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Abstract

We consider the maximum likelihood (Viterbi) alignment of a hidden Markov
model (HMM). In an HMM, the underlying Markov chain is usually hidden
and the Viterbi alignment is often used as the estimate of it. This approach
will be referred to as the Viterbi segmentation. The goodness of the Viterbi
segmentation can be measured by several risks. In this paper, we prove the
existence of asymptotic risks. Being independent of data, the asymptotic risks
can be considered as the characteristics of the model that illustrate the long-run
behavior of the Viterbi segmentation.
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1 Introduction

1.1 Notation

Let Y = {3} be a double-sided stationary MC with states S = {1,...,|S|} and
irreducible aperiodic transition matrix (P(i,7)). Let X = {X;}22__ be a double-
sided process such that: 1) given {Y;} the random variables {X,;} are conditionally
independent; 2) the distribution of X; depends on {Y;} only through Y;. The process
X is sometimes called a hidden Markov process (HMP) and the pair (Y, X) is referred
to as a hidden Markov model (HMM). The name is motivated by the assumption that
the process Y (sometimes called the regime) is non-observable. The distributions
P, :=P(X; € -|Y7 = s) are called emission distributions. We shall assume that the
emission distributions are defined on a measurable space (X, B), where X" is usually
R? and B is the Borel o-algebra. Without loss of generality we shall assume that
the measures P; have densities f; with respect to some reference measure p. Our
notation differs from the one used in the HMM literature, where usually X stands
for the regime and Y for the observations. Since our study is mainly motivated by
statistical learning, we would like to be consistent with the notation used there and
keep X for the observations and Y for the latent variables.

Given a set A and integers m and n, m < n, we shall denote any m — n + 1-
dimensional vector with all the components in A by a?, := (am,...,a,). When
m = 1, it will be often dropped from the notation and we write a™ € A™.

HMDMs are widely used in various fields of applications, including speech recogni-
tion [22, [10], bioinformatics [15] [7], language processing [21], image analysis [20] and
many others. For general overview about HMMSs, we refer to [4] and [g].

1.2 Segmentation

The present paper deals with the asymptotics of the Viterbi segmentation. The seg-
mentation problem consists of estimating the unobserved realization of the underlying
Markov chain Y7, ...,Y,, given n observations " = x1,...,x, from a hidden Markov
model. Formally, we are looking for a mapping

g: X" —8s"

called a classifier, that maps every sequence of observations into a state sequence (see
[13] for details). For finding the best g, it is natural to set to every state sequence
s™ € S™ into correspondence a measure of goodness of s™, referred to as the risk
of s™. Let us denote the risk of s™ for a given =™ by R(s™|z™). The solution of
the segmentation problem is then a state sequence with the minimum risk. In the
framework of pattern recognition theory the risk is specified via a loss function

L:S"xS"— 0,0,



where L(a™, b™) measures the loss when the actual state sequence is a™ and the prog-
nose is b™. For any state sequence s € S™ the risk is then

R(s"|z™) :== E[L(Y",s")| X" =a"] = Z L(a", s")P(Y" =a™| X" =2"). (1.1)

anesn
The most popular loss function is the so-called symmetric loss Lo, defined as

oo 1, ifam + b
N A (12)

We shall denote the corresponding risk by Ro.. With this loss, R (s™|z") = P(Y™ #
s"| X™ = z™), thus the minimizer of R (-|2™) is a sequence with maximum posterior
probability, called the Viterbi alignment. The name is inherited from the dynamic pro-
gramming algorithm (Viterbi algorithm) used for finding it. Let v stand for the Viterbi
alignment, i.e. v(z™) = arg maxgn p(s™|z™), where p(s™|z™) = P(Y" = s"| X" = a").
Obviously, the Viterbi alignment is not necessarily unique. The Viterbi alignment
minimizes also the following risk:

Roo(s™]x™) := —%lnp(s"bc"). (1.3)

The log-likelihood based risk (1.3]) is often preferable to use since it allows various

generalizations, see (|1.6)).
Another popular classifier is based on the point-wise loss function

n

Lyi(a™,b") = %Zl(at,bt), (1.4)

t=1

where [(as,b;) > 0 is the loss of classifying the t-th symbol a; as b;. Typically, for
every state s, I(s,s) = 0. Let us denote the corresponding risk by Ri(s™|z™). It is
not hard to see that

n n 1 - n
Ry(s"|2") = = Ri(si[a"),
t=1

where Rf(s|z") := 3 cql(a, s)p(alz™) and pi(alz™) := P(Y; = a|X™ = 2™). Most
frequently I(s,s") = I{szsy (symmetric [), then R;(s"|z™) just counts the expected
number of misclassified symbols given that the data are ™ and the sequence s™ is
used for segmentation. For that [,

Ri(s™|z") =1~ %Zpt(sth?”). (1.5)

The minimizer of (1.5) over all the possible state sequences is called the pointwise
mazimum a posteriori (PMAP) alignment. The Viterbi and the PMAP-classifier —
the so-called standard classifiers — are by far the two most popular classifiers used in
practice.



‘We shall also consider the risk
D n| .M 1 - n
Ry(s"|2") = —5zlnpt(st|w )
t=1

The risks R; and R; are closely related. Minimizing over all possible state
sequences is clearly equivalent to minimizing R;, but this is not necessarily so for
restricted minimization. The importance of R; and R, becomes apparent in [13],
where the following penalized R;-risk is considered:

Re(s™|z™) := Ry (s™]x™) + O Roo (s |2™). (1.6)

Here C > 0 is a given regularization constant. The risk Rc naturally interpolates
between the two standard alignments: for C' = 0 the minimizer of is the PMAP-
alignment, and it is not hard to see that for C' big enough the minimizer of is the
Viterbi alignment. Obviously, the likelihood of the minimizer of increases with
C as well as the R;-risk. Similar properties hold of course for the minimizer of the risk
Ri(s"|z™) +C Ry (s™|2™), but the risk Ro has a nice easily understandable additional
interpretation. Recall that the PMAP-alignment maximizes the expected number of
correctly estimated sates. Unfortunately, it might have zero likelihood and as already
mentioned by Rabiner in his seminal tutorial [22], a possible solution to that problem
might be the alignment that maximizes the expected number of correctly estimated
pairs or triplets of adjacent states rather than the expected number of correct states.
In [13] it was shown that for integer C, minimizing the risk R¢ is closely related
to maximizing the expected number of correctly estimated tuples of C' + 1 adjacent
states.

