Then
KB;L,i =1,2,3, are unbiased estimators of KB;L,i=1,2,3.

Proof. K]§3L is unbiased since S; is independent of A%Qa,.4,Y. K]§2L is unbiased since Ss is
independent of ALQ4,Y and R(C%) C R(CS,). KB;L is unbiased since S3 is independent of A}Y
and R(C%) C R(C,) C R(CY). [

Theorem 4.2 ([4, Theorem 4.2.6]). Suppose that in Model IT the MLEs KﬁiL,i =1,2,3, are uniquely
estimated. Then KB;L,i = 1,2,3, unbiased estimators of KB;L,i=1,2,3.

Theorem 4.3. Suppose that in Model I the MLEs KﬁiL,i = 1,2,3, are uniquely estimated. Let

n—rank(A;:A3:A3)—1 _ p—rank(Cy)

"= n—rank(Aj:Az:Az)—p+rank(Cs)—1" T2 = n—rank(Aj:Az)—p+rank(Cz)—1"
_ (n—rank(A;:As)—p+rank(C3)—1)(p—rank(C2))

V3= (n—rank(A;1:A2:A3)—p+rank(Cs)—1)(n—rank(A;:Az)—p+rank(Ca2)—1)’

_ p—rank(C1) __n—rank(A;:Ag)—ptrank(Cs3)—1
Y4 = n—rank(A;)—p+rank(Cy)—1" V5 = n—rank(Aj:Az:Az)—p+rank(Cs)—1"
__n—rank(A;)—p+rank(Cy)—1 _ n-—rank(A;1:A5)
Yo = n—rank(A1:As)—p+rank(Cz)—1" V= n—rank(Ai)

__n—rank(A;)—p+trank(Ci)—1
8= n—rank(Aq:Az)—p+rank(Cy)—1"

Then,
(i) If v exists

DIKB;L] = mL/(C327'Ch) L@ K(ALQa,.a,)A3) K.

(ii) If v, 2 and 73 exist
DIKB,L] = 4 L/'C4(C32~1CL) CsL
OK(A5Qa, As) " AYQa, A3(A3Q(a,:4,)A3) A3QA, A2(A5Q4, As) K
+L/(Z (1 +72)SC,(Cy £C,°) " CL S 4 13C4°(C4” £C,°) " C° S
+ ’7305(032_102)))_(:3)14 X K(AIQQAIA2>_KI.

(iii) If vi, i=1,...,8, exist

DIKB,L] = 7 L'C4(CsE~'Ch) CsL
@ K(ATA1)"AI(T- A(A5Qu4,A2)  A5Qu4,)A3(A3Q(a,.4,)A3) AS
X (I-Qa,A2(A5Qa,A2) A)A(AA) K
+L(2 - (14 72)2C5(C4 BC) "Gy B 4+ 1 TC4°(C4 £C;°)~C" =
+73 C5(CsX71C4) " C3)L @ K(A1A1) " Af(A5Qa, Az) Ay (ATA,) K
4+ LFLo K(ALA) K,
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where
Fy = 3 (14+7)ZCP(CP'ECY) CP'E +1ECP(CY'ECy) Cy's

+ 717576 C5(CaE 7' C3) ™ Cs

+ 7% ECF (Cy ' £CY) ™ Cy'Cy(C>Cy (Cy'SCY) ~Cy'Cy)~ C2Cy (CY'SCy) ~Cy'S.
Proof: The proofs of (i) and (ii) are given below whereas the proof of (iii), because of lengthy
calculations and similarities with (ii), is presented in the Appendix.
Proof of (i): First observe that

K (B3 — By)L = K(A}Q(4,:4,)A3) " A5Q(4,.4,) (Y — E[Y])S] ' C5(C38,'Cy) L

Since A3Q(4,:4,)Y is independent of S;

D[KB;L] = E[L/(C3S7'C})~C3S; ' 871 C4(C3S7 ' C4) L] @ K(AQa,.4,)A3) K’
However, S1 ~ W,(%,n —rank(A; : Ay : A3)) and via some calculations, see [4, (4.2.18)—(4.2.23)],
the statement follows.

Proof of (ii): From Theorem 2.1 it follows that
DIKB,L] = D[K(A,Qu,As)"A,Qu4, (Y — E[Y])S;'Cy(C,S;1C)) 1 (4.9)
D[K(A,Qa,As)"ALQu, As(Bs — B3)CsS; ' C! (Cgs 'cy)"L]  (4.10)
+ Cov[K(ALQa, A2) " ALQu, (Y — E[Y])S;'CL(CS;'Ch) "L
K(A5Qa,A2)"A5Qa, As(B; — B3)CsS; ' Cy(C,S; 10/2) Lj
+ Cou[K(A5Qa, Az) " A5Qa, As(Bs — By)CsS; ' C5(C,8; ' Ch) L,
K(A3Qua,A2)7A5Qu, (Y — B[Y])S; ' C5(C2S; ' Cy) L.

Because of independence between A5Q4,Y and S; and between ALQ4,Y and Qu,.4,Y, and since
R(CY%) C R(CY) implies

C3S,'C,L(C,8,'C,)"Cy = C3
we obtain
Cov[K(A5Qa, A2)”A5Qu, (Y — E[Y])S; ' C5(C2S; ' Cy) L,
K(A5Qua, A2)”A5Qu, As(Bs —B3)C38; ' Cy(C2S, ' C)) L
= Cov[K(A5Qa,A2)” A5Qua, (Y — E[Y])C5(CC5) L

K(ASQa,A5) " ALQ4,A3(Bs — B3)C3C,L(C2C5) L] = 0,
where the last equality follows because By is unbiased. Thus, D[KB,L] equals the sum of (4.9) and
(4.10) and we are going to consider these terms separately. However, we immediately obtain from (i)
that (4.10) equals

D[K(AQa, A2)” A5Qa, A3(Bs — B3)CsS; ' C4(C,S; ' Ch) L
= yL'C5(C3=7'Ch) " C3L
@K (A5Qa, A2) " ALQa, As(A5Q,:4,)A3)  A5Qua, Ax(A5Qua, Ar) K. (4.11)
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Now (4.9) is exploited. The independence between ALQ4,Y and S, yields that (4.9) equals
E[L/(C58;'Ch) ™ Ca8; ' 2851 C5(C,8; 'Ch) "Ll @ K(A5Qa, Ag) K/, (4.12)
The expectation in (4.12) will be considered in detail and

Fi = E[Py, 1 ZP,, o], (4.13)

is introduced since via L’(C2C},) ™ C2F1 C,(C2C},) "L the expectation in (4.12) is obtained. Observe,
that So can be rewritten as

So =S, +8,C'5(C5 S,C5) Ty YPq, . 4, Y'C5(Cs8,C'5) C5 S,

and, following [4, pp. 376], formula (4.13) can be expressed as
Fi = B[(I, - 8:C'5(C'5 8,C'5)~C' )B(I, — C'5(C'5 8,C'5)~C'5 )]
= B E[8:C5(C] $,C'5)~C'y 5] — E[SC'5(C'5 8,C5)~C'3 85
+ E[8,C'3(C'3 8,C'3)~C'3 BC5(C'5 8,C'5)~C'3 Sy
= 3 Z2E[E28,C(C 8,C5) " Cly £ s!2
— S2E[EY2C(C 8,C'5) Ty 8,22/
+ SY2E[ET28,009(C1 8, C) O BB 2C(C1Y 8,C) T ClY S, BB 2, (4.14)
Put
VvV, =2128, 212 Dg = x'/2¢C’5, Z=YX /2 D3 = =/2Cy,
Vy = Vi + ViD§(DS ViD3)"D§ Z'Pq, . 4,ZD3(D§ V1D3) D5 V.