In [13] it was also shown that the minimization of Rc(s"|z") as well as of
Ri(s"|z™) + CRo(s"|2™) can be carried out by a dynamic programming algorithm
that is similar to the Viterbi algorithm and easy to implement.

1.3 Asymptotic risks and the organization of the paper

Given a classifier g, the quantity R(g,z™) := R(g(x™)|z™) measures the goodness
of it when applied to the observations z”. When g is optimal in the sense of
risk, then R(g,z™) = ming. R(s"|z") =: R(z™). We are interested in the ran-
dom variables R(g,X™). In this paper we shall show that under fairly general
assumptions on an HMM, the random variables Rj(v, X"), R;(v,X") as well as
Roo(X™) := Roo(v,X™) all converge to constant limits almost surely (Theorems
@ respectively). The convergence of Ro.(v, X™) and R (v, X™) obviously implies
the convergence of Rc (v, X™). In [16] it was shown that under the same assumptions
R;(X™) = mingn Ry(s"|X™) converges to a constant limit, here we prove this for
Ri(X™) = ming. Ry(s"|X™) (Corollary .

The limits — asymptotic risks — are constants that all depend on the model and
characterize the goodness of the segmentation based on the Viterbi alignment. If, for
example, R is the limit of Ry (v, X™) and Rj is the limit of Ry (X™), then the difference
Ry — R7 shows how well the Viterbi alignment performs the segmentation in the sense



of R;-risk in the long run in comparison to the best possible alignment. If R; is defined
as in , then for n big enough the Viterbi alignment makes approximatively nR;
classification errors, while the best alignment in this case — the PMAP-alignment —
makes approximatively nR* errors. Since the model is known, the asymptotic risks
could in principle be found theoretically, but the convergence theorems show that
they could also be found by simulations.

Of course, when measuring the goodness of a segmentation with the R;-risk, the
quantity of actual interest is the so-called empirical (or true) risk

n

1
Rl(ga Yn7Xn) = E Zl(yé7gt(Xn))7

t=1

where ¢;(X™) is the t-th element of the n-dimensional vector g(X™). Since Y™ is
hidden, the empirical risk Ry (g, Y™, X™) cannot be found, but Theorem [5| implies
that for the Viterbi alignment the empirical risk converges to Ry almost surely. As-
suming that the asymptotic risk Ry has been found (by independent simulations,
for example), one would now be interested in a large deviation type upper bound to
P(R1(v, Y™, X™)— Ry > ¢). In [9] it has been shown that under the same assumptions
as in the present paper, the following large deviation principle holds:

liTIln % InP(Ri(v, Y™, X") > e+ Ry) = —I(R; +¢), (1.7)
where T is a rate function and e is small enough. The authors of [9] do not state the
exact bound to the probability P(R;(v, Y™, X™) — Ry > ¢), but it could be derived
from the proof. We would like to draw the reader’s attention to the differences
with supervised learning. In supervised learning (pattern recognition) the model is
unknown, but the variables Y™ are observable, thus the empirical risk Ry (g, Y™, X™)
for any classifier could be calculated. The main object of interest then is the unknown
asymptotic risk and the large deviation inequalities are used to estimate the unknown
asymptotic risk by the known empirical risk. In our setting the data Y™ are hidden,
but the model, and therefore the asymptotic risk, is known, so that the true risk can
be used to estimate the unknown empirical risk.

The present paper deals mostly with convergence of the risks of Viterbi alignments.
These results are all largely based on the regenerativity of the Viterbi process. The
Viterbi process {V;}$2, is an S-valued stochastic process that is in a sense the limit
of the random vectors v(X™) as n grows. The existence of the Viterbi process is
crucial and not obvious; our analysis is based on the results in [19] 18], 4], where the
Viterbi process is constructed piecewisely. The piecewise construction under general
assumptions is rather technical (see [19, [I4]). However, when it is performed, the
regenerativity of the Viterbi process as well as the ergodicity of the double-sided
Viterbi process easily follow. The corresponding results and the construction of the
Viterbi process are introduced in Subsection The references to necessary results
from the theory of regenerative processes are given in Subsection[2.1] We are following
the coupling approach developed by Thorisson in [23]. One of the main instruments
we are going to use is that any regenerative process can be successfully coupled with a



stationary and ergodic regenerative process (Theorem. With a successful coupling,
a general pathwise limit theorem for the Viterbi alignment (Theorem can be proven.
This is the main preliminary result and it can be used for many other purposes besides
proving the convergence of risks.

Section [3] deals with the convergence of the Rj-risk. Section M| deals with the
convergence of the Ri-risk and in Section |5, the convergence of the log-likelihood
(Roo-risk) is proven.

Since the regenerativity of the PMAP-process (the analogue of the Viterbi process
for the PMAP-alignment) is not proven, the regenerativity-based methods cannot be
used for the long-run analysis of PMAP-alignments. However, as shown in [I6], the
convergence of R;(X™) (the Ry-risk of the PMAP-alignment) can be proven with a
completely different method based on the exponential forgetting of smoothing prob-
abilities. The exponential forgetting inequalities are introduced in Subsection [2.3] in
Section 4] we show that they also imply the convergence of R.,(X™) (the R;-risk of
the PMAP-alignment).

From the discussion above it follows that there is no universal method known yet
to prove the convergence of general risks and every optimal alignment needs a special
treatment. For example, the convergence of Rc(X™) (as well as of several other more
general risks introduced in [I3]) has not yet been proven, although it is reasonable to
conjecture that it holds. Moreover, we conjecture that the dynamic programming al-
gorithm for finding the minimizer of Rc-risk together with the exponential smoothing
could be used to find the Rc-optimal alignment process piecewisely. If this is true,
then the alignment process is regenerative and the results and methods in the present
paper can be applied to many other optimal alignments.

2 Preliminary results

2.1 Regenerativity

Let Z = {Z;}3°, in (Q, F,P) be a Z := R%valued classical regenerative process with
respect to the renewal process S = {5;:}22, (see, e.g. Chapter 10 in [23]). Following the
notation in [23], we shall denote the regenerative process by (Z, S). Let T} := S; — Sp.
The regenerative process (Z, S) is positive recurrent if ETy < oo and aperiodic if Ty
is aperiodic, i.e. P(T7 € aN) < 1 for every a > 1.