Then, since R(D2)* C R(D3)* equation (4.14) can be written

F, = X-X'2E[V,D}(DJV,D3) D3 |x/? - /2E[Dg(DY V,D3) DY V]| x'/?
+ 22E[V,D3(Dg V,D3)~ DY D3(DJ V,D3) DY Vo x1/2
= ¥ - SV2E[T Y2 - V2E[T)=Y? + =V2E[T, T |52, (4.15)
where
T, = V,D3(D4 V,D3)"DJ . (4.16)

Firstly E[T,] is obtained. Since I = Ppg + Pp,
E[T] = PpgE[T1] + Pp, E[Ty]. (4.17)
Using R(D3)* € R(D3)" it can be observed that

D3 V,D$ = D§V,Dg+ D5 V,D§(Ds VD) DS Z'Pg,, ., 4,ZD5(D3 ViD3) D VD3
DS (Vi +Z'Pg,. . 4,2)D§ =D W,D3 (4.18)

and similarly

DJ V,D$ = DJ W,D3, (4.19)
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where because of independence between V; and Z’PQ(AI:AZ),%Z
Ws ~ W, (I,,n —rank(A; : Ag)).

Let us in (4.17) determine P po E[T]:

PpgE[T)] = D3(DYD3)” E[DS V,D3(DS V,D5) DS ]
= D§(D§ D)~ E[D§ W,D3(D§ W,D3)" D3] = Py E[W,D3(D§ W>D§) Dy |
= PpsPpg=Ppy = Prijacy, (4.20)

(for the last taken expectation see [4, pp. 275]).

Moreover, in (4.17) consider Pp,E[T4]. Since V7 is Wishart distributed we can factorize it as
Vi = XX’, where X ~ N, »,(0,1,,1,). Furthermore, since D5(D$ : D3) = 0 we have that D5X is
independent of D§ X and DY X, and hence

Pp, E[Ti] = D3(D}D;3)” E[D4V,D5(D3 V,D3) D3 |

= D;(D4D;)” E[D4V,D3(D3 W>D3) DY
+D4V,D§(DS WoD3) "D Z'Pq , ., 4,ZD3(D W,D3)~ DS VD3 (D§ W,D3)~DJ |

= D3(D4D3)~ E[D4X(L, + X'D§(D§ WoD3) "D Z'Pq , ., 4,ZD3(D§ W,D3) DS X)X'D3
x (D W,D3)"DJ |

= D3(D;D;)” E[D}X]

0
< E[(I, + X'D§(D§ W2D$)"DS Z'Pq , ,  4,ZD5(D§ W,D$)~D§ X)X'D3(Dg W,D3)~ DS

Thus,
E[T1] =Pyi/acp - (4.21)

In the next we consider E[T;T}]. Since again I = Pps + Pp, and since D5X is independent, of
DY X and DY X, we will calculate

(Ppg + Pp,)E[T:T\|(Ppg + Pp,) = Ppg E[T1T}|Ppg + Pp, E[T T |Pp,,
since Ppg E[T1T}|Pp, = 0. Using (4.18) and (4.19) we can write
Py E[T, TP g
— D4(DY DY) E [Dg’szg(Dg’szg)*Dg’Dg(Dg'VQDg)*Dg’VQDg (D$ DY)~ DY
= P E[W>D5 (D3 W»D5)~Dg DS (DS W,D5)~ D Wil P g
and therefore, following [4, pp. 419, formula (4.2.51)], we obtain
PpgE[T1 T |Ppg = (1 = 72)Pxi20p0 +72Pxisacpe, (4.22)

since Dy = 2_1/2C’2, D3 = 2—1/203 and where 5 is defined in the statement of the theorem.
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In order to verify (ii) it remains to calculate Pp, E[T1T}]Pp,. Using V; = XX’ and the inde-
pendence of D4X with D X and D4 X, we obtain

Pp,E[T,T]Pp,
= D3(D}Ds)” E[D}V,D$(Dg V,D3)~ D3 D§(D3 V,D3)~ DS V,Ds](D;Ds) D}
= E[tr{V,D3(D§ W,D$)~D$ D3(D3 W,D3) D5 VoV ' }|Pp,.
Moreover,
Vi =V;!'Dy(D,V;'Ds) D,V ! + DYDY V;D3) DY .
Since D4V 'V,D$ = 0, we get

Pp,E[T,T}|Pp,
= E[tr{Dg W,D}(DJ W,D3)"D$ D3(D§ W,D3)~ D3 W,D$(DS V,D3) " }|Pp,. (4.23)

Without loss of generality from now on we identify D§ and D¢ with matrices of full rank, i.e. D$:
px (p—rank(D3)) and Dg: p x (p—rank(D3)). We are going to rewrite (4.23) in a canonical form and
use that there exist a non-singular matrix M : (p — rank(Ds3)) x (p — rank(D3)) and an orthogonal
matrix I': p x p such that

DY = M(I, : O)T, r = p —rank(D3) = p — rank(Cs)
and since R(D3)+ C R(Dj3)t there exists a matrix Q such that
DS =T'(I, : 0YM'Q.
Therefore the trace in (4.23) equals
tr{W i M'Q( QMW ;M'Q) 'QMM'Q(QMW 1M'Q) ' QMW (Vi) '}, (4.24)
where W1 = (I, : O)TWLIV(I, : 0) and V11 = (I, : O)T'V1IV(I, : 0). The next lemma will be

applied several times in the subsequent and the proof can be found in [4, Theorem 2.4.8, pp. 248-250,
Theorem 2.4.15, pp. 263].

Lemma 4.1. Let V ~ W,(I,n), p<n, and W ~ W,(I,m), p < m. Then,
B=(V+W) 2V(V4+W) /2

is multivariate beta type I distributed and B is independent of V + W. Moreover,

EB] = 5L,
EB7' = mfeoly n—p—1>0.

Put in (4.24)
N =W, (Vi) 'wy’

which by Lemma 4.1 follows an inverse multivariate beta type I distribution with the important fact
that the distribution is independent of Wy, and

_ n—rank(A;:Ax)—r—1
E[N] - n—rank(Al:Angg)—r—lIr’
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since W11 ~ WT(I,«,’H - rank(A1 IAQ)) and V11 ~ WT(IMH - rank(A1 IAQ Ag))
Hence,

PDSE[TlTll]PDS = 73PZ*1/20§7

since Dy = X~/ 2CY4 and ~3 is defined in the formulation of the theorem. Thus,

E[T1TY = (1 = 72)Psir2cp +72Psi2cpe +73Ps-120y (4.25)
and
Fi =3 — (14 7)SCP(CYECY) CLYEY + 7ICP(CYECy) CY's
+ 13CL(C3271CY)Cs. (4.26)
Finally, from (4.11) and (4.26) statement (ii) of the theorem is obtained. ]

The next theorem can be found in [4, Theorem 4.2.11 (iii)].

Theorem 4.4. For Model IT let ﬁi, i=1,2,3, be given in Theorem 2.2 and suppose that for each ]§Z
the uniqueness conditions in Theorem 3.2 are satisfied. Then, if the dispersion matrices are supposed
to exist,

D[Bj] = el (A5 A3) 7! @ (C3Ga(GLEG,) 1 GLCh) Y,
D[Bs] = (ALAL) TAL(P A, — P4, )As(ALAL) ' @ A1 (GG (G 2G) TG Cy) !
(A5 A2)TALP A, As(AGA) T @ { AL W Ol (CGa(GLEGR) T GYCY) T W)
1+ i) (G261 (GG TG Cy)
D[By) = (AJA1) AL (P4, — Pa)A(AIA) @ =l (O 3-1C) !
+(ALA) AL (P, — Pa) A (AL A @ {(L4 i) (G LCy) !
e L WL Ch(CrGn (G 8G) G CY) T G W |
(AL TTALP 4, AL(AL AL T @ { (1 )3 ley)
FW,LCh(C2G1 (G EG1) 1 G Ch) 1 Cy W),
AL WO (CyGa (G5 5G) G CY) G Wi |
with

vy =p—rank(Cy), v;=p—rank(C}:---:C}) +rank(Ci:---:C,_;), i=2,3,

_ n—rank(Aj41)—v;—1 .
k] ~  n-—rank(A4;)—v;—1 J=12

Gi1=(C))°,  Gy=Gy(G{Cy),
W, = (CQGl(G32G1)71G305)7102G1(GllzGl)ilGll,
W, = (012_10/1)_1012_1, W3 = Wg(Ip — C’2W1)