A pair (Z',5") is a version of the regenerative process (Z,S) if it is also a regen-
erative process and

GSU(Z7 S) 2 GS{)(Zlvsl)v

where 0; is a shift operator: 6;(z1,xa,...) = (Tr41, Ti42,...) and 2 means equal in
law. The version (Z°,5°) :=0s,(Z,5) of (Z,5) is a zero-delayed regenerative process.
Thus, S§ = T1. Recall that (Z,S) is stationary if 6;(Z, S) has the same distribution
as (Z,5). If (Z,5) is positive recurrent regenerative, then there exists a stationary
version (Z*,S*) of this process such that the distribution of the delay length S is



given by

1
P(S; = k) = P11 > k), k=0,

and for every o(Z°°)-measurable function g : Z°° — R the following inequality holds:

T -1
* * 1 o
Eg(Z1,25,--) = 2= B[ Y 9(0:(2%)], (2.1)
ETy - =
see, e.g. Theorem 2.1 and 2.2 of Chapter 10 in [23] or Theorem 6.1 in [11].
Recall that a stochastic process Z = {Z;}$2, is mizing in the sense of ergodic
theory if for every A, B € o(Z°°) (cylindrical o-algebra) the following holds:

tlim |P(6.Z € A, Z e B)—P(0:Z € A)P(Z € B)| =0, (2.2)
—00

see, e.g. [6]. Recall also that a sub-c-algebra of F is called trivial if its elements have
probability 1 or 0. In the following we consider two o-algebras: the tail-o-algebra
T :=N2,0, (¢(2>)) and the o-algebra of shift-invariant sets Z := {A € ¢(Z>) :
9;*A = A}. A stationary Z-trivial process is ergodic. Since T C T (see Section 5.1
in [23]), a stationary T-trivial process (sometimes also called regular) is also ergodic.
The following version of Theorem 3.3 of Chapter 10 in [23] states that an aperiodic
positive recurrent regenerative process can be successfully coupled with a stationary
ergodic process.

Theorem 1. Let (Z,S) be an aperiodic and positive recurrent regenerative process.
Let (Z*,5*) be a stationary version of it. Then the following statements hold:

a) The space (2, F,P) can be extended to support a finite random time T' and a copy
7' of Z* such that (Z,Z',T) is a successful exact coupling of Z and Z*, i.e.

007 = 007, where 2' 2 7%,

b) The processes Z and Z' are T -trivial.

Proof. The process Z is aperiodic, which means that T} is a lattice with span 1. Since
(Z,S) and (Z*,S*) are discrete, the random variables Sy and S§ are Z-valued. So the
assumptions of Theorem 3.3 of Chapter 10 in [23] are fulfilled. The claim a) is claim
a) of that theorem, the T-triviality of Z is claim d) of that theorem. Finally, the
process Z', being a stationary version of Z, is also an aperiodic regenerative process
with S being Z-valued. Hence it satisfies the same assumptions and is therefore also
T-trivial. O

Corollary 1. Let (Z,5) be an aperiodic and positive recurrent regenerative pro-
cess and let (Z*,5*) be a stationary version of it. Let g : Z°° — R be such that
El\g(Zt,Z5,...)| < co. Then

1< ,
ﬁZg(Zt,ZtH,...) — Elg(Z7,7Z5,...)] a.s. and in L. (2.3)

t=1



Proof. Let us extend the space (2, F,P) so that the statements of Theorem [1] hold.
Then the process Z’ is stationary and ergodic having the same distribution as Z*. By
Birkhoff’s ergodic theorem then,

1 & :
ﬁZg(Zt', ) = Elg(Z, Zb,..) = Elg(Z{,Z3,...)] as. andin Ly. (2.4)
t=1

Since the original process Z can be successfully coupled with Z’, it holds for almost
every realization of Z and Z' that they differ at the finite beginning only. Since for
a pathwise limit the beginning does not matter, we immediately get the almost sure
convergence of . The L;-convergence follows from applying Scheffe’s lemma to
9 (Z4, Zyya,...) and g (Zy, Zyy1, . . .) separately. O

Remark: If (Z,5) is positive recurrent but not aperiodic, then Theorem cannot be
applied. However, using Theorem 2.2 of [23] and noting that aperiodicity is not used in
its proof, a similar result can be obtained for shift-coupling instead of exact coupling.
The process Z' can be shown to be Z-trivial and hence ergodic, thus Corollary [1f still
holds. In this paper we consider only aperiodic regenerative processes.

If f: Z — R is measurable, then the convergence together with yields

n T Sy
W DT 2 BIE) = g PSS 170)] = EITIE[tSZoH rz @)

a.s. and in Ly.

2.2 Infinite Viterbi alignment
2.2.1 One-sided process

Definition 1. Let for everyn, g™ : X™ — S™ be a classifier. We say that the sequence
{g"} of classifiers can be extended to infinity, if there exists a function

g X® 5§ (2.6)

such that for almost every realization x> € X°° the following statement holds: for
every k € N there exists m > k (depending on x°°) such that for every n > m the first
k elements of g"(a™) are the same as the first k elements of g(z*°), i.e. g"(z™); =
g(x™);, i =1,...,k. The function g will be referred to as an infinite alignment.

The existence of an infinite alignment is in general not trivial. It often happens
that adding one more observation x,; changes the alignment ¢g" (™). This happens
often with Viterbi or PMAP-alignments. The existence of an infinite alignment is
trivial if every observation is classified independently. The existence of an infinite
alignment allows to study asymptotic properties of the alignment. Usually it is done
via the corresponding alignment process {G;}:2, := g(X).

In the following, we consider the existence of infinite Viterbi alignments. Under
rather restrictive assumptions on HMMs the existence of an infinite Viterbi alignment



was first proven in [3]. In [19], the existence of an infinite Viterbi alignment was
proven under less restrictive assumptions. We now introduce these assumptions and
the corresponding results.

Recall that fs are the densities of Py := P(X; € :|Y; = s) with respect to some
reference measure p on (X, B). For each s € S, let G, := {x € X' : fi(x) > 0}.

We call a subset C' C S a cluster if the following conditions are satisfied:

Ijléié’lpj(ﬂsech) >0 and I;lg%( Pj(ﬂsech) =0.
Hence, a cluster is a maximal subset of states such that G = Ngec G, the intersection
of the supports of the corresponding emission distributions, is ‘detectable’. Distinct
clusters need not be disjoint and a cluster can consist of a single state. In this latter
case such a state is not hidden, since it is exposed by any observation it emits. If
|S| = 2, then S is the only cluster possible, because otherwise the underlying Markov
chain would cease to be hidden.