Next theorems give E(nf]) for Model I and II, respectively.
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Theorem 4.5. For Model I let & be gwwen in Theorem 2.1. Then,
E[ni] = (n—rank(A;:Ay: A3)X
+(rank(A1 : A2 : Ag) - rank(A1 : Ag)) (E - (]. — 79)0{3(03203)_03)
+(rank(A; : Ay) — rank(A1)) Y2 E[T,T}|EY? + rank(A,)ZV2E[T, T4 2Y/2,

where g = nirank(Alj;j:;‘fifranMCQ%l and E[T1T] and E[ToT%] are given by (4.25) and (A-21),
respectively.

Proof. The expression follows from the following calculations:
E[nE] = E[Sﬂ + rank(QAl:AzAg)E[QCé;Sfl EQICVé;Sfl] + rank(QAlAg)E[QCé;S; EQICQ;SQI]
+I‘ank(A1)E[QC1;S;1 ZQ,C{,Sgl]

E[S1] + rank(QA1;A2A3)E[QCé;S;1 EQlcg;Sfl] + rank(Qa, Ay) SV 2E[T, T} |51/
+rank(A ) SV 2E[Ty T /2

and E[Qcé_sfl 3Q, 41 is obtained from [4, (4.2.45)-(4.2.58)]. ]
’ 3191

Theorem 4.6. For Model II let & be giwen in Theorem 2.2, and vy, v2,vs3, k1, ko, G1 and Go be given
in Theorem 4.4. Then,

E[nE] = 22 {(n — rank(A,))I, + (rank(A;) — rank(As)) (211 K1 + Pg1/2q, )
—l—(rank(Ag) — rank(A;;))(zngl + 290 Ko + P21/2G2)
+rank(A3)(zng1 + 221K2 + 233K3 + P21/2G3)} 21/2

where
: Xl
Ki = le/zGPl - le/QGi, 1= ]., 2, 3, G3 = GQ(GQC3)O,
S E— = kivy I - R
‘11 = n—rank(A;)—v1—1" c12 = n—rank(Az)—vo—1" %22 = n—rank(As)—vo—1"
— k1kavs — kovg — v3
c13 = n—rank(Az)—v3—1" %23 = n—rank(Cs)—v3z—1" %33 = n—rank(Az)—vz—1"
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Appendix: Proof of Theorem 4.3 (iii)

The proof of the Theorem 4.3 (iii) is very similar to the proof of Theorem 4.3 (ii) and therefore only
a few details are given. From Theorem 2.1 it follows that

K(B -B)L = K(AjA)) A|(Y - E[Y])S;'C{(Ci85'C)) L (A-1)
—K(ATA1) ATA2(A5Qa,A2) " AYQu, (Y — E[Y])S;1C5(C,S; 'Cy) L (A-2)
~K(ATA1)"AI(T- A2(A5Qa,A2) " A3Q4,)A3(B; — B3)C3C(CiCY) L. (A-3)

S\ince A'Y is independent of Sy, S, S3, Qa,Y and ]§3, and A5Q4,Y is independent of S;, Sy and
B3 the terms given by (A-1), (A-2), (A-3) are uncorrelated. Thus,

DIKB,L] = D[K(A}A;)"A|(Y - E[Y])S;'C/(C:185'C)) 1 (A-4)
+ DIK(AJA]) AA3(A5Qu,Az)  ASQu, (Y — E[Y])S;'Cy(C28,'Ch) L] (A-5)
+ DIK(AJA])"AY(I— Ax(A5Qa, Az)”ALQu,)A3(B; — B3)C3C1(CC)) L. (A-6)

The dispersion in (A-6) is obtained from Theorem 4.3 (i) and (A-5) can be determined from the
treatment of (4.12) via (4.13), i.e (A-5) equals

L'(C2C}) " CoF1Ch(CoCh) " L@ K(A1A ;)" AlA2(ALQa, As) " ALA (ALA) K, (A-7)
where F; is given by (4.26). Put
Fy = E[P; g1 ZP, o] (A-8)
and then (A-4) is determined through
L'(C;C})"C1F,C(C1C)) " Lo K(AJA;) K.
We will copy the approach for obtaining F;. From (4.15) it follows that
F, = X — SV2E[T,|2Y? — £Y2E[T,|EY? + BY2E[T,TH %2,
where

T, = V3;D{DIV;D?) DY, (A-9)
D = XY2CP, V3=Vy+TiZPq, 4,Z'T}.