Let C be a cluster. The existence of C' implies the existence of a set X, C NsecGs
and € > 0, M < oo such that u(X,) > 0, and VY € X, the following statements hold:
(i) € < mingec fs(z); (i) maxseo fs(z) < M; (ili) maxsgc fs(z) = 0. For proof, see
[19).

In the following, we introduce two assumptions on HMMs that are needed for the
existence of an infinite Viterbi alignment.

A1 (cluster-assumption): There exists a cluster C C S such that the sub-
stochastic matrix R = (P(3,J)): jec is primitive, i.e. there is a positive integer
r such that the rth power of R is strictly positive.

A2: For each state [ € .S,
P, ({x e X: filx)p; > mei%fs(:c)p:}> >0, p; =maxp;;, V€S (2.7)
5,8 J

The cluster assumption A1l is often met in practice. It is clearly satisfied if all
elements of the matrix P are positive. Since any irreducible aperiodic matrix is
primitive, the assumption A1 is also satisfied if the densities f, satisfy the following
condition: for every x € X, mingeg fs(x) > 0, i.e. for all s € S, G5 = X. Thus, Al
is more general than the strong mizing condition (Assumption 4.2.21 in [4]) and also
weaker than Assumption 4.3.29 in [4]. Note that A1 implies the aperiodicity of Y,
but not vice versa.

The assumption A2 is more technical in nature. In [I4] it was shown that for
a two-state HMM, always holds for one state, and this is sufficient for the
infinite Viterbi alignment. Hence, for the case |S| = 2, A2 can be relaxed. Another
possibilities for relaxing A2 are discussed in [I8] [19]. To summarize: we believe that
the cluster assumption A1 is essential for HMMs, while the assumption A2, although
natural and satisfied for many models, can be relaxed. For more general discussion
about these assumptions, see [18| [T9] [16] [14].



In the following, let V" = v"(X"™), where v™ is a finite Viterbi alignment. The
results of the present paper are largely based on the following theorem, which has
been proved in [19, [18]. See also Lemma 2.1 in [9].

Theorem 2. Let (X,Y) = {(X¢,Y:)}2, be a one-sided ergodic HMM satisfying Al
and A2. Then there exists an infinite Viterbi alignment v : X*° — S°°. Moreover, the
finite Viterbi alignments v™ : X™ — S™ can be chosen so that the following conditions
are satisfied:

R1 the process Z := (X,Y,V), where V := {V,}52, is the alignment process, is a
positively recurrent aperiodic regenerative process with respect to some renewal
process {St}:20;

R2 there exists a nonnegative integer m < oo such that for every j > 0, f/t" =V; for
alln>S;+m andt < S;.

Proof. The required infinite alignment is constructed piecewisely. The construction
and main proof are given in [I9]. The piecewise construction guarantees R2. The
regenerativity and positive recurrence is shown in Section 4 of [I8]. The aperiodicity
follows from the aperiodicity of Y that follows from Al. O

In what follows, we always assume that the finite Viterbi alignments v™ : X" — S
are chosen according to Theorem[2] These choices of alignments are called consistent.
Obviously, the consistent choice becomes an issue only if the finite Viterbi alignment is
not unique. In practice, the consistent choices can be obtained just by predefined tie-
breaking rules. With consistent choices, the process Z" := {(V;*, X;,Y;)}_, satisfies
by R2 the following property: Zt" = Z; for every t = 1,...,Sk(n), where k(n) =
max{k >0:S; +m < n}.

Let p € N and g, : ZP — R be measurable. We define for every i =p,...,n

Ul = gp( 2] pyrs- - Z7).

If i < Sk(n)7 then

Ul = Ui = gp(Zi*;lH»l? ey Zz)

?

Finally, let y
M, = i o+ UY.
k Sk£2§k+l |USk+1 + + U’L |
The random variables My, Mp41,... are identically distributed, but for p > 1 not
necessarily independent.
The following theorem generalizes Theorem 3.1 of Chapter VI in [I]. The proof is
based on the same argument. Recall that Z* is a stationary version of Z.

Theorem 3. Let g, be such that EM, < oo and E|g,(Z7,...,Z;)| < co. Then
1 .
> U - EU, = Egy(Z{,...,Z;) a.s. and in Ly. (2.8)

nprrli:p P



Proof.

n Sk(n) n

1 ~ 1 ~
i (Y 3 )
n—p+l i=p n—p+l i=p =S (ny+1
Since Si(n) /o0 a.s., from (2.3|) we know that
1 Sk(n)
Sem ; Ui — Egp(Zy,...,Z,) as. and in L. (2.9)

Note that
Skn) _ Skm) _ k(n)

n—p+1 k(n)n—p+1

Since ET} < oo and n > p, by SLLN and the elementary renewal theorem

Sk(n)

————— —1 as. andin L.
n—p+1

Combining this with 1} and taking into account that the sequence {f_’“}g’_‘i_)l} is
bounded, we obtain tha

Sk(n)
1 .
n—p+1 ; Ui — Egy(Z7,...,Z;) as. and in L.
Note that
’L zn: gl « —Meey o My
n—p+l1 1T Sk F1=p T k(n)—p+1

1=Sk(n)+1
The theorem is proven if we can show that, as k — oo,

M,
Tk — 0 a.s. and in L.

By the Borel-Cantelli lemma this holds if for every € > 0,
= /M, = /M EM,
()= Sor(M-n) < 2 o
Z A > € Z P c >k) < c < 00
k=p k=p

because the random variables My, k > p, are indentically distributed. Clearly,
E[Me] — 0, so by Scheffe’s theorem %% — 0 in L as well. O

10



2.2.2 Double-sided infinite Viterbi alignment

Definition 2. Let for every z1,22 € Z, g3* : Xzl o §lenzl pe g classifier. We say
that the set {gZ*} of classifiers can be extended to infinity, if there exists a function

g: Xt - St (2.10)

such that for almost every realization x> € X7 the following statement holds: for
every k € N there exists m > k (depending on x>°_) such that for every n > m

gh (@ )i =g(@®y )i, i=—k,... k.
The function g will be referred to as an infinite double-sided alignment.

The piecewise construction of the infinite Viterbi alignment allows the double-
sided extension as well.

Theorem 4. Let (X,Y) = {(X¢, Y1) }52 _ o be a double-sided ergodic HMM satisfying
A1 and A2. Then there exists an infinite Viterbi alignment v : X% — S%. Moreover,
the finite Viterbi alignments v can be chosen so that the following conditions are
satisfied:

RD1 the process (X,Y,V), where V := {V;}2__ is the alignment process, is a
positively recurrent aperiodic regenerative process with respect to some renewal
process {S}52_ oo

RD2 there exists a nonnegative integer m < oo such that for every j > 0, f/t" =V
forallm > S; +m and Sy <@ < Sy

RD3 the mapping v is a stationary coding, i.e. v(0(X)) = 6v(X), where 0 is a shift
operator: O(...,x_1,x0,T1,...) = (..., Zo,T1,Ta,...).

Proof. The proof of RD1 and RD2 is the same as in Theorem [2] Note the difference
between R2 and RD2. The stationarity of v follows from the fact that the barriers
in the construction of the infinite alignment are separated (Lemma 3.2 in [19]). O

In the following, the finite Viterbi alignments v;? are chosen to be consistent.
The property RD3 is important. Since X is an ergodic process, from RD3 it fol-
lows that the double-sided alignment process V = {V;}72__ as well as the pro-
cess {(Xt,Y:, Vi)}2_ is an ergodic process. Let Z* denote the restriction of
{(X,Y:, Vi) }52 _ o to the nonnegative integers, i.e. Z* = {(X;, Y, V) }52,. By RD2,

the restriction of Z* is a stationary version of Z as in R1. Thus (X, Yo, Vo) L
(X7,Y75, Vi) = Z§ and in the following, we shall often use this. Note that the one-
sided Viterbi process V' in R1 is not defined at time zero so that the random variable
Vb always implies the double-sided, hence stationary, case.
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2.3 Smoothing probabilities

Let (X,Y) = {(X4,Y})}2_o be a double-sided HMM. From Levy’s martingale con-
vergence theorem it immediately follows that for every state j € S and z,t € Z,
the limits of the smoothing probabilities P(Y; = j|X2°) := lim, P(Y; = j|X?) and
P(Y; = j1X2) :=lim,, o P(Y; = j|X2°) exist almost surely. In [I6] it is shown
that under A1 these probabilities satisfy the following exponential forgetting inequal-
ities:

IP(Y; € -|X7°) = P(Y € | X2 )| < Cp' as., (2.11)
[P(Y; € |X7) — P(Y; € XD)]| <O as., (212)
where ¢ > 1, C' is a finite positive random variable and p € (0,1). Here || - || stands

for the total variation distance.
In what follows, we shall use the notation p:(jlz>%,) := P(Y: = j| X%, = x*=).

— 00

3 Convergence of R;-risk

Let the loss function be defined as in ([1.4)) and let v™ be a consistently chosen Viterbi
alignment. If the underlying Markov chain would not be hidden, the empirical risk
of the Viterbi alignment could be directly calculated as follows:

1 — 1 «
Ry(Y™, X™) :EZZ Yo, op (X)) = = > 1Y, V). (3.1)
t=1 t=1

3

The conditional expectation of R;(Y™, X") given X" is the random variable
Ri(v, X™) = E[R; (Y™, V™)|X™]. Since S is finite and  : S x S — R is bounded,
from Theorem |3 and (2.5)) it follows that

Ry(Y", V") = El(Yo, Vo) = 2 ( Z 1(Y;, Vi) ) —: R, as. andin Li. (3.2)
1 t=Sop+1

We shall call the constant Ry asymptotic Viterbi risk. It depends on the model (Y, X)
and on the loss function I, only. For I(s,s") = Iy4,), the actual risk is the average
number of mistakes made by the Viterbi alignment:

Ri(Y™, V™) Z Ly, 400} (3.3)

and the corresponding asymptotic risk is the asymptotic misclassification probability
P(Yy £ V).

To show the convergence of R;(v, X,,) we use the following lemma (see Theorem
9.4.8 in [B]). To our knowledge, the idea of considering the R;-type limits for the
Viterbi alignment has been first mentioned in [2], the convergence of the empirical
risk is also stated in [9].

12



Lemma 1. Let X,, be bounded random variables such that X, — 0 a.s. Let {F,}52,
be a filtration. Then
E[X,|F.]) =0 as. (3.4)

The following theorem is the first main result of this paper. A similar result for
the PMAP-alignment, namely the convergence of R;(X™) to a constant, is proven in
[16].

Theorem 5. Let {(Y;, Xt)}52, be an ergodic HMM satisfying Al and A2. Then
there exists a constant Ry > 0 such that the empirical risk and the risk of the Viterbi
alignment both converge to Ry almost surely and in L;:

lim Ry (Y™, X™) =lim Ry (v, X") = Ry a.s. and in L. (3.5)
Moreover, the expected risk of Viterbi alignments converges to Ry as well:
ERl(v, Xn) — Rl.

Proof. The convergence of the empirical risk is (3.2). To show that Ry (v, X™) — Ry
a.s., apply Lemma [l| with X,, := Ry (Y™, X™) — R;. Clearly, Ry(Y", X™) — Ry is
bounded and by (3.2)) it goes to 0 a.s. Thus, by (3.4),

|E[Ry (Y™, X™) — Ry|X"]| = |[E[R(Y", X™)|X"] — R1| = |R1(v, X™") = R1| = 0 aus.

By Scheffe’s theorem, the convergence in L, follows by the non-negativity and bound-
edness of R(X™). The convergence in L; implies the convergence of expected risks. [

4 Convergence of R;-risk

For the convergence of R; we use Theorem 4l Recall that the double-sided infinite
alignment v is a stationary coding. Consider the function f: X% — S%, where

— 00 — 00

f(xoo ) = lnp()(v(xiooo)o‘xiooo) = lnP(YO = VO‘XSOOO =z, )

In the following, let v;(2>°) := v(2>,); be the i-th element of the infinite alignment.

— 00

Note that for every t = 1,2, ..

s

F(0:(22,)) = Inpo (vo(0:(2°,))|0:(2)) = Inpy (v0(0:(2,)) |22,
=Inp; (v (22,)|22%) = InP(Y, = Vi| X2 = 2>,).

Thus, by Birkhoff’s ergodic theorem, there exists a constant R; such that

1 & _
- = g InP(Y, = Vi| X)) = —E(InP(Yy = V5| X>%,)) = Ry as. and in Ly,
n
t=1

(4.1)
provided the expectation is finite. Recall the inequalities (2.11]) and (2.12). Unfor-
tunately these bounds do not immediately hold for the logarithms. The following
lemma uses the inequality |Ina — Ind| < mm — b|, provided that a,b > 0.