Moreover
D{' V3D = DY W,D{ + DY ZPg, 4,Z'D$ = D W;3D5.

where W3 ~ W,(I,n — rank(A1)). Because R(D;)* C R(Dy)* C R(D3)*,

DJ V3D$ = DS W3D$,  D¢V3;D¢ =D¢ W;3DY.
In correspondence with (4.17) we will study
E[T3] = Ppg E[Ts] + Pp, E[T2] + PpD§D2E[T2],
where

Pp,, 0, = D§(D3 D3)” D5 D, (D;D5 (D3 DF)”Dg D)~ D, DS (D3 D3) ™ D3
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is the orthogonal projection on R(D3)* NR(Dy).
It follows that

PpgE[Ty] = Ppe, Pp,E[Ts] =0, PngDZE[Tg] =0
which implies
E[Ts] = Ppe.
Finally we will consider E[T2T5]. Now
P s EIT>Th) (P, i Prygp,) =0, Pp,B[TaTyPp,,p, =0

and therefore it is enough to separately consider

PDEJE[TQTIQ]PDg, Pp,E[T.TSPp., PngDzE[TgT;}PngDz.
First we observe that

P pg E[ToTH]P py = B[P pyW3D{(D$ W3D¢)~ D¢ D$(D¢ W3D$) "D WP ]
which because of Wishartness of W3 equals (see also (4.22))

(1 =72)Ppg +71Ppg, (A-10)

where 74 was presented in the statement of the theorem. Moreover, we will use that

Vv;! = V;'Dy(D,V;'D,) D,V;! + D(DSV,D3) DY,
Vil = Vi'Ds(DjV;'Ds) D4V + D§(DS ViDS) DY
and then
PDXE[TQT/Q]PD';

= E[tr{V3D$(D{ V5D{) D} D{(D{ V3D$)"D{ V3V ' }|Pp,
= E[tr{Vzvglngj’(fo/Vngf)_D‘l’/Dj’(D§/V3D§)_D§’/V3V;1V2Vf1}]PD3
= E[tr{V,D3(D§ V,D3) D§ V3D{(D} V5D$) Df
xD{(D} V5D9)~ D V3D3(Dg VD) D3 VoV P,
= E[tr{D§ W,D3(D$ W,D3)~D§ W3D(D{ W5D$)~D{
xD{(D} W3D)~D{ W5D3(D§ W,D3) D3 W,D$(D§ ViDg) }Pp,.  (A-11)

By assumption there exist matrices U; and Us so that
D} =D3jU,, D3 = D3Us.
Hence, (A-11) equals

Etr{(D W,D3)~ D W5D¢(D¢ W5D¢)~ DY
xD{(D{ W3;D{)” D} W3;D3(D3 W,D3)~ U,D3 W,
xD$(Dg V,Dg)"D§ W,D3U, P, . (A-12)
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Furthermore, according to Lemma 4.1
Ni = (D§W,Dg)~"/?Dg'ViDg(Dg W,Dg) /%,
is independent of D WyD$ and D¢ W5D?,
EINT' = 751, rank(cy)-
Similarly,
N; = (D§W;D$)"/°Dg'W,D3(D3W5Dg) /2
is independent of D§ W3D3,

E[Ngl] = P)/GIp—rank(CQ)7

N; = (D{W;D{)"/?D{ W,D$(D$ W;D¢)~'/2
is independent of D¢ W5D?,
E[N3] = v, rank(cy)s
E[Ngl] = ’YSIp—rank(Cly
Then, (A-12) equals
Eltr{(D W,D3)~ D3 W;D{(D{ W3D$)~ D D¢ (DS W;3D?)~
xD{ W3 D3(D§ W,D3)~ Uy (D§ W,D3)/>N7 ! (D W,D3)"/2U,}|Pp,