13



Lemma 2. Suppose that for an o > 0

E(P(Yo - 1/0|X3°m))a <00

(4.2)

Then "
. 1 n >
lim _EE ‘InP(Y; = V;|X") > Ry as. (4.3)

Proof. Let & = P(Y; = V| X*%,), " := P(Y; = VIIX}), n; := P(Y; = Vi|X{°) and
let = é Recall that {&} is a stationary ergodic process. The assumption 1|
ensures that F|ln&y| < co. Hence, by assumption,

o0 1 o0 N
> P < 5) =Y P 2t < B +1<x.
t=1 t=1

Thus, the sequence &, t=1,2, ..., satisfies P(§ > t% ev) = 1. From lj it follows

that P(Tlt > ztﬁ ev) = 1. Thus, almost surely |Inn, — In&| < C2t°pt eventually.
Since —+ 37 | In& — Ry a.s., we now have
I _
—=> Inm— R as. (4.4)
n

t=1

Let m = [ %] and note that by (2.12) it holds that [nj* —n,| < Cp"~* < Cp™ < Cpt
a.s., provided t = 1,...,m. Let random) T be so big that n; > ﬁ when ¢t > T.

Let (random) M be so big that Cp™ < —% when m > M. Thus, for T <t <m
and m > M it holds that C'p™ < ﬁ < 4tﬁ The inequality (2 then implies that
min{n;,n;'} > ;= and |Innp — Inn| < (44°C)p™. Hence, as m goes to infinity,

T m
1 1 .
Zlnm **Zlnn SEZUHW |+ — > [y — Iyl
t=1 t=T+1
1 & 1 &
EZ lnnf—lnnt|+a Z (4t°C)p™ = 0.
t=1 t=T+1

From 1' it now follows that —= Zt nn? — Ry a.s. In other words, we have
proven that

2 & _
—=3 WPV, =Y|X") = Ry as.
n

By RD3, the process (X,Y,V) is stationary. Hence, for every n,

n 5 L3
Y WPV =YX")=-= ZlnP Vi = Y| X™). (4.5)
t=15]+1

3w
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Thus the left hand side of (4.5) tends to R; a.s. as well, so that
RS ny R
gﬁ—E;EPM:KW)%Rla& (4.6)

O

Let C be the cluster that satisfies the assumptions of A1l and let X, be the
corresponding set. The following proposition is proven in Appendix.

Proposition 1. Let 2 € X% be such that for some u,v € N, 2~ € xr+l,

—u
xl_, € X't and for every s € S, lim, po(s|z™,)) = po(s|z>¥y). Let vg = vo(z>).
Then there exist constants ¢ > 0 and 0 < B < oo such that

Do (vo\m‘iooo) > cexp[—B(u + v)]. (4.7)

Lemma 3. There ezists o > 0 such that for every t € Z,

1
B(

))a <. (4.8)

Proof. Let U and V be the following stopping times:
U=min{t>r+1: X ecx™}, V=min{t>r+1:X/_,.cx™} (4.9

Since X is stationary, the stopping times U and V are identically distributed. Because
for every s € S, lim, P(Yp = s|X™,)) = P(Yy = 5| X>) a.s., from the inequality
it follows that

P(Yo = W|X>2,) > cexp[-B(U+ V)] as. (4.10)

It is not hard to see that for some positive constants a and b and for every k = 1,2, ..

P(U > k) < aexp(—bk),

see, e.g. [9]. This inequality implies that for o > 0 small enough, F(e*Y) < co. By
the Cauchy-Schwartz inequality, for sufficiently small «,

1

B(e* V) = B(eVerV) < (B(e*V)B(e*Y))" < oo, (4.11)
The inequalities (4.10) and (4.11)) imply (4.8) for ¢ = 0. By the stationarity of (X,Y),
(4.8) holds for arbitrary t. O

The proof of Proposition [I| reveals that it holds also for a finite sequence of obser-
vations z". Moreover, the following corollary holds.

Corollary 2. Let 2™ € X™ be such that for some w < n —r, 27" € X7t Let
0y = ve(a™). Then there exist ¢ > 0 and 0 < D < 0o such that for every t, w <t <n,

pe(vi|2z") = cexp[=D(n — w)]. (4.12)
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The proof of Corollary [2]| follows the one of Proposition [1| and is sketched in Ap-
pendix.

Theorem 6. Let {(Y;, X¢)}i2; be an ergodic HMM satisfying A1 and A2. Then
there exists a constant Ri such that

oz wy_ o Ly iy s B .
lim Ry(v, X ):nlggo _EZIHP(Yt:Vt |X™) — Ry as.andin L;. (4.13)

n—00
t=1

Proof. Without loss of generality, we can consider a double-sidled HMM

{(YVi, Xo)}2 o By RD2, V;* =V, for every Sy <t < Sp(y,), where k(n) = max{k >
0:Sk+m <n} and {S;}1>0 is the renewal process as in Theorem [4| Thus,

S P(Y; = VX" =
t=1

So—1 Sk(n) n
ST P =V X"+ Y mPY = VX" + Y WmP(Y, = VX"
t=1 t=So t:Sk(n)—‘rl

By (4.3), it suffices to prove that

1 - .
= Y WP =V"X") 50 as (4.14)
t=Sk(n)+1

For every k > 0, let

M=  max |InP(Ys,41 =V 4|X™)+ - +InP(Y; = V/|X")|.
Sk <i<Sk41

The random variables M} are iid. As in the proof of Theorem [3| for it now
suffices to show that EMy < oo for every k > 0.

We shall consider S7. The construction of Sy implies that there exists an integer
m such that m > r+1 and for every k, the observations Xg, _y,, ..., Xg,—m+r belong
to X, (see [19]). Recall that we are considering the case n < Sy. Hence, for every t

such that S1 <t <mn, by (4.12),
|InP(Y; = V"|X™)| < D(n — Sy +m) < D(Sy — Sy +m),

implying that
|M1| SD(SQ—S]_ +m)2 (415)

The renewal times S; — 57 have all moments (see [9] [18]), hence EM; < oco. O

Remark. Note that the approach of the present section can be easily applied to
prove the convergence of the R;-risk: Ri(v,X"™) — R; a.s. Indeed, the counterpart

ofis

1 n
- ZP(Yt =V X)) — E(P(YO = V0|X3°OO)) =:1—R; asandin L;. (4.16)
t=1
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The inequalities (2.11]) and (2.12]) immediately imply

1 n
lim — Py, = V| X" 1-— 8.
nl_{r;on; (Y; =V X") — Ry as.,
and since the probabilities are bounded, the convergence

1 & -
Ry, X") =1-— Y P, =V X") > Ry as.

t=1

now easily follows.

From the remark above it is clear that the difficulties with the R;-risk are due
to unboundedness of InP(Y; = V[‘\X"), since, in principle, P(Y; = f/t"|X") can be
arbitrarily small. However, the latter is not so when instead of the Viterbi alignment
the PMAP-alignment is used. Then max;P(Y; = s|X™) > |S|~!. By Birkhoff’s
theorem,

1 _
- = E mag{lnP(Yt =X )= R} as. andin Ly, (4.17)
n se
t=1

where R} is a constant. The inequalities (2.11)) and (2.12)) imply that

|maxInP(Y; = s|X™) — maxInP(V; = 5| X)) < C|S|(p" + p" ") as.

Thus, the convergence (4.17)) implies the convergence

_ 1 <& _
Ri(X™")=—— InP(Y; = s| X" R .s. and in Ly. 4.18

1(X™) n;gleaécn (Y; =s|X™) = R} as.andin L (4.18)
Hence, the following corollary holds.

Corollary 3. There exists a constant R} such that holds.

5 Convergence of log-likelihood

Let Qs be the conditional measure P(X, € |V = s), s € S. As it follows from Theo-
rem[3] the measure Q) is the almost sure limit of the empirical measure corresponding
to the Viterbi alignment state s, i.e. for every Borel set A,

Z?:l IAXs(Xt7 th)
i LV

This convergence is the basis of the adjusted Viterbi training introduced in [I7] [I§].
For every Qs-integrable g,

= Qs(A) as. (5.1)

E(9(X0)L.(Vo)) = E(9(X0)[Vo = 5)P(Vo = ) = m, / g(#)Quld),  (5.2)
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where mgs := P(Vj = s).

Suppose now that the logarithms of the conditional densities f; are @)s-integrable
for every s. As shown in [I2], this holds if In f, is Ps-integrable. Then, by Theorem
and , for every state s € S

—Zlnfs X)LV = B(Infi(Xo)L(V0))

= ms /lnfs(m)Qs(dx) a.s. and in L. (5.3)

Let p(z™|s™) be the conditional likelihood of observing z™ given that {Y™ = s"}.
Thus,

In p(z™|s™) Zlnfgf Z¢) Zlnfl xe) 1 (se) + Zlnf‘s‘ we)L1s)(5¢). (5.4)

t=1

Applying (5.4]) to the Viterbi alignment, from the convergence (5.3)) follows that under
the assumption that In fg is @Qs-integrable,

1
Elnp(X"|Y" =ou(X")) = st/lnfS )Qs(dz) a.s. and in L. (5.5)
seS

Recall that R (X™) = —2 InP(Y™ = VrX™).
Theorem 7. Let for every s € S the function In fs be Ps-integrable. Then

o(X") = st/lnfS )Qs(dx) + E[lnpyrvy |+ Hx = : —Re a.s and in Ly,

sesS
(5.6)
where Hx is the entropy rate of X and p;; = P(Ys = j|Y1 =1).
Proof. Let p(z™) be the likelihood of ™. Then
p(X"[VMP(Y" = V")
p(X™)

PY"=V"|X") =
Thus,
Roo(X™) = 77<1np(X”|V") +InP(Y" = V") — lnp(X")).

The first term of the RHS converges by (5.5)). For the second term use the Markov
property

mP(Y"=V") =In Tim + 1npvi,L‘727L + ot lnpf,;_lw,,
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where ;s = P(Y; = s). Since V™ is a path with positive likelihood, Popon, > 0
Tt
a.s. for every ¢t. Because the number of states is finite, there exists a constant M > 0
such that for every i,
—ln119(/1_,7,‘71_11 <M as.

Hence, the assumptions of Theorem |§| hold and, with Pypyn = Tyn, We get
n—1

1 T | .
ﬁlnP(Y =V") = -~ glnpwb‘mrl — E[lnpy-yy] asandin L;.

Finally, by the Shannon-McMillan-Breiman theorem,
1 .
—Inp(X™) - —Hx a.s. and in Ly.
n

O

Remark. Note that —E[lnpy,y,] is the entropy rate of Y. By the same argument,

1 _
—InPY"|X") — Zws/lnfs(x)Ps(dx) — Hy + Hx =: —RY, as. and in L,
n
sesS
(5.7)
where Hy is the entropy rate of Y. The convergence in L; implies

1 _
——EnP(Y"|X™")] — RY,
n
where the expectation is taken over X™ and Y. Since E[lnP(Y"|X")] = H(Y™|X")

(the conditional entropy of Y given X"), the limit RY, could be interpreted as the
conditional entropy rate of Y given X, it is not the entropy rate of Y. Clearly,

R < RY, (5.8)

and the difference of those two numbers shows how much the Viterbi alignment ”over-
estimates” the likelihood.
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A Appendix

A.1 Preliminaries

Let us start with some notation. For every sequence of observations zl =

(Tgy ... 2p) € XFFL for every sequence of states yb = (yk,...,y) € S"F! and
states i,j € S, we denote by p(z},y!, j|i) the following conditional likelihood:

-1

P vk 418) == P yk) [] Pus vur) Py, H Fyu (@0)-
u=k

Similarly,

p(xgwyfc“) = Zp('réwyiw]“)? kayk: Zp xk:aylm.ﬂ ( )
J

We also define
a(wy, s) = > Pk uh), Bail) = Y ph,yili).

yLGSk*“rl:yl:s yLeSk*lH
The last two notations are standard in the HMM literature, see e.g. [8, [4]. Let
Blaksli) = Y pla,uili), als,a}) = > vl
YL yi=s yLEShTIH iy =5

Finally, let
o (@}, j1i) = maxp(ay, yi, jli), o) i) = maxp(ag, yil0).
Yi Y

Let C be the cluster as in A1l. Thus, there is an r > 1 such that the matrix R"
has positive entries. Let X, be the corresponding set. Suppose z" € X} and y" € C".
By the definition of X, it holds that

"< (] foew) <M
u=1

By the cluster assumption, 0 < min; jec R (4, j) <
(P(i,y1)P(y1,y2) - -- P(yr—1,y)) < 1, provided i,j € C. Hence there exist
constants 0 < a < A < 0o, not depending on the observations, such that

a<pla",y'li)<A and a<px" iyl jli) <A jeC. (A1)