= y5 E[tr{D3 W5D$(D§ W;3D$)~ D} D} (D} W5D$) D¢ W;3D3(D3 W2D3)~}Pp,

= 5 B[tr{(D{ W5D$)~D{ D$(D$ W;3D9)~ U’ (D W5D3)/?N; (D W3D3)'/2U, }|Pp,

= 576 E[tr{(D{ W3D¢)~ D¢ D$(D{ W3D¢) "D W3D¢} P,
= 7576 E[tr{D{ (D WD) "D P p, = 7147576 P,
The last expression which will be considered requires also some calculations:
P ppe 0, E[T2T5|Ppy, p,
= E[Pp,, 0, VsD?(D{ W;D?)”D{ D} (D] W,Df)"Df V5P, p,]
= E[Pp,, p, V2D} (D] W;3D)~D{ D(D] WD) DY VoPp,, ]

+E[Pp,, p, V2D3(Dg W2Dg) D3 (W3 — W2)Dg (D W;3D9) DY

x DY(D{'W3D$)"D{ VyPp,, p,]
+E[Pp,, p,V2Df(D§ W3D$)~Df' D}(D W;3D9)~Df' (W3 — W)

x D3(D3 W,D3)" D3 VoP ey, b,
+E[Pp,, p, V2D§(Dg W2D$) D3 (W3 — W2)Dg (D W;3D9) DY

x D9(D§ W3D9)"Df (W3 — W2)Dg(D§ W2D$)" DS VaPpp, p,].

Now (A-14) equals

E[tr{W,D?(D} W3D{)” D} D(D] W3D{) " D{ P p,, 0, = %4737 pg s
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Turning to (A-15) this expression equals
E[Pp,,, p, WoD3(D3 W>D3)" D5 (W5 — W5)D{(D§ W3Df)” D Df (DY W3DS) DY W1Pp,,, p,]
= E[tr{(W3 — W,)D{ (D W3D{)~D{ D¢ (D W5D{) " D{ }|Pp,, p,
= E[tr{D{(Df W3D{) " D{'} — tr{D}(D{ W;3D%)~Df W>D{ (D} W3D?) DY }Pp,,, p,
= 7(1 = 7Py, (A-19)
By symmetry we obtain the same expression for (A-16). Finally it is observed that (A-17) equals
E[Pp,,, p, W2D3(D3 W,D3) D5 (W3 — W2)D? (D] WD)~ Df DY (D] WD) DY (W — Wa)
xD3(D3 W>D$)"D§ WP p,,, p,]
— E[tr{W,D§(D§ W,D3)"D§ (W3 — W,)Dg (D ' W;Df) " Df’
xDg (D] W;D?) DY (Wy — W5)D3(D§ W>D3) "D }|Pp,,,
= E[tr{W;D3(D{ W5D{)~D{ D{(D{ W5D$)~ D{ W;D3(Dg W,D3) D5 } P, p,
—2E[tr{W;D$(D{ W;D?) "D} D{(D{ W3D$) "D} }Pp,, p,
+E[tr{W>D} (D W5D?)~D{ DY(Df W5D?) D }Pp,, p,
= E[tr{(D{'W;D$) D¢ D¢ (Df ' W;D?)~ Uy (D§ WsD3)'/*N; | (Dg W;D3) > U }|P g,
~2E[r{D}(D{ W3D$)"D{ }|Pp,, ,
+E[tr{ (D] W3D9)~"/’D{ D(D} W3D) /> N3} [P, 1,
= (6 — 2+ 37) E[tr{D(D] WD) " DY }P o 1, = 1(%6 — 2+ 37)P ppg - (A-20)
Thus, summing (A-10), (A-13), (A-18), (A-19) and (A-20) we obtain
E[T>T5] = (1 - 74)Ppg + 1P pg + 747576 ps + 747%6P ppg 0,

and then Fy given in the statement of the theorem is obtained.
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