Suppose now =™, m > r, is a sequence of observations such that the first r elements
belong to the set X, i.e. " € X7. Then for every i, p(z™,y™|i) > 0 only if y" € C,
implying that

o(@™,jli) =max max  p(a”,y l)o(2rs, jls)-
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Let now i1,i9 € C. Then for some states s1,s2 € C,
J(xm7j|i1) = max p(xr7yr|il)0(ifgb+1,j|81),
Yy eCT iy, =s1

o(z™,jliz) = max  p(a",y"|iz)o(z 1, |s2)
yreC Ty, =s2

> max  p(a",y"liz)o(x g, 5ls1)-
yreC iy, =81

Hence, the inequalities (A.1]) imply that for every state j

a(x™, jli1) o MAXyreory, =, p(z",y"|i1)

< A
o(xz™, jliz) ~— maxyrecriy,—s, (&7, Yy liz) T a’

(A.2)
Similarly, if 2™ is such that the last  elements belong to &, i.e. z7_ ., € X", then
for arbitrary states ji, jo € C there exist s1,s2 € C such that
O'(xm,j1|i) = max p(xm_r+17ym_T+l‘i)a(xzfrdr%jl‘sl)v
Yy iy rp1=51
mfrJrl7 ymfr+1 ‘Z)O’(

o™ joli)=  max  pla

m -
Loy — + ]2‘52)
2
ym-r 132J77L—7‘+1—52 m=r ’

2 emax p(@ Ty o (@ g, Jals)-
Ym—r4+1=51

So from (A.1)) it follows that

ol i) _ o iails1)

— . <
a(x™, joli) = o(en_,yod2ls1)

%. (A.3)

A.2 Proof of Proposition

Proof. Let £°° be a sequence of observations and let 2™, be its subword. For every
state i € S, we are interested in probability po(i|z™,,) := P(Yy = ¢|X",, = z™,,). Note
that

Y=, Yo=1t
Observe that for every u,v € {1,...,n — 1} and for an arbitrary state, let it be 1,

Y@, i) = Y (@i s)B@l g, sals1)x

51,52,53,54€85
X P(sq, 1)f1(a:0)ﬂ(xq{_1, s3|1)P(s3, s4)a(sq, )

S a@o 5o @, i) fuzo)o (@ sallalss, 27)
51,54€8

> pla=t)(mino (e =Ly, 115)) falwo) (mino (™, s1))p(al).

\Y]

Without loss of generality assume vg(2>°) = 1. Let v_,,(2%°,) = a and v, (x>,) = b.
By Bellman’s optimality principle, for every i, € S

(27415 Ha) fr(wo)o (@)™ bI1) > o(2Z, 1y, d0la) fi, (zo)o (27 ™", blio),
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implying that for every state i,,

O( _i+17i0|a‘)f' (IO)O'(IL’;]_l,blio)

o) 2 et ey T @ T vy

Thus,

. -1
" s (mingo(xzZ, 1, 1|s)
’Y()(x_n,l) Zp(x—n)( > 1 1 )0(
o(x 741, 1]a)

(min, o(z}7", (1))

x7u+17 ZO‘ )fz (xO)

x o(zV™1 bli,) (@ o) p(zy). (A.4)
1 )
Note that for every x},
ZB ity sl)P(s, 5) = > plag',uis jli) < S| F o (2, i)

i
Therefore, for every i, € S
n —Uu

WO(x—n’iO) = Z Oé($_n,81)ﬁ($:t+1,82|81)><

81,52,53,84€S5

X P(s2,i0) fi, (x0)B(x} ", 83]i0) P(s3, s4) (54, 27)
< Z a(@ =y, s)IS[“ o (2T, dols1) fi, (o) S| o (a, salio) (s, @)

81,84€5
< paZp)ISI" T (max o (27, 41, 00]9)) fi, (20)[S]" 7 (max o (277, slio) ) p(7)-

Let z", be such that z~ " € X! and 2Y_, € X't Then a(z”%,s) = 0 if

$1 & C’ since _y, € X,. Analogoubly, a(s4,z) =0 if s4 € C. Thus, in thlb case, the
inequality above becomes

Yo(@lysio) < pla,")IS" T (max (22,44, d0ls))
x fia (@o)|S|" 7 (max o (277", slio))p(a7)- (A.5)

The same holds for (A.4)), implying that

Yo(a™,,1) _ minsc 0(37:111-5-17”3) U(miiﬂ,iola)
Yo(z™,,,10) — U(x:i_’_l,l\a) maXeco 0(x:i+1,io|s)
" o(z¥™1, blig) mingeo U($Y71,8\1)| |2_(u+v)
maXsecC J(xi)ilvs”!)) U(xll)iabll) .

The inequalities (A.2)) and (A.3]) imply that the ratios above are bounded below by

4 that does not depend on the observations. Thus, there exist constants ¢; := (%)4

and 0 < B < oo (not depending on the data) such that for every state i,,
po(12%,) — 70(2y,1)
po(i0|x’r—ln) 70( —n?ZO)

> cq exp[—B(u +v)]. (A.6)
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Since ;cqpo(ilz™,) = 1, there exists i, such that po(io|z™,) > [S|~!. Thus, by

(A9,

po(llz™,) > % exp|—B(u +v)].

Because po(1]z™,,) = po(1]2>,), the inequality 1} follows by taking ¢ = 3. [

A.3 Proof of Corollary

Proof. The proof is analogous to the proof of Proposition[I] Using the same notations
we obtain that for every ¢, w < t < n,

Y (z™, Ty) > p(xw)(f;ggff(f'?tuffp@t|8))f@,, ()0 (2l ]5).
For every i, € S,
(2", o) < p(a*) (max o (2l iols)) fi, (0) o (2 lio) S
Let v, (z™) = b. By Bellman’s optimality principle,

O-(xfyil»lh Zo‘b) f (xt) 0'(1'?+1 |i0)

Jo,(x4) > — —,
o U(xfm-lpvt‘b) U($?+1|Ut)
Thus,
D1 (0¢]2™) _ Ye(x™, ) _ mingec U(xf,;rlpf}ﬂs) U(wiufpiOIb) |S|_(n_w_1)
peliolr™)  ye(a™,do) — o(zt ), 0elb) maxgec o(zl, ., iols)

Because the ratios above are bounded below by % and py(i,|a") > |S|~! for some
i, € S, the statement of the corollary follows with D = In |S]. O
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